MATH 220: PROBLEM SET 1, SOLUTIONS
DUE FRIDAY, OCTOBER 5, 2018

Problem 1. Classify the following PDEs by degree of non-linearity (linear, semi-
linear, quasilinear, fully nonlinear):

(1) (cosz)uy + uy = u.
(2) vuy = Ugy-

(3) up — €u, = cosz.
(4) up — Ugy + €%uy = 0.

Solution. They are: (1) semilinear, (2) quasilinear, (3) linear, (4) semilinear.

Problem 2.
(1) Solve
Uy + (sinz)uy, =y, u(0,y) = 0.
(2) Sketch the projected characteristic curves for this PDE.

Solution. The characteristic ODEs are

dx _1 dy . z
ds  ds  ®gs T Y
We first solve the x ODE, substitute the solution into the y ODE, and then sub-

stitute the solution into the z ODE. So:
x(r,8) = s+ c1(r)

d—z =sin(s + ¢1(r)) = y(r,s) = —cos(s + ¢1(r)) + ca(r)
% = —cos(s+ c1(r)) + ca(r) = 2(r,s) = —sin(s + ¢1(r)) + ca(r)s + c3(r).
The initial condition is that the characteristic curves go through
{(0,7,0) : r arbitrary}
at s =0, i.e. that
(0,7,0) = (c1(r), — cos(c1 (1)) + ca(r), —sin(cq (1)) + c3(r)).

Thus, ¢i1(r) =0, =1+ co(r) = r. ie. co(r) =7+ 1, and ¢3(r) = 0, so the solution
of the characteristic ODEs satisfying the initial conditions is

(x,y,2) = (s,—coss+r+1,—sins+ (r+ 1)s).

We need to invert the map (r,s) — (z(r,s),y(r,s)), i.e. express (r,s) in terms of
(z,y). This gives s = x, and r = y + coss — 1 = y + cosz — 1. The solution of the
PDE is thus

u(z,y) = z(r(x,y), s(x,y)) = —sinz + (y + cosx)x.

The projected characteristic curves are the curves along which r is constant, i.e.
they are y = — cosx + C, C a constant (namely r + 1).
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Problem 3.
(1) Solve

Yug + zuy =0, u(0,y) = eV’

(2) In which region is u uniquely determined?

Solution. This is a homogeneous linear PDE with no first order term, so its so-
lutions are functions which are constant along the projected characteristic curves,
i.e. the integral curves of the vector field V' (x,y) = (y,z). Note also that the initial
curve, the y-axis, is characteristic at exactly one point, namely the origin, where V'
vanishes. Elsewhere along the y axis V(0,y) = (y,0) which is not tangent to the
y-axis.

The characteristic equations in this case are

dx_ @_ dz_

ds U ds " ds
The z ODE is trivial: z = ¢3(r). One can find the solution of the (x,y) ODEs
either by obtaining a second order ODE for z:

d’z  dy
—_— — = 1‘7
ds?  ds
whose solutions are z = ¢1(r)e® + ca(r)e™*. Asy = %%, this gives

(z,9,2) = (c1(r)e’ + ca(r)e™*, c1(r)e’ — ca(r)e™*, c3(r)).

Thus, x4y = 2¢1(r)e’, —y = 2ca(r)e™ %, s0 2% —y? = (x+y)(x —y) = de1 (r)ea(r),
i.e. is a constant along the projected characteristic curves. In other words, the
projected characteristic curves are 22 — y?> = C, C a constant, and the solution
is a function that is constant along these. One has to be slightly careful, as the
same value of C corresponds to two characteristic curves, see the argument two
paragraphs below concerning the sign of r. In particular, any function f of 2% — y?
will solve the PDE. As we want f(22 — y?) = u(x,y) to satisfy u(0,y) = e~¥", we
deduce that f(—y?) = e~¥" for all real y, i.e. f(t) = e' for t < 0. Note that f(¢) is
not defined by this restriction for ¢ > 0. So one obtains that u(z,y) = f(2? — y?)
solves the PDE where f(t) = e! for t <0, f(t) arbitrary for ¢ > 0.

In particular, the solution is not unique where x? — y? > 0, i.e. where |z| > |y|.
This is exactly the region in which the characteristic curves do not approach the y
axis.

To see how our usual method of substituting in the initial conditions works, note
that the initial data curve is (0,r,e™"), so at s = 0 we get ¢1(r) + co(r) = 0,
c1(r) —ea(r) =1, cs3(r) = e, so the solution of the characteristic ODEs taking
into account the initial conditions is

2
T

(2.9,2) = (5

As cosh? s—sinh? s = 1, we deduce that y2—22 = r2 along the projected characteris-
tic curves. This gives that |y| > |z| in the region where the projected characteristic
curves crossing the y axis reach. In this region, r = &1/y? — 22, with the the sign
+ agreeing with the sign of y (i.e. is + where y > 0). In any case, the solution is
w(z,y) =e =e” =¥ in |y| > |z|. Note that this method does not give the solu-
tion in the region |y| < |z|, as the projected characteristic curves never reach the

(e —e™?), g(eS +e %), 67T2) = (rsinh s, r cosh s, efrz).

2

2
T
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region. Note also that there is no neighborhood of the origin in which this method
gives u; this is because the y-axis is characteristic for this PDE at the origin.
A simpler way of finding the projected characteristic curves is to parameterize
them by x or y. In the former case, one gets
dy

dy _ 4 _*
=ds —_,
dx d—;” y

so [ydy = [xdz, ie y?> =2?+ C. Again, C is a parameter.
Problem 4.
(1) Solve uy +up = u2, u(z,0)=e* .
(2) Show that there is T > 0 such that w blows up at time T, i.e. u is continu-

ously differentiable for t € [0,T), x arbitrary, but for some o, |u(xo,t)| —
oo ast—T—. What isT?

Solution. The characteristic ODEs are
dx at 1 dz 9

=Zz".

ds " ds T ds

The solution is
z(r,s) = s+ c1(r),
t(?", 8) =5+ CQ(r)a
-1

1
—2z  =s5+c3(r)=>z2=——"—"—.
5(7) s+ cs(r)

The initial conditions give that at s = 0, (z,t,2) = (r70,e_T2), so c1(r) = r,
ca(r) =0, e3(r) = —e”" . Thus,

(Iath) = (5 + 7,8, m)

Inverting the map (r,s) — (x(r,s),t(r,s)) yields s=t, r =z —s=x —t, so
-1

u(z,t) = z(r(z, t), s(z,t)) = T

Note that the denominator vanishes only if t = e(z_t)2, and (z —t)2 > 0, so the
denominator can only vanish if t > 1. In particular, u is a C'!, indeed C*°, function
on R; x[0,1);. On the other hand, forz =1, as t — 1—, u(x,t) = ﬁ — 400,
i.e. the solution blows up at T'=1 (at zg = 1).
Problem 5. Solve

up + uuy = 0, u(z,0) = —2?
for |t| small.

Solution. We parameterize the z-axis as I'(r) = (r,0), and note that the vector
field (z,1) is not tangent to I' at any point regardless of the value of z, so this is a
non-characteristic initial value problem. The characteristic equations are

ot

1t =
o1 1n0) =0,
% =z, z(r,0) =,
0z

95 = 0, z(r,0) = —r2.
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The solution is

t(r,s) = s,
Z(T7 S) = _T27
x(r,s) = —r’s +r.

Thus, s =t, and tr? —r +2 = 0, so if t = 0 then r = x, and if ¢ # 0 then r solves
11 —dtx
B 2t '

The choice of the sign is dictated by r = & when ¢t = 0 (i.e. by taking the limit as
t — 0 using, say, L'Hospital’s rule), so one needs the negative sign, and

. 1— 1 —4tx
a 2t ’

r

The solution is then

(1— /1 — 4ix)?

u(x,t) = —R(.’E,t)2 = At2

, t#0,

and u(x,0) = —22.

Problem 6. Consider the Euler-Lagrange functional
I(u) = / F(z,u,0u)dx
Q
given by

1 " 1
F(x,2,p) = 5e()? Y _p} + 5a(2)s + f,
j=1

where ¢, q, f are given functions (speed of waves, potential and forcing, respectively),
and show that the corresponding Fuler-Lagrange equation is

V- (*Vu) — qu = f,
which in the special case of constant ¢ reduces to
AAu—qu=f.

Solution. One can simply substitute into the general formula, but to get some
practice, let’s rework it in this concrete case. Replacing u by u + sv on I(u) we
have

I(utsv) = / (et ;@wsajvm;q(w)<u<x>+sv<x>>2+f<x><u<x>+sv<x>>) da.

Expanding the squares,

I(u+ sv) = /Q (%c(mf Z((aju)2 + 250;udjv + s%(0;v)?)

+ 30 (ul)? + 2su(a)o(x) + s%0(x)?) + F()(u(x) + so(e))) dr.

Differentiating in s and letting s = 0 only the linear terms in s survive and give

d% sl (@t sv) = /Q (C(x)Qajuajv +q(z)u(@)v(@) + f (a:)v(x)) dz.
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We integrate by parts in the first term to get
T ) = /Q (= 05(c(@)P B0 + ala)u(a)o(e) + [(2)o(a) ) da
= /Q (— 0;(c(x)*05u) + q(z)u(x) + f(x))v(x) d.

We then demand that this vanishes for all v supported in Q. Arguing as in the
notes, we see that the prefactor of v(z) in the integral must vanish identically, i.e.

—0j(c(x)*dju) + q(x)u(x) + f(z) = 0.
But this is exactly the equation
=V (e(2)*Vu) + qu+ f =0,
i.e.
V- (e(2)*Vu) —qu = f,
as desired.
If ¢ is constant, it can be pulled outside the derivative, yielding

AAu—qu=f.



