MATH 220: Problem Set 7
Solutions

Problem 1. Since 9, u(2’,0) = 0, we consider the even extension of f. Let

qoro ) flaxs)  ifas >0,
f(x,xg)—{ f(x’,—gxg) ifx§<0, (1)

Let v be a solution of Av = f in R3. Then from PSET 6, we know the solution,
namely:

1
v(z) = /R3 —mf(y)dy (2)

Now we just take u(z’,x3) = v(2’, 23) when x3 > 0.
Moreover, since f is a compactly supported function, for |z| big enough, x ¢

Supp(f). Therefore, for |x| big enough,

1 -
i Nfldy<C sup ——
z€Supp(f) | =2 Jsupp(f) z€Supp(f) |z — 2| |alo+oo

(3)

1
p@)] < o sup

and we indeed have v(z) ——— 0.
|z|—+o00

Problem 2.

(i) By the method of reflection, we construct an extension of ¢ (resp. ) to
the entire real line as follows:

3(x) = d(x — 2kl) if 2kl < z < (2k + 1)I for some k € Z n
YT 62kl — ) if (2k — 1)1 < 2 < 2Kkl for some k € Z

and similarly

W) = Y(x —2kl) if 2kl <z < (2k + 1)I for some k € Z (5)
YT w2kl —2) i (2k — 1)1 < @ < 2kl for some k € Z

because we have the boundary conditions: wu,(0,t) =0 = u,(l,t).
Then the solution is simply given by

_ _ xz+ct _
u(et) =5 (e —ct)+d+e) + 5. [ Dl (©)



(ii) If ¢ has singularity at zo € (0,1), then seeing the definition, ¢ has singu-
larity at x¢ — 2kl and 2kl — xq for all k € Z. The solution u is then smooth apart
from lines x+ct = xg—2kl, x—ct = xg—2kl, x+ct = 2kl—xg, x—ct = 2kl—xg
for all k£ € Z. Moreover, there is a possibility that the even 2l—periodic function
é has singularities at integer multiples of [ as well.

Remark. Note that there will be no singularities emanating from these points
if all the odd derivatives of ¢ vanish at the endpoints, for then the extension we
construct is actually smooth at these points.

Problem 3. Let’s solve the inhomogeneous heat equation on the half-line for
Dirichlet boundary conditions:

Uy — ke = f, x>0, u(z,0)=¢(x), u(0,t)=0. (7)

(i) Using Duhamel’s principle:
We know from the class that the solution of the homogeneous equation on the
half line

(up)e — k(up)ew =0, >0, wup(z,0)=d(x), up(0,t)=0. (8)

is

un(a,t) = (S0)0) (@) = [ Gla,y.0)0(y)dy
y>0 9)
Gz, y,) = (k) ~1/2 (e (/D) _ (o) (k1))

Therefore, Duhamel’s principle assures that:
~ t ~
) = (500) @)+ [ (S=9)1.) @is
t
— [ Gpnotars [ ([ G- s
y>0 0 y>0

Foo _ t +oo
= [ sty [ ([ 6wt - sy as
0 0 0
Gla,y,t) = (4rkt)~1/2 (e—<w—y>2/(4kt> _ e—<x+y>2/<4kt>) ,

()

(10)

(ii) Using extensions:
Since we have the boundary condition u(0,t) = 0, we are looking for odd exten-
sions of f and ¢. That means that we define:

Joda(z,t) = { i(’]f(’f)g;’t)’ i i(o) an

and



Now we can look for the solution v of the heat equation on the entire real line:
— kvey = foad, T €R, wv(x,0) = doaa(x). (13)

We know from the course (explicit derivation of Duhamel’s principle) that v is
given by:
t

o(2t) = (S(t)oaa) (2) + / (S(t = )(foad)s) (2)ds
~ [ Gl bmatirty + [ ( / Gyt >fodd<s,y>dy) s

+oo

= G(2,y,t)Poaa(y dy+/ (/ G(z,y,t )fodd(say)dy> ds

— 00

Gz, y,t) = (dnkt)~1/2e=(@=v)*/(4kt)

(14)
and u is given by u(z,t) = v(z,t), £ > 0. More precisely, we have

400
[ G 00ualdy = (ke 72 [ e 00, )y
R — 00
0
_ (47rkt)’1/2 </ e*(E*y)Q/(‘*kt)qs(—y)dqu/ 6(zy)2/(4kt)¢(y)dy>
7—€ooo Q&-oo
_ (47rkt)_1/2 <_/ e—(x+y)2/(4kt)¢(y)dy+/ e—(z—y)2/(4kt)¢<y)dy>
0 0

“+oo
= (drkt)~1/2 / (e,(x,y)z/(m) _ef<m+y)2/<4kt>> o(y)dy

+ ~
G(z,y, t)o(y)dy
and in the same fashion,

/ /G 7,y t — 5) foad(y, s)dyds

(47rk:(t — )" L/2 / T RE=D) fo44(y, s)dyds
((4%( ))—1/2_(_ /0 e—(z—y>2/<4k<t—s>>f(_y,s)dy+/ e_(””_y)2/(4k(t_s))f(y7s)dy))ds
oo 0
(Ark(t — 5))~1/? <_ /+°° e<z+y>2/<4k<ts>>f(y75)dy+/+°° e<my>2/<4k<ts))f(y,s)ddes
0 0
(drk(t -1/2 / ’ (e—(w—y>2/<4k<t—s>> _e—<w—y)2/<4k<t—s>>) f(y7s)dy> ds
—o0

/0+°° g;yat—S)f(y,s)dyds_/Ot (St = 9)1.) (@)ds.

—+oo

I Il
(Dr\

+oo

(16)



Therefore we have indeed obtained the same solution as in (a).

Problem 4. We transform the wave equation on R

Ut — C Ugy = f7 u(x, 0) = ¢($), Ut(l', O) = w(l‘)’ (17)

into the first order PDE system:
(18)

Then using Duhamel’s principle, we already know that the solution is going to

Uz, t) = S(t) { i } (@) +/Ot8(t—s) { J? ] («)ds. (19)

The only remaining bit of work is to define what S(t) is. Let’s give 3 ways of
getting it.

The direct method. We already know the solution of the homogeneous wave
equation, namely:

x+ct

(p(x —ct) + ¢p(x + ct)) + 210 / Y(s)ds. (20)

—ct

DO =

up(x,t) =

Therefore, we can take its derivative with respect to time, and get

(6 (& + ct) — o/ (& — ct)) + 5 (bl — ct) + h(a + 1)
1)

on (e, t) = (un)i(z,t) =

St [¢ ]( )

[ oz —ct) + dpla +ct) + & [T p(s)ds }
§¢’x+ct ¢(w—ct))+§(¢(x—ct)t P(x + ct))
[ T(d(a —ct) + ¢la +ct)) + & [T (s)ds }
$(¢ (x4 ct) — ¢ (w —ct) + 5 (V(x — ct) + ¢(x + ct))

N o

hence we get

Uh(l‘,t)

(22)
Therefore, if we insist on writing explicitly S(t), we can choose:
S(t) = i D(T-ct — Tet) T_ct — Tet
2¢ | D? (T—et = Tet) D (T—ct — Tet) (23)

(Toh) () = /OI ) h(s)ds, (Dh)(z) = h'(z).



And the solution u writes:

w(z,t) = (S(t)U)l(x)—i—/Ot (S(t—s) [ J? Dl(x)ds

(D (T—ct - 7;:5) ¢) (I) + ((7:(,% - 7:%) 7/}) (I’) + /0 ((T—c(t—s) - %(t—s)) fS) (IE)dS)
z+ct t z+c(t—s)
c@ata)+oa—c)+ [ v+ [ ( [ s>dy) ds>

z—ct —c(t—s)

z+ct t z+c(t—s)
(Ola+et)+oa—ct)+ 5o [ dwdy+ 5 ( N s)dy) s,

x—ct 2c 0 —c(t—s)
(24)

N

I
o
e

N = N

Fourier transform & eigenvalue decomposition. Taking the partial Fourier
transform in x in the PDE system gives:

8U[AU0[§]] eo=[ 48 ] (25)
A= —c22 0 |-

We can then directly write the solution of the ODE:

U(E,t) = AU (€,0),

et

Y

Now we are left with computing et before finishing by taking the inverse Fourier
transform.

Here we choose to diagonalize A. Indeed, by looking at the trace, the determi-
nant of A and with a bit of algebra, we get that ic§ and —ic§ associated to the

respective eigenvectors { ,1 ] and { ._1 ] Therefore, we can write
ick ick

A ic€ 0 1
AQ{ 0 —ict &

g1 1] ga_ L [ e 1 (27)
| e ik | © 24cf | —icg 1
Now et4 becomes
N icté
etA =0Q ¢ 0 ef(i)ctﬁ Qil
6ict§ + efictE 1 6ict§ _ e*ictg (28)
_ , 3 |
. é.ezctg _ efzctg ezct{ + 6fzct§
1C
2 2



And finally, using HW5 and lecture notes on the Fourier transform, we can

formally write

eictf + e—ictf

1 eictf _ e—ictf

_ 1 tA _ -1 2 icE 2
S(t)=F; e =F; gicte _ g—icte gictg L et
ic 5 5 (29)
[ D(Tw—Ta)  To—Ta
2¢ | D*(T—ect = Tet) D (Tt — Tet)
Fourier transform & direct calculation. Another way of dealing with
finding S(t) is to do the same thing as previously, but to calculate ¢4, use its
definition: .
0 Lk Ak
i t"A
tA _
et = 1 (30)
k=0
Now let’s have a look at A2:
A 0 1 0 1
2 _
AT = —c%¢2 0 } [ —c22 0 }
—c2¢? 0 (31)
0 —0252
= —c2¢21d,
and by direct recursion,
A% = (~1)(co)*1d,
i i 0 —1)k(c€)*
k41 — (_1\k(e\2k 4 —
A = (—=1)"(c£)** A |: _(_1)k(c€)2k+2 0 , VE e N.
(32)
Therefore
Z( 1)* (ctg)? if ctf )2kt
tA k= 0 ( k)t éﬁ 2k+
Ct£)2k+1 1 k Cté‘ 2k
a ’52 2k +1)! ];)
[ 1
_ cos(ctf) 3 sin(ct€) (33)
—cEsin(ct)  cos(ctf)
= eicté + e—icté 1 eicté _ o—icté
- ik 2
6ict§ _ efictf eictg + efictg
ic€
L 2 2

And we get the same result (of course!).



Problem 5.

(i) We are looking for the solutions of the eigenvalue problem on [0, []:
~X" = AX, X(0) =0, X'(I) = 0. (34)

For A < 0, the solution writes X (z) = Ae¥V=** 4 Be=V=2* with A, B € R.
Since X(0) = 0, we have A + B = 0, meaning that X (z) = 2Asinh(y/—\z).
Now with X'(I) = 0, we get A = 0 and X = 0, which means that there is no
strictly negative eigenvalue.

For A = 0, the solution writes X (z) = Az + B. Since X(0) = 0, we have B = 0,
meaning that X (z) = Az. Now with X'(I) = 0, we get A = 0 and X = 0, which
means that 0 is not an eigenvalue.

Finally, for A > 0, the solution writes X (2) = Acos(vAx) 4+ Bsin(v/—\z).
Since X (0) = 0, we have A = 0, meaning that X (z) = Bsin(v/Az). Now with
X'(l) =0, we get that

2 1
ﬁl:@, neZ. (35)
That means that we have a countable number of eigenvalues (indexed by n € Z),
and we can write )
2 1
Ao = <(”2+l)”) ez, (36)

and corresponding eigenfunctions are

X, (z) = sin(y/Anz) = sin <(2712_l|_1)7m:> , nEZ. (37)

(ii) Let us consider the following wave equation
Uy = gy, u(0,t) =0, uy(l,t) = 0. (38)

We are looking for separated solutions of the form u(z,t) = X (z)T'(t). Assuming
that X and T do not vanish, the PDE gives
M) LX)

T = XO=0 X0 =0 (39)

X// XI/
(z) is a (true) constant, say X((x)) = —), with A € R. But from
x
(i), we know that the possible values for A are A, (and we have the associated
eigenfunctions X,,). We are then left with determining 7'(¢), but we have for A,

the following ODE:

Therefore

T/ (t) = =N\ T(t), (40)



which gives the general solution

T.(t) = A, cos(cv/Ant) + By sin(ev/ A\ t)

= A, cos <(2n;lr1)c7rt) + B,, sin ((2712?1)07#) , nE L. (41)

and the general separated solution is

uCat)E:sh1<Chgjl)wx) <Aﬂcos(chgj1)mﬁ>%Ehﬁhl(chgjl)md>).

(iii) wu¢(z,0) = 0 gives

ZA\FSI(Q“ ) S A/ A Xl (43)

nez nez

Therefore, by orthogonality of the X,,’s, we get that A, = 0, for all n € Z. The
other initial condition gives

=> B, sm( ) > BnXo(x) = Xi(x) — 2Xa(x). (44)
nez nez

Hence, again by orthogonality, we deduce that A; = 1, A, = —2 and A,, =
otherwise.
The solution is then

. [ 3mx 3crt . [ 5mx acrt
u(x,t) = sin (21) cos (2l> —2sn( 57 > s( 57 > (45)

(iv) The reasoning is the same as in (ii).
Let us consider the following heat equation

Uy = ktgy, u(0,t) =0, ug(l,t) =0, (46)

with k£ > 0.
We are looking for separated solutions of the form u(z,t) = X (2)T'(¢). Assuming
that X and T do not vanish, the PDE gives

') _  X'(x)
T(t) X(x)

. X(0) =0, X'(1) =0. (47)

~

X// XI/
X((xx) is a (true) constant, say X((;)) = —\, with A € R. But from

(i), we know that the possible values for A are A, (and we have the associated

Therefore




eigenfunctions X,,). We are then left with determining 7'(¢), but we have for A,
the following ODE:

which gives the general solution

n T 2
To(t) = Ape ™t = A, e M550 (49)

and the general separated solution is

u(z,t) = Z Ane_k(wyt sin <(2n+1)7m‘> . (50)

21
neZ

Problem 6.

(i) The eigenvalue/eigenfunction problem we have to solve reduces to:
X"(z) = =-AX(z), X(I) = X(-1), X'(I) = X'(-1). (51)

For A = 0, we have Ay =0, and Xo(z) = 1.

For A > 0, we have, after solving the ODE, \,, = (@

2
; ) , and
X, (x) = A, cos (Zﬂ) + B, sin (Zﬂ) ,n>1. (52)

For A < 0, we get X (x) = 0. Therefore there is no strictly negative eigenvalue.

Then we can solve for T, for each value of \,,. We have the ODE
Trlzl(t) = *CzAnTn(t)v (53)
which gives the solutions:

To(t) = Co + Dot,
T,.(t) = Cy, cos (nclmf) + D,, sin <ncl7rt> ,n>1. (54)

Therefore the general separated solution is which gives the solutions:
= nent nmwT
u(x,t) = Ag + Dot + Z A,, cos <> cos (—)
—~ l l
= nent nmwT = nent nmT = nent nne
+ 2 Bncos (57 )sn (") + 2 Cusin () cos (M) + X D (5 sin (7).

n=1
(55)

(with arbitrary A,,, B, Cp and D,,.)



(ii) Initial condition u(z,0) = 0 gives A, = B,, =0 for all n € N.

2
Initial condition u(z,0) = cos (TU) — sin (?) implies that
l 1
Dy=0,D,=——,0Cy = Y and C,, = D,, = 0 for the other n’s.
cm

Hence the solution is

I . 2cmt 2rx I . et . /Tx
u(z,t) = 2o Sin < l ) cos (l) — -sin (l) sin (T> . (56)

(iii) Consider a, the 2l-periodic extension of u. Then @ verifies the following
PDE:

2
gy — Pitgg = 0, (z,0) = 0, (,0) = cos (”) — sin (@) . (57
By d’Alembert’s formula, we know that

. 1 [ote 21y . (Y
u(x,t) %) <cos <l> — sin (l)) dy

B l x+ct
+ — cos (%)

Il
g
Q| ~
3

&,

(=]
Y

[\S)
N‘z.

<
N~~~

r—ct

~ L (on (<>) o () L (Tt gy (T

*Lsin 2emt cos 27r7x fisin C—m sin (Lm>
- 2em l l e l 1/

(58)

(iv) w will have singularities on lines x & ¢t = x¢ + 2kl, where k € Z. Consider
the strip to be a circle. In other words, the head and the tail are connected. The
singularity at the beginning will propagate at speed ¢ in both directions. At
time ¢, it has run a distance of ct, so it has reached xy+ct. u has singularities at
(xotct mod 2I,t), wherey mod 2! means the unique point z € [—[,1) such that
y — z is a multiple of 2. In other words, singularities will keep traveling around
the ring at speed ¢. And since the ring has perimeter 2/, after traveling for time

—, or any integer multiple of this, they are back to where they started. From
c

the perspective of the method of images (going to the reals, i.e. the universal
cover), one has a singularity in the initial data at xo plus integer multiples of
2l; these propagate in the standard manner for the wave equation on the real
line (at speed ¢); if one takes [—[,[] as the interval representing the circle, when
one of these is in this interval (at some time), it gives rise to a singularity you
observe.

Here is a sketch of what is going on:

10
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Figure 1: Left: circular representation (perimeter is 21). Right: representation
on the real line (2{-periodic function). m € Z, k € Z, =l < a9 <
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