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The midterm is closed-book, and you are allowed one reference sheet of your own

design.

1. To Merge or Not to Merge

Take an N × N bi-partite graph. Let the weight of the edge connecting input i

to output j be an arbitrary nonnegative number wij ≥ 0. Randomly choose two

matchings M1 and M2 from the set of all possible matchings. Let W1 and W2 be the

weight ofM1 andM2 respectively. Assume that bothW1 andW2 are strictly positive,

i.e., W1 > 0 and W2 > 0. We can either select the matching with maximum weight

or we can merge the two matchings. Let Wmax = max{W1,W2} and Wmerge denote

the weight of the matching we get from merging M1 and M2. Define γ as the ratio of

these two weights, i.e.,

γ =
Wmerge

Wmax

.

(a) Show that γ ≥ 1.

(b) Compute γ for N = 2 and N = 3.

(c) Show that for N = 4, γ ≤ 2.

(d) For N = 4, give an example for which γ = 2.



2. Fluid Model

Consider a discrete-time system with N queues and a single server. Each packet has

a fixed service time of one time slot. Let An(k) and Dn(k) be the number of arrivals

to and departures from the nth queue in [0, k], respectively, for n = 1, . . . , N . Let

Qn(k) be the occupancy of the n
th queue at the kth time slot. Observe that

Qn(k) = Qn(0) +An(k)−Dn(k), n = 1, . . . , N. (1)

Arrival traffic is general but it satisfies the strong law of large numbers, i.e.,

lim
k→∞

An(k)

k
= λn,

where λn is the arrival rate to the n
th queue. Let Ãn(t), D̃n(t) and Q̃n(t) represent

the corresponding fluid limits of An(k), Dn(k) and Qn(k). Recall that fluid limits are

deterministic functions.

(a) What is Ãn(t)? (Just give the expression, you don’t need to prove it.)

(b) What is the fluid version of equation (1)? (Again no proof is required.)

(c) Using the fluid model with an appropriate Lyapunov function, prove that any

work-conserving scheduling algorithm is stable as long as
∑N

n=1 λn < 1.



3. Quantization

Consider an N × N Input-Queued switch with VOQs. The traffic is Bernoulli IID

with rate matrix

Λ =





λ11 · · · λ1N

· · · · · · · · ·
λN1 · · · λNN





such that
∑

i λij < 1, ∀j, and
∑

j λij < 1, ∀i. Let vector Q(n) = {Qij(n)} denote

the queue size of the switch at time n.

The LQF scheduling algorithm uses the Maximum Weight Matching with the queue

occupancy Q(n) as weights. In class, it was shown that any algorithm which uses

matchings with weights that are a constant factor away from the maximum-weight is

stable.

Consider the following modified-LQF algorithm, which we denote as LQF1. Instead

of using Q(n) as weights, use Q̂(n), which is obtained by setting the least k significant

bits in the binary representation of Qij(n) to 0, where k is a constant.

(a) Show that

Qij(n)− 2
k + 1 ≤ Q̂ij(n) ≤ Qij(n).

(b) Use part (a) to prove the stability of LQF1.

(Hint: Show that the actual weight of the LQF1 matching differs from the weight of

the LQF matching only by a constant factor).



4. Greedy LQF

Consider an N ×N Input-Queued switch with VOQs and Bernoulli IID traffic with

rate matrix Λ = [λij ]. Let Q(n) = {Qij(n)} denote the queue size of the switch at

time n.

Consider the greedy LQF algorithm studied in one of the homeworks. The algorithm

is as follows: Pick the VOQ with the highest occupancy with ties broken arbitrarily.

Suppose it is Qi1j1(n). Remove input i1 and output j1 from further consideration,

that is, remove the related VOQs. Among the remaining VOQs pick the one with the

highest occupancy, Qi2j2(n). Repeat the above recursively till all inputs and outputs

are matched.

We want to show that greedy LQF achieves 50% throughput. That is, for any arrival

matrix Λ with
∑

j λij < 0.5, ∀i and
∑

i λij < 0.5, ∀j, the switch is stable under the

greedy LQF scheduling algorithm.

(a) Show that
∑

j

λi1jQi1j(n) +
∑

i

λij1Qij1(n) ≤ Qi1j1(n)

(b) Show that: for 1 ≤ ` ≤ N ,

∑

j 6∈{j1,...,j`−1}

λi`jQi`j(n) +
∑

i6∈{i1,...,i`−1}

λij`
Qij`

(n) ≤ Qi`j`
(n)

(c) Deduce that Q(n)TΛ ≤ Q(n)TS(n), where S(n) is the schedule chosen by greedy

LQF.

This is sufficient for proving the stability of the greedy LQF.


