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1 A bit more on LZ78 and individual sequences

A finite-state encoder E is characterized by a triplet (S, g, f).

• S is a finite set (of states).

• g : S × X → S is a state-update function.

• f : S × X → {0, 1}∗ is an encoding function.

Let En(s) be the set of all lossless (for n-blocks) finite-state encoders for which |S| ≤ s.

Let the compression of a sequence xn by an encoder E be defined as ρE(x
n) = L(yn)

n
, where L(yn) =

∑n

i=1 ℓ(yi) and ℓ(yi) is defined as the length of the ith output of the encoder.
Minimizing over all state-size-s schemes, we define ρs(x

n) = minE∈En(s) ρE(x
n).

Next, we consider performance for an infinite sequence x∞ in a limit supremum sense: ρs(x
∞) =

lim supn→∞
ρs(x

n).
Finally, by allowing the number of states to grow we define the finite-state compressibility of a sequence:

ρ(x∞) = lims→∞ ρs(x
∞). Observe that this limit exists because ρs(x

∞) is both nonincreasing (in s) and
bounded.

One can characterize ρ(x∞) as the best asymptotic compression possible within the set of finite-state
encoding schemes — even when a scheme is designed specifically for the given sequence xn. The following
theorem is then somewhat surprising.

Theorem 1. Let ℓLZ(x
n) be the description length of a sequence xn by the LZ78 encoder. Then for any

infinite sequence x∞,

lim sup
n→∞

1

n
ℓLZ(x

n) ≤ ρ(x∞).

Proof See the proof of Theorem 2 in [1].

2 A bit about Sliding Window Compression (LZ77)

This alternative to LZ78 was actually introduced earlier, in [2]. The structure of the algorithm is quite
similar, but the method of parsing (and referring to previous encodings) is slightly different.

Parsing the Phrases

Suppose x1 through xn have already been parsed. In LZ78, the next phrase xn+ℓ
n would be chosen so as to

be the shortest phrase that has not yet been selected as a phrase. In LZ77, it is instead the shortest phrase
that has not occurred as a subsequence *anywhere* in xn. This procedure can be formally defined as follows.

Define
L(n, x∞) = min

{

ℓ 6= 0 : xn+ℓ
n+1 6= xi+ℓ

i+1 for any i ∈ {0, . . . , n− ℓ− 1}
}

.

The kth phrase in the LZ77-parsing of a sequence x∞ is then given by x
Nk+L(Nk,x

∞)
Nk

where N1 = 1 and
Nk+1 = Nk + L(Nk, x

∞) + 1. In the remaining discussion, we will refer to the kth phrase length L(Nk, x
∞)

as Lk.
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Encoding the Source

The encoder encodes xNk+Lk

Nk
by specifying the following:

1. “Where” in the past (xNk−1
1 ) the unoriginal component xNk+Lk−1

Nk
of the new phrase xNk+Lk

Nk
appeared.

2. The length of the phrase Lk.

3. The “novel” component xNk+Lk
of the new phrase xNk+Lk

Nk
.

Performance Analysis

We first quantify the number of bits expended for encoding the kth phrase. The first component costs no
more than logNk bits (since this is an integer between 1 and Nk). The second component costs no more
than logLk + O(log logLk) bits (since, as one can show, any integer i can be losslessly represented with
length no greater than log i+O(log log i)). The third component requires only log(|X | − 1) bits.

The number of bits expended per source symbol is then given by (in the limit of large Lk and Nk

bits expended

source symbol
=

logNk

L(Nk, x∞)
.

In a perfect world, whenever the source is drawn from a stationary/ergodic process X, we would like this
quantity to approach the entropy rate H(X) as k grows. Lempel and Ziv demonstrated the following fact,
which isn’t quite as powerful a statement, but close.

Theorem 2. For any stationary and ergodic process X,

log n

L(n,X)

n→∞
→ H(X).

Proof See Theorem 1 in [3].
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