
MATH 173: PROBLEM SET 6

DUE 10AM, FRIDAY, FEBRUARY 19, 2016

Problem 1.

(i) Let ~ > 0 be a fixed constant. Solve (for all t ∈ R) the (mass 1) Schrödinger equation

i~ut = −~2

2
∆xu, u(x, 0) = ψ(x),

for a free particle in Rnx using the Fourier transform. Here ψ is a given Schwartz function
on Rn. You may leave your solution as the inverse Fourier transform of a Schwartz function
(you do not need to evaluate it explicitly). Note that the function u is called the wave
function of the particle in quantum mechanics, and |u|2 is the probablity amplitude, so that
the probability of finding the particle in a region Ω ⊂ Rnx at time t is

∫
Ω
|u(x, t)|2 dx.

(ii) Evaluate the solution explicitly if ψ(x) = π−n/4e−|x|
2/2, and show that

∫
Rn |u(x, t)|2 dx = 1

for all t, i.e. the total probability (the probability of being somewhere in space) remains 1
for all times.

(iii) Where (for what value of x) is |u(x, t)|2 the largest for fixed values of t? Does the sharpness
of the peak of |u(x, t)|2 vary with t?

(iv) Answer questions (ii) and (iii) if ψ(x) = π−n/4eix·v/~e−|x|
2/2, where v ∈ Rn is fixed.

Problem 2.

(i) On R3, find the Fourier transform of the function g(x) = |x|−1. (Hint: to do this efficiently,
consider g(x) as the limit of ga(x) = e−a|x||x|−1, and use your result from the last problem
set.)

(ii) Solve ∆u = f on R3, where f ∈ S(R3), writing your answer as a convolution.

Problem 3. For φ ∈ S(Rn), let

‖φ‖m =
∑

|α|≤m,|β|≤m

sup
x∈Rn

|xα∂βxφ|;

thus ‖.‖m is a norm (is positive definite, absolutely homogeneous of degree 1 and satisfies the triangle
inequality). Let dm(φ, ψ) = ‖φ−ψ‖m, φ, ψ ∈ S(Rn), be the corresponding metric. Recall from basic
analysis that if d′ is a metric on a metric space X, then so is ρ′ where ρ′(x, y) = min(1, d′(x, y)).
Let

d(φ, ψ) =

∞∑
m=0

2−m min(dm(φ, ψ), 1).

Show that d is a metric on S(Rn), and a sequence φj ∈ S(Rn) converges to φ ∈ S(Rn) in this metric
if and only if for all α, β ∈ Nn, xα∂βxφj converges to xα∂βxφ uniformly.

Problem 4. Show that if u ∈ S ′(Rn) then there is an integer m ≥ 0 and C > 0 such that for all
φ ∈ S(Rn),

|u(φ)| ≤ C‖φ‖m
where

‖φ‖m =
∑

|α|≤m,|β|≤m

sup
x∈Rn

|xα∂βxφ|.
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Hints: This relies on the continuity of u as a map u : S → C. So suppose for the sake of
contradiction that no such m and C exist; in particular for an integer j > 0, m = j and C = j do
not work, i.e. there exists φj ∈ S such that

|u(φj)| > j‖φj‖j .
Note that φj cannot be 0 (for then u(φj) would vanish by linearity). Let ψj = 1

j‖φj‖j φj , so ψj ∈ S,

‖ψj‖j = 1
j and

|u(ψj)| > j‖ψj‖j = 1.

Now show that ψj → 0 in S as j →∞, and use this to get a contradiction with the continuity of u.

Problem 5. Suppose that u ∈ S ′(Rn) and u has compact support. (This means that there is a
function f ∈ C∞c (Rn) such that u = fu; namely one would take f identically 1 on a neighborhood
of the support of u.) Show that that the C∞ function Fu satisfies

|(Fu)(ξ)| ≤ C(1 + |ξ|)m

for some C and m.
Hint: Use the result of the previous problem and that (Fu)(ξ) = u(φξ), φξ(x) = f(x)e−ix·ξ.


