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1. To merge or not to merge
(a) Clearly the weight of merged matching is larger than the weight of the maximum
matching, so γ ≥ 1.

(b) For N = 2 two cases are possible, either the two matchings are the same where
obviously Wmax = Wmerge, or the two matchings are different, then in the merge
process we get one cycle and the maximum and merged matchings are again the
same. Hence γ = 1.

For N = 3, three cases are possible and in all the three cases the weights are the
same.

(i) M1 and M2 are the same, then Wmax = Wmerge.
(ii) M1 and M2 have one edge in common, then the weight of the common edge is
included in both Wmax and Wmerge and the sub-matching with maximum weight will
also be included in the merged matching.
(ii) The two matchings have no edge in common, then they form one cycle and again
the max and merged matchings are the same.

Hence, for N = 3 again γ = 1.

(c) For N = 4, the only case for which the weight of the merged matching is larger
than the Wmax is when we have two cycles of size two each. In such case, the weight
of each sub-matching of size two can be at most the same as the weight of the other
sub-matching. Hence at most γ is 2.

(d) M1 is the matching 1-1 (w11 = 1) and 2-2 (w22 = 1) and 3-3 (w33 = 0) and 4-4
(w44 = 0). M2 is the matching 1-2 (w12 = 0) and 2-1 (w21 = 0) and 3-4 (w34 = 1)
and 4-4 (w43 = 1). Then, Wmax = 2 while Wmerge = 4.

2. Fluid Model
(a) Ãn(t) = λnt.

(b) Q̃n(t) = Q̃n(0) + Ãn(t)− D̃n(t).

(c) Let S(k) =
∑N

n=1 Qn(k) and its fluid limit S̃(t) =
∑N

n=1 Q̃n(t). If the scheduling



is work-conserving then
∑
n

(Dn(k)−Dn(k − 1)) = 1{S(k)>0}

i.e., as long as one of the queues is non-empty (S(k) > 0), there will be one departure
from one of the queues. The fluid version of the above expression is also valid, i.e.,

∑
n

dD̃n(t)
dt

= 1{S̃(t)>0}.

From part (b) we have

S̃(n) =
∑

n

Q̃n(t) =
∑

n

Q̃n(0) +
∑

n

λnt−
∑

n

D̃n(t).

dS̃n(t)
dt

=
∑

n

λn −
∑

n

dD̃n(t)
dt

=
∑

n

λn − 1{S̃(t)>0}.

Which is negative whenever S̃(t) > 0. Now select L(t) = S̃2(t) ≥ 0 as the Lyapunov
function. Clearly,

dL(t)
dt

= 2S̃(t)
dS̃(t)

dt
≤ 0

So L(t) = 0 for all t which proves the stability of the algorithm.

3. Quantization
(a) Since Q̂ij(n) is obtained by setting to 0 the least significant k bits in the binary
representation of Qij(n), we have the formula Q̂ij(n) = 2k × b2−k · Qij(n)c. Hence,
using x ≥ bxc > x−1 and the fact that Q̂ij(n) is an integer, we get Qij(n) ≥ Q̂ij(n) ≥
Qij(n)− 2k + 1.

(b) Let S∗ and S∗1 represent the LQF matching and LQF1 matching respectively, and
let W (·) and Ŵ (·) be the weight of a matching with Q(n) and Q̂(n) being the weight,
respectively. By definition we have Ŵ (s) ≤ W (s) for any matching s.

By definition of LQF1, we have Ŵ (S∗1) ≥ Ŵ (s) for any matching s, in particular,
when s = S∗. So

W (S∗1) ≥ Ŵ (S∗1) ≥ Ŵ (S∗) ≥ W (S∗)−N(2k − 1),

where the last inequality follows from part (a).



4. Greedy LQF
(a) We get:

∑

j

λi1jQi1j(n) +
∑

i

λij1Qij1(n) ≤
∑

j

λi1jQi1j1(n) +
∑

i

λij1Qi1j1(n)

≤ Qi1j1(n)(
∑

j

λi1j +
∑

i

λij1)

≤ Qi1j1(n)

(b) Proceed as in (a), excluding all lines and rows previously visited by the algorithm.

(c) Summing up all the inequalities, we can see that the left side visits each coefficient
exactly once except for the (i`, j`) coefficients, visited twice. Therefore, we get:

Q(n)T Λ ≤
∑

i,j

λijQij(n) +
∑

`

λi`j`
Qi`j`

(n) ≤
∑

`

Qi`j`
(n) = Q(n)T S(n),

hence the result.


