
EE 477 Universal Schemes in Information Theory

Homework Two

Due: Wed. 5:00pm, November 2nd, 2011

1. Recall our definition of the Bayes envelope U and show that:

(a) U is concave.

(b) U satisfies a “data processing” inequality:

E[U(PX|Z)] ≤ E[U(PX|Y )]

if Y = f(Z), where f is a deterministic function.

(c) Generalize the previous part to the case where X − Z − Y (i.e., X,Z, Y form a Markov
triple).

2. For jointly stationary processes (X,Z), we defined the “denoisability of X based on Z” as

D(X,Z) = lim
n→∞

min
X̂n∈Dn

EL
X̂n

(Xn, Zn), (1)

where Dn denotes the set of all n-block denoisers and (Xn, Zn) on the right side of (1) are
the first n symbols of the pair (X,Z). Show that the limit in (1) exists.

3. The goal of this exercise is to show that for jointly stationary processes (X,Z), the denois-
ability defined in (1) satisfies

D(X,Z) = E[U(PX0|Z)]. (2)

You can do it in the following steps:

(a) Show that for all m ≥ 1
D(X,Z) ≤ E[U(PX0|Zm

−m

)] (3)

and therefore
D(X,Z) ≤ lim

m→∞
E[U(PX0|Zm

−m

)]. (4)

Why does the limit on the right side of (4) exist ?

(b) Conclude1 that
D(X,Z) ≤ E[U(PX0|Z)] (5)

by showing that the limit and expectation in the right side of (4) can be switched, i.e.,

lim
m→∞

E[U(PX0|Zm

−m

)] = E[U(PX0|Z)] (6)

(c) On the other hand, show that

D(X,Z) ≥ E[U(PX0|Z)]. (7)

1This part can be done by those who have taken measure theoretic probability. If you have not, you may assume
(6) without proof.



4. Let X be a binary symmetric first-order Markov process with transition probability (from 0 to
1 and from 1 to 0) equal to 0 < α < 1. Let Z be the output of a memoryless erasure channel
with erasure probability ε. Let the loss function be Hamming. Express D(X,Z) explicitly2

as a function of the pair (α, ε). Fix a numerical value of 0 < α < 1 and plot your expression,
as a function of ε. Comment on the form of the curve obtained.

5. Recall the mapping used by the DUDE

Φ(Λ,Π, v, z) = X̂Bayes

((

(ΠΠT )−1Πv
)

⊙ πz
)

= argmin
x̂

λT

x̂

((

(ΠΠT )−1Πv
)

⊙ πz
)

where Λ is the X × X̂ loss matrix, Π is the X × Z channel matrix, v is a |Z|-dimensional
column vector, z ∈ Z, λx̂ is the column of the loss matrix associated with the symbol x̂, and
πz is the column of the channel matrix associated with symbol z.

(a) Show that more explicitly,

Φ(Λ,Π, v, z) = argmin
x̂

vTΠT
(

ΠΠT
)−1

(λx̂ ⊙ πz) ,

Assuming Hamming loss, find Φ(Λ,Π, v, z) explicitly for

(b) The BSC(δ) (assuming 0 ≤ δ ≤ 1/2).

(c) The Erasure channel with erasure probability ε.

(d) The “Z-channel” with parameter p (probability of output 1 when the input is 0).

Give intuitive explanations for the expressions obtained.

2An infinite sum is considered explicit.
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