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1 Introduction

In this lecture we study the problem of communication under channel uncertainty. The performance of the
communication scheme, in addition to being governed by achieving the optimal rate, is characterized by a
vanishing probability of decoding error. A universal decoder for a family of channels is a scheme which has
no prior knowledge of the particular channel from this class over which transmission takes place, and yet
achieves the same random coding error exponent as the optimal decoder. Ziv’s decoding algorithm [2, 3]
is presented, which is based on the Lempel-Ziv (LZ) incremental string parsing algorithm [1], and is shown
to be universal for the class of all finite state channels. We begin with some notation in section 2 before
introducing the concept of universality in section 3 and the LZ based decoding algorithm in section 5, with
a sketch of the proof of its optimality in section 6.

2 Definitions and Notation

2.1 Discrete Memoryless Channel

Let X denote the channel source alphabet and Y denote the channel output alphabet. A Discrete Memoryless
Channel (DMC) is characterized by a transition probability kernel P(Y = y|X = x), where X ∈ X and
Y ∈ Y.

2.2 Channel Encoder

C is an n-block encoder at rate R if

C ⊂ Xn, |C| = b2nRc. (1)

For the rest of these notes, we will dispense with the b·c and assume that the codebook C has 2nR codewords,

C = {x(1),x(2), · · ·x(2nR)}, (2)

where x(i) ∈ Xn, 1 ≤ i ≤ 2nR.

2.3 Channel Decoder

An n-block decoder is a mapping from the set of n-block channel output symbols to possible channel input
codewords, i.e.

X̂n : Yn → C. (3)

2.4 Probability of Error

For a given codebook C and decoder X̂n, we denote the average probability of error as

Perror =
∑
x∈C

1

|C|
P{X̂n(yn) 6= x|Xn = x}, (4)

for a channel transition kernel P(Y n|Xn).
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2.5 Random Codebook

A random n-block codebook C is defined by

C =
{
xn(i) ∼ Πn

j=1PX(xj(i)) : i ∈ {1, 2 · · · 2nR}
}
, (5)

for a given probability distribution PX(·) on the channel input alphabet X .

2.6 Maximum Likelihood Decoder

The Maximum-Likelihood (ML) decoder maximizes the probability of the given output being generated via
a particular codeword.

X̂ML(yn) = argmax
xn∈C

P(yn|xn) (6)

The ML decoder performs better than the typicality decoder outlined by Shannon (need ref) in terms of the
random coding error exponent, which for this decoder is given by

E(PX) = − 1

n
logP{X̂ML(Y n) 6= Xn} (7)

3 Universal setting

We now consider the channel coding problem over a family of channels. Let θ ∈ Θ characterize the channel,
so that our class of channels is the set

{Pθ(yn|xn) : θ ∈ Θ, n ∈ Z+}. (8)

While it does not make sense to consider an encoder that performs universally well over all channels
in this set, we can, however, ask this same question of decoders. Let P θ,u(error) denote the average (over
messages and codebooks) probability of error incurred over the channel Pθ(y

n|xn) by decoder u. Then we
say that the decoder u is universal if

lim
n→∞

sup
θ∈Θ

1

n
log

P θ,u(error)

P θ,ML(error)
= 0, (9)

where the supremum is over all channels in the family as defined in (8) with common input and output
alphabets X and Y, respectively. In other words, a universal decoder performs (in the limit) as well as the
ML decoder for all channels in the family.

3.1 Universality for DMC

As an example, consider the class of all discrete memoryless channels with input alphabet X and output
alphabet Y. Define the maximum empirical mutual information (MMI) decoder X̂MMI as

X̂MMI(y
n) = argmax

xn∈C
Ĥ(yn)− Ĥ(yn|xn),

where the maximum is over all codewords in the codebook C and Ĥ(·) is the empirical entropy. It can be
shown [4] that this decoder is a universal decoder as defined in (9). Alternatively, we can define another
decoder as

X̂(yn) = argmax
xn∈C

sup
θ∈Θ

pθ(y
n|xn).

That is, for a given output yn, we find the input xn which maximizes p(yn|xn) over all possible DMC
channels. Unfortunately, this does not generalize.
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4 Finite-state channels

Finite-state channels are completely characterized by

• (finite) input alphabet X , output alphabet Y, state space S

• transition law: P(Yi, Si|Si−1, Xi), where Yi ∈ Y, Xi ∈ X , Si−1, Si ∈ S

• initial state S0 ∈ S

Note that the transition law completely governs the evolution of the channel states and outputs.

4.1 Training sequence based decoding

Let Θ be a family of channels and θ ∈ Θ be the particular channel used for transmission, which is unknown
to the decoder. A natural approach towards developing a scheme that competes with the ML decoder in
the random coding exponent would be to use training symbols to allow the decoder to correctly identify θ
with high probability. The decoder can then apply the ML rule for that channel. Thus, the encoder sends
a predetermined pilot sequence x̃1, x̃2 · · · x̃nT

followed by the actual data sequence xn1 ∈ C (from a fixed
codebook C). The average probability of error in this scheme is given by

P (error) = P (“identify θ incorrectly”) + {1− P (“identify θ incorrectly”)}PML(error) (10)

However, even for the simple case of a two state channel, one would need nT ∼ O(n) to attain the same
error exponent as the ML decoder in (10). Thus, we need to approach the channel uncertainty problem
in a different manner. The next section outlines such an algorithm that competes with the ML decoder
universally for the class of finite state channels.

5 Ziv’s Decoding Algorithm

In this section, we describe the incremental parsing based LZ Decoder discussed in [2]. We show how the
LZ-78 parsing is applied followed by some notation:

• Let x ∈ Xn, y ∈ Yn be two individual sequences corresponding to some channel input codeword and
the channel output n-block respectively.

• Let w ∈ Xn × Yn be the sequence of ordered pairs w = wn1 , such that

wi = (xi, yi), 1 ≤ i ≤ n. (11)

We now apply the LZ-78 incremental parsing algorithm to the string w, such that

1. All phrases (except for possibly the last one) are distinct

2. The prefix1 of each phrase is identical to some previous phrase

Before describing the decoding algorithm, we provide some notation and terminology.

1the prefix of a phrase is defined as the string that results when the last symbol of the phrase is removed
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5.1 Notation

In (12) we illustrate the parsing of w, with g distinct phrases. The induced parsings on x and y are also
indicated.

X(1)︷ ︸︸ ︷
x1, . . . , xe(1),

X(2)︷ ︸︸ ︷
xb(2), . . . , xe(2), . . . , xe(g), . . . , xn

y1, . . . , ye(1)︸ ︷︷ ︸
Y (1)

, yb(2), . . . , ye(2)︸ ︷︷ ︸
Y (2)

, . . . , xe(g), . . . , yn (12)

In addition, we introduce the following definitions:

• c(x,y) = g denotes the total number of distinct phrases in the parsing of w

• y(l) = lth distinct y-phrase in {Y (i)}gi=1

• x(l) = lth distinct x-phrase in {X(i)}gi=1

• c(x) = total number of distinct x-phrases in the parsing of w

• c(y) = total number of distinct y-phrases in the parsing of w

• cl(x|y) = total number of distinct x-phrases that occur with y(l) in the parsing of w.

Note that in the induced parsings on x and y, the phrases are not necessarily distinct, as two phrases of
w could be distinct and yet have identical y (or x) components. As a simple exercise, one can show that

1.
∑c(y)
l=1 cl(x|y) = c(x,y)

2. c(x,y) ≤ c(x) + c(y)

Definition 1.

u(x,y) =
1

n

c(y)∑
l=1

cl(x|y) log(cl(x|y)). (13)

Intuitively, a smaller value of u indicates that the sequences x and y are similar.

5.2 Ziv’s Decoder

For a given codebook

C = {x(1),x(2), · · ·x(2nR)}, (14)

and a received sequence y ∈ Yn, Ziv’s decoding algorithm declares the transmitted codeword as x(i) if

u(x(i),y) < u(x(j),y) ∀j 6= i (15)

where u(·, ·) is defined in Definition 1.

5.3 Universality of Ziv’s Decoder

We conclude this section by presenting the main result [3, Theorem 1], which establishes the universality of
Ziv’s decoder for the class of finite state channels.
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5.3.1 Theorem

Let Θ denote the set of all pairs of initial states and transition laws of finite-state channels defined over
common finite input alphabet X , finite state alphabet S, and finite output alphabet Y. Let P θ,ML(error)
denote the average (over messages and codebooks) probability of error incurred over the channel θ when
the maximum-likelihood decoding rule is used to decode a random rate-R blocklength-n codebook whose
codewords are drawn independently and uniformly over some permutation invariant2 set Bn ⊂ Xn. Similarly,
let P θ,Z(error) denote the analogous performance of Ziv’s decoder, i.e., the average (over messages and
codebooks) probability of error incurred over the channel θ by Ziv’s decoder (cf. 5.2). Finally, for a specific
(deterministic) codebook C let Pθ,Z(error|C) denote the average (over messages) probability of error incurred
by Ziv’s decoder when the codebook C is used over the channel θ. Then

lim
n→∞

sup
θ∈Θ

1

n
log

P̄θ,Z(error)

P̄θ,ML(error)
= 0. (17)

6 Proof of Optimality

To prove the optimality of the LZ based decoder, we first define the threshold decoder and prove its opti-
mality with respect to the ML decoder. We then show that the LZ based decoding algorithm achieves the
performance of the threshold decoder.

6.1 Threshold decoder

We assume that the number of states |S| < ∞, and under similar setting so far. The only change is that
threshold based decoder knows the channel. We state the it achieves the performance of ML decoder even
for worse case channel setting. The decoder is given as follows,

X̂θ,Th(y) =

{
x if Pθ(y|x) ≥ αnPθ(y|x′)∀x′ 6= x : x,x′ ∈ C
error if otherwise

(18)

where,

αn = |S|γ(n,|X ||Y|) (19)

γ(n, |Z|) = maximum distinct phrases in a n length sequence from Z (20)

Lemma 2.

lim
n→∞

sup
θ∈Θs

1

n
log

P̄θ,Th(error)

P̄θ,ML(error)
= 0 (21)

For the proof, see [3].

6.2 LZ decoder optimality

Assuming (21), we show here that the LZ based decoder achieves the threshold decoder’s performance
without knowing the channel. We formally state the lemma we would like to prove as follows:

Lemma 3.

lim
n→∞

sup
θ∈Θs

1

n
log

P̄θ,Z(error)

P̄θ,Th(error)
= 0 (22)

2A set B is permutation invariant if for any permutation π on {1, 2 · · ·n},

(x1, x2 · · ·xn) ∈ Bn ⇒ (xπ(1), xπ(2) · · ·xπ(n)) ∈ Bn. (16)
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From (22), we examine the expression within the logarithm.

P̄θ,Z(error)

P̄θ,Th(error)
=

Ex∈Bn,y∼p(y|x) (Pθ,Z(error|x,y))

Ex∈Bn,y∼p(y|x)(Pθ,Th(error|x,y))
(23)

≤ max
x∈Bn,y∼p(y|x)

Pθ,Z(error|x,y)

Pθ,Th(error|x,y)
(24)

Define:

Mz(x,y) = {x′ ∈ Bn : u(x′,y) ≤ u(x,y)} (25)

MTh(x,y) = {x′ ∈ Bn : pθ(x
′|y) ≥ α−1

n pθ(x|y)} (26)

M(·)(x,y) can be thought of as the set of codewords which the decoder will choose over the correct
codeword x given the observation y, plus x. Writing the probability of decoding error in terms of M(·)(x,y),
we have

Pθ,Z(error|x,y) = 1−
(

1− |Mz(x,y)|
|Bn|

)2nR−1

(27)

Pθ,Th(error|x,y) = 1−
(

1− |MTh(x,y)|
|Bn|

)2nR−1

(28)

(29)

Note that if f(z) = 1− (1− z)n, then one can bound the ratio of the two functions by

f(s)

f(t)
≤ max

(
1,
s

t

)
. (30)

Thus we bound the ratio of the decoding errors by:

max
x∈Bn,y∼p(y|x)

Pθ,Z(error|x,y)

Pθ,Th(error|x,y)
≤ 1 + max

x,y

|Mz(x,y)|
|MTh(x,y)|

(31)

Combining (22) and (31), we have:

sup
θ∈Θs

1

n
log

P̄θ,Z(error)

P̄θ,Th(error)
≤ 1

n
log

(
1 + max

x,y

|Mz(x,y)|
|MTh(x,y)|

)
(32)

We now bound Mz(x,y) and MTh(x,y). The following lemma upper bounds Mz(x,y):

Lemma 4.

1

n
log |x′ ∈ Xn : u(x′,y) ≤ D| ≤ D +O(

log log n

log n
) (33)

Taking D to be u(x,y), we have:

1

n
log |Mz(x,y)| ≤ u(x,y) +O(

log log n

log n
) (34)

The following lemma lower bounds MTh(x,y):
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Lemma 5.

1

n
log |MTh(x,y)| ≥ u(x,y)−O(

1

log n
) log(|S|2) (35)

Combining (34) and (35), we have:

1

n
(log |MTh(x,y)| − log |Mz(x,y)|) ≤ O(

1

log n
) log(|S|2) +O(

log log n

log n
) (36)

The proof of (22) follows from (36).

References

[1] J. Ziv and A. Lempel, “Compression of individual sequences via variable-rate coding”, IEEE Trans.
Inf. Theory, vol. IT-24, pp. 530-536, Sept. 1978.

[2] J. Ziv, “Universal decoding for finite-state channels”, IEEE Trans. Inf. Theory, vol. 31, pp. 453-460,
June 1985.

[3] A. Lapidoth and J. Ziv, “On the universality of the LZ-based decoding algorithm”, IEEE Trans. Inf.
Theory, vol. 44, pp. 1746-1755, Sept. 1998.
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