MATH 220: Problem Set 8
Solutions

Problem 1.

(i) We know from PSET 7, that the general separated solution writes

u(x,t) = sin ((2712—;—1)7mc> (An cos (cht) + B, sin (Q”QJ;UCW

nez

Using the same reasoning as before, the initial conditions gives

A, =0, Vn € Z,
2n+1 . ((2n+1)
— 2 = _—
x(x —1) nEEZ < 57 c7r> B, sin ( 57 7r:c> .

Therefore, if we call f(x) = z(z —1)?, we have

( 2lem ) {f, Xn)
B, = 2
n+ 1/ |1X,||

- (Qil‘fl) ?/Ol z(z — 1) sin ((Q"JI)M) dx
=4(2n+ )7 —3(-1)") -

(ii) We know from PSET 7 that the general separated solution writes
Z Ane” K(Cgm)" sin ((2” = 1)7Tx> .
21
nez
Using the same reasoning as before, the initial conditions gives
(2 1
p@—1)2 =Y Aysi ( ntl) x)
nez

Therefore,
l3

A, =4(2n+ D7 = 3(-1)")



Problem 2. As discussed in class about inner product spaces, we know that
IIf — & is minimal if we take the generalized Fourier coefficients. Meaning, if
we call ¢, (x) = cos(nz) and s, (x) = sin(nx):

_ <¢a CO> _ i /7\' _ E
ag = ||CO||2 o . ¢($)d$ - 27
1 ™

e <|f)c’1c||12> 7/7 ¢(z) cos(x)dx = f%’
w <|T§C’2c||22> - /—ﬂ ¢(z) cos(2z)dx = 0, ™

¢(z) sin(x)dz = 0,
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9 = <|Tbs’28||22> =2/ ¢(z) sin(2x)dz = 0.
And hence f(z) = g — %cos(:v).

Remark. We knew a priori that the b, coefficients were zeros since ¢ is even.

Problem 3.

(i) Assume A is symmetric positive. Let A be an eigenvalue of A with associ-
ated (non-zero) eigenfunction v. Then we have that A is real since

Mo, v) = (Av,v) = (Av,v) = (v, Av) = (v, \v) = 5‘<U7U>7 (8)

which implies that A = \ since (v, v) # 0.
Now we have
>‘<va> = <)\’U,’U> = <AU,U> >0, (9)

which gives that A > 0 since (v, v) > 0.

(ii) Let f,g € D. Let’s show that A is symmetric. By integration by part,
and using the fact that f(0) = f/(I) =0 and ¢g(0) = ¢’(I) = 0, we get that



Now let’s prove that A is positive. We get that easily from the previous third
equality, that is,

l
(Af,f) = /0 f (@) (@)

(iii) We proceed in the same fashion as before. Let f,g € D. Let’s show that
A is symmetric. By integration by part, and using the fact that f(0) = f'(0) =
£(0) = £/(1) = 0 and g(0) = g/(0) = g(1) = g/(1) = 0, we get that

dx:/ol|f'(x)|2dm20. (11)

(Af,g) / £ (@)g(@) >dx

"

Now let’s prove that A is positive. We get that easily from the fifth equality



above, that is,

l l
@Mﬁ=£ﬂwﬂww=AW%sz& (13)

Problem 4.

(i) Here are sketched some of the f,,’s (say fa, f3 and f5):

(ii) We need to show that for a fixed x¢ € [0, 1], we have f,(xo) e 0.

If 29 = 0, then f,(xg) = 0 for each n. If 0 < xg < 1, there exists ng € N
1

such that — < zg, and for all n > ng, we get f,(x9) = 0 by definition of f,.
n

0
Therefore we have the result.

(iii) The convergence to zero is uniform if sup |f,(x)] ——— 0. However,

x€[0,1] n—+00
we see that
sup |fn(m)| =Yn ———— +00, (14)
x€[0,1] n—r+oo

which indeed does not converge to 0 as n — 4o0.

(iv) For v, = n'/*, we have

1 -3 2
(2n) Y 1
IFullze = [ ful@de = 2em B — = T oo 0 1)

Therefore we have the L? convergence.



(v) For v, =n, we have

Vfol2 = 2o . (16)
3n

n N
3 n—+oo
Therefore f,, does not converge in L2.

Problem 5.

62
(i) Using the fact that A = Z 5 2 and the chain rule, we get that

7j=1
d¢ Ou
A A Ap+2 1
(pu) = pAu+ ulg + Zaxja% (17)
. . . 99 . .

Since ¢ is identically 1 near z, e and A¢ are identically 0 near xy. Therefore

by defining ’

0¢ Ou

v =ulAp+2 Z O, (18)

v vanishes near xy and has compact support since ¢ € C°(R?).

Now from Problem Set 6, we have that A(E % w) = w, where E is the fun-
damental solution for the Laplacian. Also we have A(E % w) = E * Aw, and
hence

w(z) = — / LA 6wuly))dy. (19)

s dm|z — y|

(ii) We want to show that / d(z—y)(Au)(x—y)dy is C*. Since pAu is

1
gs 47y
C®, it suffices to show that the integral is indeed integrable. The only problem
that we may have is when y = 0. But since ¢Awu is C*° and compactly supported,

for fixed x, there R such that

1 1
—y)(A —y)dy =1 ——p(z —y)(A —y)d
/RS 4ﬂ|y|¢(x y)(Au)(z —y)dy = lim ien 4F|y‘¢(x y)(Au)(z — y)dy
< limC

€0 €<|y|<R 47T|1/|

2
= limC’/ / / —T sin(0)d¢pdodr
e—0

—th rdr<C’—<+oo
(20)

Therefore the quantity is integrable and / o(z —y)(Au)(x —y)dy is C=.

R3 47r|y\



(iii) For u € D'(R), we have, for any ¢ € C°(R?),
(PAu)(¥) = Au(dy)

3
= u(6AD) + u((A8)) + u (2 > ;Zgi) o

— (A(u) () + (Adu(y) —23 32 ((ffu) ().

3
Let v = —(A¢)u(v) + QZ % <a¢u> Then we see that A(¢u) = pAu+ v,
j

and v is a compactly supported distribution that vanishes near xg.

Now ¢Au = ¢ f, which is C*°. By (ii), —%H * ¢Au is then C*.
m|x

, so that v * — = v(g,). Since v is a compactly

1
Let = - —_—
9:(v) drlx — y| 4|z
supported distribution that vanishes near xg, g, can be treated as C* where =
is near xg, v(g,) makes sense and is C*°.



