MATH 220: PROBLEM SET 8
DUE 10AM, THURSDAY, DECEMBER 6, 2018

Problem 1. (i) Using the general ‘separated’ solution you found in Problem
Set 7, Problem 5, solve the wave equation

gy = gy, u(0,t) =0, ugy(¢,t) =
with initial conditions
uw(z,0) =0, u(z,0) = z(x — £)2.

(ii) Using the general ‘separated’ solution you found in Problem Set 7, Prob-
lem 5, solve the heat equation

wp = ktgy, w(0,t) =0, uy(l,t) =0, u(x,0) = z(x — £)%

You may assume throughout that the generalized Fourier series you construct
converge to the function they are supposed to represent.

Problem 2. Let ¢(x) = |z| on [—7, 7]. Let
f(z) = ag + a1 cosx + as cos(2z) + by sinx + by sin(2z),
With what choice of the coeﬂicients aj and b; is the L? error ||f — ¢| minimal?

(Here ||f — 6] = [Z, |f(2) - &(x)[* dz.)

Problem 3. Let V = C([0,¢]) with the inner product (f, g) fo g(z) dz. If

D C V is a subspace, and A : D — V is symmetric, we say that A is posmve if
(Av,v) >0 for all v € D.

(i) Show that if A is positive than all eigenvalues A of A are > 0.
(ii) Show that A = —-L; with domain

D={feC*[0,4): f(0)=f()=0}
is symmetric and is positive.
(iii) Show that A = % with domain

D={fecC!([0,0): f(0)=f'(0)=f()=f'(¢)=0}
is symmetric and is positive.

Problem 4. Let 7, be a sequence of constants tending to co. Consider the follow-
ing continuous functions f,,, n > 2, on [0, 1]:

2ny,x, 0<x< QL
fn(x) = 271’)/”(% - $)7 %L S x < %

i) Sketch the graph of a few f,,.

(ii) Show that f,, — 0 pointwise.

(iii) Show that the convergence is not uniform.

(iv) Show that f,, — 0 in L? if 5, = n!/4.

(v) Show that f,, does not converge in L? if 7,, = n.
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Problem 5. (Optional!) The goal of this problem is to show that if u € D’(R3)
and Au = f satisfies xg ¢ singsupp f, i.e. f is C* near xg, then u is C* near x.
This is called elliptic regularity: A is elliptic, and for an elliptic operator P if Pu
is C°° near some zg then so is u.

We achieve this as follows.

(i)

(iii)

First suppose that u is a C? function. Let ¢ € C°(R?) be identically 1
near xg such that f is C° on supp ¢. Then show that A(¢u) = pAu + v,
where v is a compactly supported distribution that vanishes near xg. Now
as w = ¢u is compactly supported,
1
= - — A dy.
wia) = = [ Aol dy

Expand Ay (¢(y)u(y)) as above. To analyze

1
—  w(y)d
/Rs 4W|$_y‘v(y) y

for x near xg, note that if = is near xg and y € suppv then x # y, so
|z —y|~t is C°. On the other hand, #Au is C>° by assumption. Write the
corresponding part of the convolution as

1
[ ot = @)~ g) dy,
s 47[y|
and deduce that it is C°.
Suppose now that u € D’. Proceed as above, writing

— L (Aw)),

= — *

47 ||
convolution in the sense of distributions (so w is merely a distribution), and
show that both parts are C* near zy. You do not have to be very careful
in writing up this part; there are some technicalities, but the point is to get
the main idea.




