
MATH 220: Problem Set 5

Solutions

Problem 1. Let f ∈ L1(Rn) and a ∈ Rn. The whole problem is a matter of
change of variables with integrals.

(i)

(Ffa) (ξ) =

∫
Rn

e−ix·ξfa(x)dx =

∫
Rn

e−ix·ξf(x− a)dx

=

∫
Rn

e−i(a+y)·ξf(y)dy = e−ia·ξ
∫
Rn

e−iy·ξf(y)dy

= e−ia·ξ (Ffa) (ξ).

(1)

(ii)

(Fga) (ξ) =

∫
Rn

e−ix·ξga(x)dx =

∫
Rn

e−ix·ξeia·xf(x)dx

=

∫
Rn

e−i(ξ−a)·xf(x)dx

= (Ff) (ξ − a).

(2)

(iii)

(
F−1fa

)
(ξ) = (2π)−n

∫
Rn

eix·ξfa(x)dx = (2π)−n
∫
Rn

eix·ξf(x− a)dx

= (2π)−n
∫
Rn

ei(a+y)·ξf(y)dy = eia·ξ(2π)−n
∫
Rn

eiy·ξf(y)dy

= eia·ξ
(
F−1fa

)
(ξ).

(3)

(iv)

(
F−1ga

)
(ξ) = (2π)−n

∫
Rn

eix·ξga(x)dx = (2π)−n
∫
Rn

eix·ξeia·xf(x)dx

= (2π)−n
∫
Rn

ei(ξ+a)·xf(x)dx

=
(
F−1f

)
(ξ + a).

(4)
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Problem 2. Let f ∈ C1(Rn), and |x|Nf(x), |x|N∂jf(x) bounded with N > n.

Let’s write x = (x1, ..., xj , ..., xn) and take hj = (0, ..., h, ..., 0) = hej (zero
everywhere except for the jth coordinate).
We have

(F(∂jf)) (ξ) =

∫
Rn

e−ix·ξ(∂jf)(x)dx =

∫
Rn

e−ix·ξ lim
h→0

f(x+ hj)− f(x)

h
dx

(5)
If we can switch limit and integral, we are done. Therefore we need to justify
the inversion.
Let’s take hkj = (0, ..., hk, ..., 0) = hkej , with (hk)k≥0 such that hk → 0 as

k → +∞. Now we can consider gk(x) =
f(x+ hkj )− f(x)

hk
.

• gk is integrable for all k ≥ 0 since f continuous and |x|Nf(x) is bounded,

• gk(x)→ ∂jf(x) as k → +∞ pointwise,

• for all k ≥ 0, |gk(x)| ≤ φ(x), with φ ∈ L1(Rn), φ(x) ≥ 0. Indeed,
by the mean value theorem, there exists ηkj ∈ (xkj , x

k
j + hk) such that

gk(x) = ∂jf(x1, ..., η
k
j , ..., xn). Now, for instance, for |x| < 1, there exists

M1 > 0 such that |∂jf(x)| ≤ M1 (∂jf continuous), and for |x| > 1, there

exists M2 > 0 such that |∂jf(x)| ≤ M1

|x|N
by assumption.

Hence, |gk(x)| ≤ M1χ{|x|<1} +
M1

|x|N
χ{|x|>1} = φ(x), with χ the indicator

function.

Therefore, we can use the Lebesgue Dominated Convergence Theorem (LDCT)
on hk(x; ξ) = e−ix·ξgk(x) (same conclusions since |e−ix·ξ| = 1) and write:

(F(∂jf)) (ξ) =

∫
Rn

lim
k→+∞

hk(x; ξ)dx

= lim
k→+∞

∫
Rn

hk(x; ξ)dx

= lim
k→+∞

∫
Rn

e−ix·ξ
f(x+ hkj )− f(x)

hk
dx

= lim
k→+∞

eih
k
j ·ξ (Ff) (ξ)− (Ff) (ξ)

hk

=

(
lim

k→+∞

eih
k
j ·ξ − 1

hk

)
(Ff) (ξ)

=

(
lim

k→+∞

eih
kξj − 1

hk

)
(Ff) (ξ)

= iξj (Ff) (ξ)

(6)
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In short, if f is C1 and |x|Nf , |x|N∂jf are bounded, with N > n, we can invert
integral and limit. Also, we could have used integration by parts to get to the
result.

An alternative of the LDCT is to use the following argumentation.

(1 + |x|)N
′ f(x+ hj)− f(x)

h
converges uniformly on the real line corresponding

to the xj-axis to (1+ |x|)N ′
∂jf(x) for N ′ < N . Indeed, the difference quotient is∫ 1

0

∂jf(x+ shj)ds by Taylor’s theorem (or simply the fundamental theorem of

calculus with a change of variable), and by assumption this integral is bounded

by C(1 + |x|)−N . So first (1 + |x|N )
f(x+ hj)− f(x)

h
is uniformly bounded (in

|h| ≤ 1, h 6= 0 and x ∈ Rn).

Further, it differs from ∂jf(x) by

∫ 1

0

(∂jf(x + sh) − ∂jf(x))ds. Since ∂jf is

continuous, it is uniformly continuous on compact sets, and since (1 + |x|)N∂jf
is bounded, (1 + |x|)N ′

∂jf is uniformly continuous for N ′ < N . (The extra

decay factor (1 + |x|)(N ′−N) makes sure it goes to 0 at infinity, which is why
uniform continuity is easy.) Thus, given ε > 0, for sufficiently small h, and for
s ∈ [0, 1], one has for all x ∈ Rn,

(1 + |x|)N
′
|∂jf(x+ shj)− ∂jf(x)| < ε (7)

Thus,

∣∣∣∣(1 + |x|)N
′ f(x+ hj)− f(x)

h
− (1 + |x|)N

′
∂jf(x)

∣∣∣∣ < ε for sufficiently small

h, and so, with (1 + |x|)−N ′
being integrable,∫ ∣∣∣∣f(x+ hj)− f(x)

h
− ∂jf(x)

∣∣∣∣ dx < C ′ε, (8)

and thus

∣∣∣∣∫ f(x+ hj)− f(x)

h
dx−

∫
∂jf(x)dx

∣∣∣∣ < C ′ε for small h. This gives

the desired convergence (since you can add the extra multiplicative coefficient
e−ix·ξ with no significant effect on the conclusions).

Problem 3.

(i) H(a− |x|) = 1 if −a < x < a, and 0 otherwise. Therefore

(Ff) (ξ) =

∫
R
e−ixξH(a− |x|)dx =

∫ a

−a
e−ixξdx =

eiaξ − e−iaξ

iξ
. (9)
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(ii) H(x)e−ax is 0 if x < 0. Therefore:

(Ff) (ξ) =

∫
R
e−ixξe−axH(x)dx =

∫ +∞

0

e−(iξ+a)xdx =
1

iξ + a
. (10)

(iii)

(Ff) (ξ) =

∫
R
e−ixξ|x|ne−a|x|dx =

∫ +∞

0

xne−(iξ+a)xdx+

∫ 0

−∞
(−x)ne−(iξ−a)xdx

(11)
If we consider the first integral, doing integrations by part n times, we get:∫ +∞

0

xne−(iξ+a)xdx = (−1)n
n!

(−a− iξ)n

∫ +∞

0

e−(iξ−a)xdx

= (−1)n+1 n!

(−a− iξ)n+1
=

n!

(a+ iξ)n+1

(12)

Similarly, for the second term, we have∫ 0

−∞
(−x)ne−(iξ−a)xdx =

n!

(a− iξ)n+1
(13)

Therefore

(Ff) (ξ) =
n!

(a+ iξ)n+1
+

n!

(a− iξ)n+1
. (14)

(iv) We can write

1

1 + x2
=

1

2

(
1

1 + ix
+

1

1− ix

)
. (15)

Furthermore, we have(
F−1e−|x|

)
(ξ) =

1

2π

(∫ 0

−∞
eixξexdx+

∫ +∞

0

eixξe−xdx

)
=

1

2π

(
−
∫ 0

+∞
e−iyξe−ydy −

∫ −∞
0

e−iyξeydy

)
=

1

2π

(∫ +∞

0

e−iyξe−ydy +

∫ 0

−∞
e−iyξeydy

)
=

1

2π

(
Fe−|x|

)
(ξ)

=
1

2π

(
1

1 + iξ
+

1

1− iξ

)
,

(16)
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by change of variable and using the result from part (iii) with n = 0.
Now using the Fourier inversion formula, we deduce that:(

F 1

1 + x2

)
(ξ) =

(
F 1

2

(
1

1 + ix
+

1

1− ix

))
(ξ)

= π
(
FF−1e−|x|

)
(ξ)

= πe−|ξ|.

(17)

Problem 4. We have that

(Ff) (ξ) =

∫
R3

e−ix·ξ|x|ne−a|x|dx. (18)

Let T be a linear transformation such that we rotate the z-axis to ξ (we fix
ξ ∈ R3). Therefore T ([0, 0, 1]) = ξ. Let T ([1, 0, 0]) = ξ1 and T ([0, 1, 0]) = ξ2.
We can use spherical coordinates such that x = (x1, x2, x3) into (r, θ, φ), where
r = |x|, θ is the angle between ξ and x, and φ is an angle of rotation about ξ
from ξ2.
Since x · ξ = |x||ξ| cos(θ), we obtain that

(Ff) (ξ) =

∫ θ=π

θ=0

∫ r=+∞

r=0

∫ φ=2π

φ=0

e−ir|ξ| cos(θ)rne−arr2 sin(θ)dφdrdθ

= 2π

∫ θ=π

θ=0

∫ r=+∞

r=0

e−ir|ξ| cos(θ)rn+2e−ar sin(θ)drdθ

= 2π

∫ π

0

(n+ 2)!

(a+ i|ξ| cos(θ))n+3
sin(θ)dθ (from Pb3 (ii))

= 2π
(n+ 1)!

−i|ξ|

(
1

(a+ i|ξ|)n+2
− 1

(a− i|ξ|)n+2

)
= 2πi

(n+ 1)!

|ξ|

(
1

(a+ i|ξ|)n+2
− 1

(a− i|ξ|)n+2

)
(19)

Problem 5.

(i) By integration by part, we get

(FzDzjf)(y, ζ) =
1

i

∫
Rk

e−iz·ζ∂zjf(y, z)dz

= −1

i

∫
Rk

∂zj
(
e−iz·ζ

)
f(y, z)dz

= ζj

∫
Rk

e−iz·ζf(y, z)dz

= ζj(Fzf)(y, ζ)

(20)
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(ii) By definition, we have that

(FzDyjf)(y, ζ) =
1

i

∫
Rk

e−iz·ζ∂yjf(y, z)dz (21)

Now since f is C1, and |z|Kf , |z|K∂xjf are bounded with K > k, using the
same argumentation as in Pb2, we can switch the derivative and the integral
sign to finally obtain

(FzDyjf)(y, ζ) = Dyj

∫
Rk

e−iz·ζf(y, z)dz = (DyjFzf)(y, ζ). (22)
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