
MATH 173: TAKE-HOME FINAL

DUE 10AM, MARCH 17, 2016

This is an open book, notes, etc., exam. However, you must not discuss the problems with anyone
except the instructor and the CA.

You may quote any theorem from the textbook, the lecture or the homework, provided you are
not asked to prove it explicitly. You must cite any other reference precisely, and reproduce the
argument in writing.

There are 8 problems; of these Problems 1-6 are mandatory, and Problems 7 and 8 are optional,
for extra credit only. Total score on Problems 1-6: 190 points, Problems 7-8: 60 points

Problem 1. Consider Laplace’s equation ∆u = 0 on a circular sector S of angle α ∈ (0, 2π) and
radius ρ > 0, which in polar coordinates is given by 0 < r < ρ, 0 < θ < α. Recall that the Laplacian
in polar coordinates is ∆u = urr + 1

rur + 1
r2uθθ. Impose Dirichlet boundary condition

u(r, 0) = 0 = u(r, α), u(ρ, θ) = h(θ),

h given, with h(0) = 0 = h(α).

(i) (6 points) Without solving the equation, what can you say about u if h ≥ 0 on [0, α] and u
is C2 in S?

(ii) (10 points) Using separation of variables, find the general separated solution.
(iii) (8 points) Find the solution formula for the PDE in terms of h by computing the coefficients

of the series.
(iv) (6 points) What conditions would you impose on h if you wanted to make sure that u is a

classical solution, i.e. it is C2 in the sector S? Show that under the conditions you impose,
the solution is indeed C2.

Problem 2. Consider the heat equation with drift ut = kuxx + cux + f , k > 0, c ∈ R, on the
half-line, i.e. on [0,∞)x × (0,∞)t, with homogeneous Dirichlet boundary condition u(0, t) = 0, and
with initial condition u(x, 0) = φ(x) for x ≥ 0, where φ is C1 and bounded with φ(0) = 0, and f is
continuous.

(i) (10 points) First find the solution of the heat equation vt = kvxx + cvx on Rx× (0,∞)t with
v(x, 0) = Φ(x). Write the solution as a convolution. You may use that the Fourier transform

of f(x) = e−ax
2

, a > 0, is (π/a)1/2e−ξ
2/(4a).

(ii) (12 points) Note that the operator Lv = kvxx+ cvx is not invariant under reflections around
x = 0, so we cannot simply used odd extensions. So consider now w = eαxv, and show that
for an appropriate choice of α, Lv = Le−αxw = e−αxLαw for a certain operator Lα which
is reflection invariant. Use this to solve the PDE for u above when f = 0; express u as an
integral in terms of φ.

(iii) (5 points) Still assuming f = 0, show that u is C∞ in x ≥ 0, t > 0.
(iv) (8 points) Solve the inhomogeneous PDE, ut = kuxx + cux + f , with f not necessarily zero.

Problem 3. In quantum mechanics, the Pauli matrices are

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.
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The corresponding modified momentum operator for spin systems is

P = −i~σx∂x − i~σy∂y − i~σz∂z.

(i) (15 points) Solve the following equation on R3
x,y,z × Rt,

i~
(
ut
vt

)
= P

(
u
v

)
with initial condition (

u(x, y, z, 0)
v(x, y, z, 0)

)
=

(
φ(x, y, z)
ψ(x, y, z)

)
,

φ, ψ given Schwartz functions, using the Fourier transform. Write your answer in a form
that does not involve the Fourier transform by using convolutions.

Hint: Solve the ODE on the Fourier transform side by exponentiating a matrix (cf.
Chapter 3 of the lecture notes), and rewrite it by separating the even and odd order terms
in the Taylor series of the exponential, comparing with Problem 2 of Problem Set 7.

(ii) (15 points) Solve the equation differently by showing that (u, v) solves the PDE

−~2

(
utt
vtt

)
= P 2

(
u
v

)
,

where

P 2

(
u
v

)
= P

[
P

(
u
v

)]
,

with appropriate initial conditions, and compute P 2 to see that it is a scalar operator in the
sense of Equation (8.13) of the Lecture Notes.

Problem 4. Recall that S(Rn) is the set of Schwartz functions on Rn.

(i) (7 points) Show that if φ, ψ ∈ C0(Rn) with (1 + |x|)Nφ(x), (1 + |x|)Nψ(x) both bounded for
some N > n then ∫

Rn

(Fφ)(ξ)ψ(ξ) dξ =

∫
Rn

φ(x) (Fψ)(x) dx.

(ii) (5 points) Show that for φ ∈ C0(Rn) with (1 + |x|)Nφ(x) bounded for some N > n,

Fφ(ξ) = (2π)n(F−1φ)(ξ).

(iii) (8 points) Show the Parseval/Plancherel formula, i.e. that for φ, ψ ∈ S(Rn),∫
Rn

φ(x)ψ(x) dx = (2π)−n
∫
Rn

(Fφ)(ξ) (Fψ)(ξ) dξ,

and hence conclude that, up to a constant factor, the Fourier transform preserves L2-norms:

‖Fφ‖L2(Rn) = (2π)n/2‖φ‖L2(Rn).

(iv) (10 points) Explain the conservation of energy for the wave equation, the total probability
(L2 norm of the wave function) for the Schrödinger equation and the energy decay (in the
sense of the L2-norm) for the heat equation (all on Rnx ×Rt or Rnx × (0,∞)t) in terms of the
Fourier transform and the Parseval/Plancherel formula.

Problem 5. (30 points) We consider the setting of Problem 6 of Problem Set 4, but for systems.
Thus, suppose Ω is a bounded C1 domain and A(x) = (Aij(x))ni,j=1 is symmetric, positive definite

in the sense that there is c0 > 0 such that A(x)v · v ≥ c0|v|2 for all v ∈ Rn, x ∈ Ω, and q = (qk`(x))
is symmetric, and positive in the sense that q(x)v · v ≥ 0 for all v ∈ RN and x ∈ Ω, with Aij being
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C1, qk` continuous on Ω. Show that there is C > 0 such that solutions u1, . . . , uN ∈ C2(Ω) of the
PDE system

∇ · (A(x)∇uk)−
N∑
`=1

qk`(x)u` = fk, k = 1, . . . , N,

with Dirichlet boundary conditions uk|∂Ω = 0, k = 1, . . . , N , satisfy

N∑
k=1

∫
Ω

(|∇uk|2 + u2
k) dx ≤ C

N∑
k=1

∫
Ω

f2
k dx.

Can you extend the result to Neumann boundary conditions under stronger assumptions on q?

Problem 6. In this problem we consider the inhomogeneous wave equation on [0, `] with inhomo-
geneous Dirichlet boundary conditions:

utt − c2uxx = f, u(0, t) = h(t), u(`, t) = j(t), u(x, 0) = φ(x), ut(x, 0) = ψ(x).

(i) (6 points) Suppose h(t) = 0 = j(t) for all t. For each t, we can expand u(x, t) (which is a
function of x only then) in Fourier sine series in x, with coefficients depending on t:

u(x, t) =

∞∑
n=1

un(t) sin(nπx/`),

and can obtain a similar expansion for f .
Assuming that you can differentiate term by term, i.e. that the odd 2`-periodic extension

of u is well-behaved, find the Fourier sine series of uxx and utt.
(ii) (7 points) Derive an ODE for un(t) by substituting the Fourier series into the PDE. Find

the initial conditions satisfied by un(t), and solve the ODE.
(iii) (12 points) Now do not assume that h(t) = 0 = j(t). We could solve the problem by

subtracting from u a function F that satisfies the boundary conditions to place ourselves
into the previous scenario. Instead, we proceed as follows.

As u does not satisfy the homogeneous boundary conditions that sine does, the Fourier
coefficients will decay slowly, and term by term differentiation is not allowed to calculate
uxx. Instead, let w(x, t) = uxx(x, t), and expand w in Fourier sine series:

w(x, t) =

∞∑
n=1

wn(t) sin(nπx/`).

Calculate the coefficients wn(t) in terms of w, and then integrate by parts twice to obtain
them in terms of un(t), h(t) and j(t).

(iv) (10 points) Obtain an ODE for un(t), and solve it.

The remaining problems are extra credit only!

Problem 7. In this problem we write R2 = Rx × Ry, and the corresponding Fourier variables as
(ξ, η), so the Fourier transform of a piecewise continuous (or integrable) function φ of sufficient decay
is

(Fφ)(ξ, η) =

∫
e−i(xξ+yη) φ(x, y) dx dy.

(i) (12 points) Show that the Fourier transform of f(x, y) = 1
x+iy , considered as a tempered

distribution, is the tempered distribution given by the function 2π
i(ξ+iη) .

(Hint: Write, using polar coordinates, x + iy = reiθ, ξ + iη = ρeiω, and show that
xξ + yη = ρr cos(θ− ω). To make the integral converge, consider first fε(x, y) = e−εrf(x, y)
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in place of f , with ε > 0. Rewrite (x+iy)−1 = r−1e−iθ in terms of r−1, cos(θ−ω), sin(θ−ω),
and evaluate the two integrals (one involving the sine, the other the cosine) separately.)

(ii) (9 points) Solve the Cauchy-Riemann equation 1
2 (∂x + i∂y)u = f for f ∈ C0

c (R2) (so f is
continuous and vanishes outside a bounded set), writing your answer as a convolution.

(iii) (9 points) Show that if u is a tempered distribution and 1
2 (∂x + i∂y)u = 0 then u is a

polynomial. You may use without proof that any distribution which vanishes outside (0, 0)
(i.e. whose support is (0, 0)) is a finite linear combination of derivatives of δ(0,0). (What you
prove here is a version of Liouville’s theorem in complex analysis!)

Problem 8. (30 points) Show that every u ∈ S ′(Rn) can be approximated by elements of S(Rn),
i.e. show that there exist fj ∈ S(Rn) such that ιfj → u in S ′(Rn). Here recall that uj → u in S ′(Rn)
means that uj(φ)→ u(φ) for all φ ∈ S(Rn).

Hints: it suffices to show that there is fj and m such that |ιfj (φ)−u(φ)| ≤ j−1‖φ‖m for all φ ∈ S,
where

‖φ‖m =
∑

|α|≤m,|β|≤m

sup
x∈Rn

|xα∂βxφ|.

So first consider vj = χju, where χj(x) = χ(x/j), and χ ∈ C∞c (Rn) is identically 1 for |x| < 1,
identically 0 for |x| > 2. Thus, vj are compactly supported distributions, and show that vj → u

in S ′(Rn) in the strong sense that for some m̃, |vj(φ) − u(φ)| ≤ C̃j−1‖φ‖m̃. Now to get the fj ,
we approximate the vj as follows: Fvj is C∞, but does not decay at infinity. So let gjk(ξ) =
χk(ξ)(Fvj)(ξ), χj as above. Show that gjk ∈ S(Rn), and ιgjk → Fvj in S ′(Rn) as k → ∞. Now

consider F−1gjk.


