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PART 2

DECISION ANALYSIS



SECTION S

INTRODUCTION

5.1 RISK ANALYSISAND DECISION ANALYSIS

RISK ANALYSIS + DECISION CRITERION — DECISION

EXAMPLE: “MIN. MAX LOSS,” OR P(F) PER YEAR < THRESHOLD

5.2 THE DECISION ANALYSISCYCLE
DETERMINISTIC PHASE

* DEFINE RELEVANT VARIABLES (DECISION VARIABLES AND SYSTEM’S PARAMETERS)
e CHARACTERIZE THE RELATIONSHIPS BETWEEN THEM
* ASSIGN VALUES TO THE POSSIBLE OUTCOMES
* PERFORM SENSITIVITY ANALYSIS
PROBABILISTIC PHASE

* ASSIGN PROBABILITY DISTRIBUTIONS TO THE CRITICAL VARIABLES

e DERIVE PROBABILITY DISTRIBUTION FOR THE OUTCOMES

* ENCODE RISK ATTITUDE AND UTILITY FROM THE DECISION MAKER

* CHOOSE THE BEST ALTERNATIVE (MAX. EXPECTED UTILITY)
INFORMATIONAL PHASE

* COMPUTE COST AND VALUE OF ADDITIONAL INFORMATION
* IF DESIRABLE, GATHER INFORMATION AND REPEAT THE FIRST THREE PHASES

(REFERENCE: HOWARD. SRI READINGS
IN DECISION ANALYSIS)
PRIOR STIC INFORMATIONAL | DECISTON
DETERMINISTI PROBABILISTIC
INFO. PHASE —> PHASE > PHASE >
ACT
y
T INFORMATION
GATHERING

FIG. 5.1: THE DECISION ANALYSIS CYCLE




TWO TYPES OF PROBABILISTIC DEPENDENCIES:

FUNCTIONS: X =F(Y): UNCERTAINTY IN'Y [J UNCERTAINTY IN X

CONDITIONAL RELATIONS: P(X | Y), P(X | NY), P(Y)

O pX) = (X, Y)+P(X,NY)
= P(Y) xP(X |Y) +P(NY) xP(X|NY)

THE THEORY IS:

NORMATIVE
AXIOMATIC

RESULTS IN SEPARATION OF FACTS AND PREFERENCES (VALUES)

AND MAXIMIZATION OF EXPECTED UTILITY

DESIGNED FOR AN INDIVIDUAL DECISION MAKER

5.3 DECISION MAKING. DESCRIPTIVE MODEL

DECISION MAKING (DESCRIPTIVE)

From Howard: MS & E 252

CHOICE

INFORMATION

PREFERENCES

INTUITION
LOGIC UNCHECKABLE

f

ENVIRONMENT
INGENUIT
UNCERTAIN
COMPLEX
DYNAMIC PERCEPTION
COMPETITIVE >
FINITE
PHILOSOPH
2
1
CONFUSIO
N

UNEASINESS

—p DECISION -- —p OUTCOME

A A
v
PRAISE Joy
ACT BLAME  SORROW

REACTIO

FIG. 5.2: DECISION MAKING: A DESCRIPTIVE MODEL




5.4 DECISION MAKING. NORMATIVE OR PRESCRIPTIVE MODEL

DECISION MAKING (PRESCRIPTIVE)
From Howard: EES 231 Class Notes

ENVIRONMENT DECISION ANALYSIS
INGENUITY (NORMATIVE)
|- - === =
UNCERTAIN
™  CHOICE | ALTERNATIVES
COMPLEX ]
|
EPTI PROBABILITY
DYNAMIC PERC ON‘ INFORMATION | ASSIGNMENTS LOGIC |—— DECISION — = QUTCOME
' A
COMPETITIVE | STRUCTURE
PHILSOPHY I VALUE
FINITE L = PREFERENCES ASSIGNMENT
! TIME PREFERENCE
| RISK PREFERENCE
______ T
SENSITIVITY
VALUE OF INFORMATION
CONFUSION PRAISE Joy
WORRY THINK BLAME INSIGHT ACT SORROW
REACTION

FIG. 5.3: DECISION MAKING: A PRESCRIPTIVE MODEL

5.5 INDIVIDUAL CHOICESUNDER UNCERTAINTY
¢ VALUE OF OUTCOMES AT A GIVEN TIME

UNCERTAIN OUTCOMES

7. CERTAIN OUTCOME

FIG. 5.4: ALOTTERY AT TIME T



VALUE OF OUTCOMES AT DIFFERENT TIMES

OUTCOMES TODAY

OUTCOMES N YEARS FROM NOW

F1G. 5.5: A LOTTERY AT DIFFERENT TIMES

5.6 ELEMENTSOF DECISION THEORY

STRUCTURE OF THE PROBLEM
DEFINITION OF THE BOUNDARIES
IDENTIFICATION OF ALTERNATIVES
LOGICAL RELATIONSHIP AMONG ELEMENTS
PROBABILITY OF OUTCOMES
BAYESIAN VS. CLASSICAL STATISTICS
DECISION CRITERIA
VALUATION OF OUTCOMES, ATTRIBUTES UNDER UNCERTAINTY (EX: LIVES, MONEY).
LOTTERIES.
RISK ATTITUDE FOR DIFFERENT ATTRIBUTES (IDENTICAL FOR ALL ATTRIBUTES IN A
SINGLE OBJECTIVE APPROACH)
TIME PREFERENCE

5.7 CHARACTERISTICSOF THE THEORY

EMPHASIS ON GOOD DECISIONS (VS. GOOD OUTCOMES)

FOCUSES ON DECISION OUTCOMES (ALTERNATIVES, INFORMATION AND PREFERENCES)
AND NOT ON DECISION PROCESS

THE THEORY IS NORMATIVE AND NOT DESCRIPTIVE; NORM BASED ON PREFERENCE
AXIOMS (REF. VON NEUMAN, SAVAGE, DE FINETTI, HOWARD)

THEORY IS DESIGNED FOR ONE DECISION MAKER OR HOMOGENOUS GROUP



5.8 CONSTRUCTION OF A DECISION TREE
e LIST ALL DECISION ALTERNATIVES (NO PROBABILITY THERE).
* FOR EACH ALTERNATIVE LIST ALL POSSIBILITIES FOR FIRST EVENT. ASSESS
PROBABILITY OF EACH POSSIBILITY.
* FOR EACH CASE, CONSIDER ALL POSSIBILITIES FOR SECOND EVENT. ASSESS
PROBABILITIES OF EACH, CONDITIONAL ON THE OCCURRENCE OF FIRST EVENT.
* ETC. FOR ALL SUBSEQUENT EVENTS.
*  WHEN ALL POSSIBLE SCENARIOS HAVE BEEN COMPLETELY DESCRIBED, ASSESS
OUTCOME OF EACH SCENARIO.

PROBABILITY: SEE APPENDIX 1.

SCENARIO: (PATH IN THE TREE FROM DECISION TO OUTCOME)

* ALTERNATIVE: A
* EvENnTS: B,C,D
* OUTCOME X
P(OUTC. X | ALT. A, B, C, D) =pP(B | ALT. A) XP(C | ALT. A, B) xP(D | ALT. A, B, C)
xP(X|ALT. A, B, C, D)



SECTION 6

INVESTMENT AND ENGINEERING EXAMPLES

WE ASSUME FIRST A PARTICULAR TYPE OF DECISION MAKER WHO MAXIMIZES THE EXPECTED

VALUE OF THE OUTCOMES. WE WILL SEE LATER THAT THERE IS A CONTINUUM OF RISK ATTITUDES

CHARACTERIZED BY UTILITIES.

6.1 EXAMPLE 1: INVESTMENT DECISION

SINGLE STATE VARIABLE
A FIRM HAS IDENTIFIED THREE POTENTIAL OUTCOMES FOR AN INVESTMENT OF $1,000,000.
THE TOTAL REVENUE FROM EACH INVESTMENT (INCLUDING THE PROFIT THAT WILL OCCUR IN
LESS THAN A YEAR) ARE THE FOLLOWING:

A = $1,400,000 P(A)=0.2
B = $1,200,000 P(B) = 0.5
C=$ 500,000 P(C)=0.3

QUESTION:
SHOULD THEY INVEST IF THEY WANT TO MAXIMIZE EXPECTED VALUE OF OUTCOMES
(EXPECTED-VALUE DECISION MAKERS)?

(1) DECISION TREE

Decision State
Variable Variilble 0.2 $1,400,000
l $1,200,000
Realization $ 500,000
OUTCOME
Probability
1 $1,000,000

FIG. 6.1: AN INVESTMENT DECISION AT TIME T



(2) RESOLUTION

EV FOR THE DECISION TO INVEST: 1,400,000 x0.2

+ 1,200,000 x 0.5

+ 500,000 x 0.3 =$1,030,000
EV FOR THE DECISION NOT TO INVEST: 1,000,000 x 1 = $1,000,000

(3) CONCLUSION:

THE EV DECISION MAKER (“RISK INDIFFERENT”’) WILL PREFER TO INVEST.

THE MOST “RISK-PRONE” DECISION MAKER WHO DECIDES TO MAXIMIZE THE MAXIMUM RETURN
(1.4M, REGARDLESS OF PROBABILITY) WILL ALSO INVEST.

THE MOST “RISK-AVERSE” DECISION MAKER WHO WANTS TO MINIMIZE THE MAXIMUM POSSIBLE
LOSS WILL DECIDE NOT TO INVEST (HE PREFERS 1M FOR SURE TO A POSSIBLE LOSS OF 500,000
REGARDLESS OF PROBABILITY). IN BETWEEN, THERE IS A CONTINUUM OF RISK ATTITUDES.

TWO STATE VARIABLES

ASSUME NOW THAT A, B, AND C CORRESPOND TO THREE DIFFERENT SALE VOLUMES CONDITIONAL
ON THE STATE OF THE ECONOMY WITH THE FOLLOWING CONDITIONAL PROBABILITIES (THE TOTAL
REVENUES FOR OUTCOMES A, B, AND C ARE THE SAME AS IN THE PREVIOUS EXAMPLE):

DATA:
STATES OF THE ECONOMY: GooD (PROB. 0.25) € DATA
OK (PROB. 0.45) FROM YOUR
BAD (PROB. 0.3) BEST EXPERT
DATA:
SALES CONDITIONAL ON THE STATE OF THE ECONOMY:
LEVEL A: P(A|G) =0.6
P(A|OK) =04
P(A|Bp) =0.1
LEVEL B: PB|G) =03 € DATA
P(B | OK) =0.45 FROM YOUR
P(B|BDp) =0.3 BEST EXPERT
LEVEL C: P(C|G) =0.1
P(C|OK) =0.15
P(C|BD) =0.6

QUESTION: SHOULD THE EXPECTED-VALUE DECISION MAKER INVEST OR NOT?

9



(1) DECISION TREE

Decision State Variable 1 State Variable2  QUTCOMES PROB.
Variable |

Sales

1.4M e+ 0.15

State of the
Economy

1.2M e+ 0.075

0.5M e+ 0.025

1.4M e+ 0.18

Invest 1.2M eee (.2025

Do not invest 0.5M < 0.0675

1.4M e+ 0.03

1.2M e+ 0.09

TOTAL 1
1 M
FIG. 6.2: DECISION TREE FOR THE CASE OF TWO STATE VARIABLES
(2) RESOLUTION OF THE DECISION TREE:
* IDENTIFY AND QUANTIFY OUTCOME OF EACH SCENARIO
* COMPUTE PROBABILITY OF EACH SCENARIO, EX. HERE:
P (ECON. IS GOOD AND SALES AT LEVEL A) =P(G, A)
=P(G) x P(A|G)
=0.25 x 0.6
=0.15

P (SCENARIO) = ['1 PROBABILITIES ON "PATH" THAT CHARACTERIZES THE SCENARIO

* COMPUTE EXPECTED VALUE FOR EACH DECISION BRANCH BY SUMMING PRODUCTS OF
OUTCOMES AND PROBABILITY FOR EACH SCENARIO.
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HERE: EV (INVEST) =1.4(0.15+0.18 +0.03)
+ 1.2 (0.075 + 0.2025 + 0.09)
+0.5 (0.025 + 0.0675 + 0.18)
=$1,081,250
EV (DO NOT INVEST) = $1,000,000

(3) CONCLUSION:

THE EXPECTED-VALUE DECISION MAKER WILL INVEST, SO WILL THE MOST RISK-PRONE BUT

NOT THE MOST RISK-AVERSE.

6.2 EXAMPLE 2: SEISMICRISK MITIGATION
FACTS OF THE CASE:

A COMPANY IN THE SILICON VALLEY WANTS TO MAKE A SEISMIC SAFETY DECISION FOR A

BUILDING CONTAINING VALUABLE EQUIPMENT.
ALTERNATIVES:

e REINFORCE THE BUILDING
* PURCHASE EARTHQUAKE INSURANCE
* DO NOTHING AND CONSIDER THAT YOU ARE “SELF-INSURED”

POSSIBLE EVENTS:

1. SEISMIC EVENTS EVERY YEAR

* EARTHQUAKE OCCURS DURING THE YEAR: PROBABILITY 1/70 (ASSUME ONLY
ONE EQ CAN OCCUR PER YEAR)
* NO EARTHQUAKE OCCURS DURING THE YEAR: PROBABILITY 69/70

2. PERFORMANCE OF THE BUILDING IF THE EO OCCURS:

WITHOUT REINFORCEMENT:
 HEAVYLOSSES: P(H|EQ) =0.75
* LIGHTDAMAGE: P(L|EQ) =0.2
* NO DAMAGE: P(Z|EQ) =0.05
WITH REINFORCEMENT:

* HEAVY LOSSES H

PROBABILITY OF H CONDITIONAL ON EQQ OCCURRENCE = P'(H | EQ) = 0.3
* LIGHT DAMAGE L

PROBABILITY OF L CONDITIONAL ON EQQ OCCURRENCE = P'(L | EQ) = 0.5
* NODAMAGE AT ALL Z

PROBABILITY OF Z CONDITIONAL ON EQQ OCCURRENCE = P'(Z | EQ) = 0.2
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OUTCOMES:
« HEAVY LOSSES: $2,000,000
e LIGHT LOSSES: $ 700,000

¢ NO DAMAGE: $ 0
INSURANCE COST: $ 30,000 PER YEAR
INSURANCE REIMBURSEMENT: $100,000 DEDUCTIBLE
COST OF REINFORCEMENT: EQUIVALENT UNIFORM ANNUAL COST = $5,000

QUESTION: WHAT SHOULD BE THE DECISION OF THE EV DECISION MAKER? WHAT
SHOULD BE THE DECISION OF THE MOST RISK-AVERSE AND THE MOST RISK-PRONE
DECISION MAKER?

NOTE: THE TIME FRAME IS ONE YEAR BOTH FOR MARGINAL PROBABILITIES AND FOR
THE ECONOMIC DESCRIPTION OF THE OUTCOMES.
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(1) DECISION TREE OUTCOME
PROBABILITY
FOR ONE
YEAR
" State P' (H|EQ 2,005,000 4.3x107
\D/E;Sil;ll;fg State Variable 2 () 3 U '
Variable 1 H
L 0.5 P (LEQ) 705,000 7.1x10°
EQ
1/70 0.2
@, 0 P' (ZIEQ 5,000 2.9x10°
69/70 Z 1 P'(Z[EQ) 5,000 0.9857
D -2
Reinforce 0.7 HIEQ 130,000 1.071 %10
L 0.2 P(LEQ) 130,000 2.86x 107
Z
EQ 1/70 0.05
—{Insurance  — O P (ZIEQ 30,000 7.14x10"
69/70 Z 1 P (Z|EQ) 30,000 0.9857
P (H[EQ 2,000,000 1.071 %107
Do nothing - 07
L 0.2 P(LEQ 700,000 2.86 x 107
7
EQ ~1/70 0.05
@ &) P (Z[EQ) 0 7.14x10*
69/70 7 1 P (Z|EQ) 0  0.9857

FIG. 6.3: DECISION TREE FOR THE SEISMIC RISK REDUCTION PROBLEM

NOTE: CONSISTENCY OF TIME UNITS (COSTS AND PROBABILITIES)

(2) RESOLUTION
EV(REINFORCEMENT)

~2.005,000 x 43 x 10"

+ 705,000 x 7.1 x 10°
5,000 x 2.9 x 10"
5,000 x 0.9857
=$ 18,571.43 (PER YEAR)

+
+

EV (INSURANCE) = $31,364.18
EV (DO NOTHING) = $23,428
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3) CONCLUSION
THE EV DECISION MAKER CHOOSES REINFORCEMENT SOLUTION.
THE MOST RISK-PRONE (MAXIMAX) DM DOES NOTHING.
THE MOST RISK-AVERSE (MINIMAX) DM CHOOSES THE INSURANCE.

6.3 EXAMPLE 3: SEQUENTIAL DECISIONS AND INFORMATION GATHERING
FACTS OF THE CASE:

THE SAME FIRM AS IN SECTION 6.1 FACES THE SAME INVESTMENT PROBLEM (1 MILLION
DOLLARS INVESTMENT; OUTCOME OF SALES A (HIGH), B (MEDIUM) AND C (LOW) WITH
RESPECTIVE PROBABILITIES 0.2, 0.5, AND 0.3; RETURN AND PROFIT IN LESS THAN ONE YEAR:
$1,400,000 FOR A, $1,200,000 FOR B, AND $500,000 FOR C).

THIS TIME, THE DECISION MAKER CAN HIRE A CONSULTANT FOR THE PRICE OF $50,000. THE
CONSULTANT’S RECORD SHOWS THE FOLLOWING CORRESPONDENCE BETWEEN PREDICTIONS
AND OCCURRENCE OF STATES: (NOTATION FOR THE MESSAGE: “X”)

PROBABILITY
DATA OCCURRENCE OF STATE OF PREDICTION
PREDICTION A B C
"A" 0.667 0.208 0.125 P("A")=0.24
"B" 0.038 0.849 0.113 =pP(X|"Y") P("B")=10.53
"C" 0.087 0.0 0.913 p("C")=0.23

NOTE: CONSISTENCY WITH DATA OF SECTION 6.1:
P(A) =P(A, "A")+ P(A, "B") + P(A, "C") =Y P("Y") xP(X=A|"Y")=0.2
P(“A”) — P(“A”, A) + P(“A”, B) + P(“A”, C) — 0'24

UPDATING MECHANISMS:
" " p(X’ "YH) p(X) x p(HY" | X)
p(X| Y ) - n n = n n
p("Y") p("Y")

p(X): priors

p("Y" | X): likelihood function

p(X | "Y"): posterior

p("Y"): pre - posterior
NOTE: THE DATA ARE GIVEN EITHER UNDER THE FORM OF P(Y) AND P(“X”|Y') (THE
LIKELIHOOD FUNCTIONS) OR P("Y") AND P(X[|’Y"’). THE RELATIONSHIPS ARE THE SAME.
QUESTIONS: WHAT SHOULD BE THE STRATEGY OF THE EV DECISION MAKER? HIRE THE
CONSULTANT?
INVEST ACCORDING TO THE PREDICTION?
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(1) DECISION TREE

@ P(A)=0.2 1.40
r‘/
INVEST B _PB)=05 1.20
N
EST P(C) = 0.3 0~50
1 1.00
R P(A"A") = 0.667 1.35
DO NOT HIRE B P(BI"A")=0.208 1.15
CONSULTANT C
P(CI"A") = 0.125 0.45
INVEST
1 0.95
0.038 1.35
0.849 1.15
0.113 0.45
1 0.95
0.087 1.35
0 1.15
Lol 0.45
L 0.95

FIG. 6.4: DECISION TREE FOR THE SEQUENTIAL DECISION CASE
INFORMATION GATHERING

(2) RESOLUTION
* START WITH DECISION NODES ON THE RIGHT-HAND SIDE OF THE TREE.
* FOR EACH OF THEM COMPUTE THE EV OF EACH ALTERNATIVE.
* SELECT THE ALTERNATIVE WITH HIGHEST EV.
* REPLACE DECISION NODE BY CHOSEN ALTERNATIVE (EV).
COMPUTE EV OF THE NEXT LEFT DECISION NODE.
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NODE 2.1
EV(INVEST) =14%x02+12x05+0.5x%0.3
=1.03M
EV(DONOT INVEST) = 1M
REPLACE NODE BY 1.03M WITH PROBABILITY 1.

NODE 2.2
EV(INVEST) =1.35%x0.667 +1.15x0.208 + 0.45 x0.125
=1.2M
EV (DO NOT INVEST) = 0.95M
REPLACE NODE BY 1.2M WITH PROBABILITY 1.

NODE 2.3
EV(INVEST) =1.35%x0.038 +1.15%x0.849 +0.45x0.113
=1.08M
EV(DONOT INVEST) = 0.95M
REPLACE NODE BY 1.08M WITH PROBABILITY 1.

NODE 2.4
EV(INVEST) =1.35%x0.087 +1.15x0.0 +0.45%x0.913
=0.53M
EV(DONOT INVEST) = 0.95M
REPLACE NODE BY 0.95M WITH PROBABILITY 1.

NODE 1
EV(DO NOT HIRE CONS.) = 1.03M (INVEST)

EV(HIRE CONSULTANT) =0.24 x1.2+0.53 x1.08 +0.23 x0.95

= 1.08M

VALUE OF THE INFORMATION PROVIDED BY THE CONSULTANT
= THE MAXIMUM PRICE THE INVESTOR IS WILLING TO PAY
= 50K + (1.08M - 1.03M) = $100,000

(3) CONCLUSION

OPTIMAL STRATEGY (SEQUENCE OF DECISIONS) FOR THE EV DECISON MAKER:

* HIRE THE CONSULTANT.

* IF THE CONSULTANT PREDICTS A OR B, INVEST.

* [F THE CONSULTANT PREDICTS C, DO NOT INVEST.
(A STRATEGY IS A SEQUENCE OF DECISIONS)

THE MOST RISK-AVERSE DECISION MAKER (WHO MINIMIZES THE MAXIMAL LOSS) WILL NOT HIRE

THE CONSULTANT AND WILL NOT INVEST.

THE MOST RISK-PRONE DECISION MAKER (WHO MAXIMIZES THE MAXIMAL GAIN) WILL INVEST

WITHOUT HIRING THE CONSULTANT.
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6.4 ORDER OF VARIABLESIN A DECISION TREE

Order Fixed
v v
Set 1 Set 2
o I 1 f 1
decision 1 : : : decision 2 : : : :
A A
interchangeable interchangeable

Order Fixed

FIG. 6.5 ORDER OF VARIABLES IN A DECISION TREE

* ORDER OF DECISION VARIABLES: FIXED

* ORDER OF STATE VARIABLES BETWEEN TWO DECISION VARIABLES: OPTIONAL BECAUSE
JOINT PROBABILITIES ARE INDEPENDENT OF THE ORDER OF EVENTS OR VARIABLES

* SET OF VARIABLES BETWEEN DECISIONS: FIXED

DEPENDENCY # CAUSALITY

6.5 “FLIPPING” TREES

WE NEED P("X") BEFORE MAIN DECISION AND REALIZATION P(X | "X")
* ASSESSMENT (“NATURAL”) ORDER

DATA:
PRIORS P(A) (0 P(A))
LIKELIHOODS P("A" | A) AND P("A" | 7%)

* NEEDED IN VALUE OF INFORMATION PROBLEMS: INFERENCE ORDER
p(UAU) and D)(A | "AH)

[ nAN
(P(A | "A")
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RESULTS:

[

p('A")  =p("A" A)Fp("A A

0 = p(A)xp(" A"| A) + p(A) ¥ p(" A"| &)

L AAny = PAAY _ pA)Xp("A"A)

0 p("A") p("A")

AR PR _ p(A)Xp("A"A)
p("A") p("A")
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SECTION 7

INFLUENCE DIAGRAMS

READINGS: HOWARD, “INFLUENCE DIAGRAMS”

7.1 DEFINITION

* DIRECTED GRAPHS REPRESENTING DEPENDENCIES AMONG DECISION ALTERNATIVES, EVENTS,
RANDOM VARIABLES AND OUTCOMES

*  PROBABILISTIC INFORMATION: MARGINAL AND CONDITIONAL PROBABILITY (DISTRIBUTIONS)

*  OUTCOME QUANTIFICATION

7.2 ELEMENTSOF INFLUENCE DIAGRAMS AND EXAMPLES

e NODES
DECISION NODES ARE REPRESENTED BY RECTANGLES.

CHANCE NODES ARE REPRESENTED BY OVALS.
DETERMINISTIC NODES ARE REPRESENTED BY DOUBLE OVALS.

OUTCOME OR VALUE NODES ARE REPRESENTED BY A DIAMOND.

S 000

(OTHER FORMS MAY APPLY)

* ARCS
ARCS INTO DECISION NODES REPRESENT KNOWLEDGE BEFORE DECISION.
ARCS INTO CHANCE NODES REPRESENT PROBABILISTIC DEPENDENCE, (NOT ALWAYS
CAUSALITY).
ARCS INTO VALUE NODES REPRESENT RELEVANT ATTRIBUTES.

*  TABLES OF REALIZATIONS OF DECISION VARIABLES, STATE VARIABLES AND OUTCOMES.

INCLUDE: TABLES OF PROBABILITIES (MARGINAL AND CONDITIONAL), TABLES OF OUTCOMES
FOR EACH SCENARIO.
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e EXAMPLE: SEISMIC RISK OF SECTION 6.2

TWO COMPONENTS;
DIAGRAM
DIAGRAM < TWO COMPONENTS
Earthquake TABLES
Occurence —
Risk Alternatives
Management
Decision p(EQ)
Building —
Performance P(EQ)

p(H | reinf, EQ) ... etc.

. losses
Reinforcement and ( )

. p(H | no reinf, EQ) ... etc.
msurance costs

Outcomes
2.005 M

0.705 M
etc.

F1G. 7.1: INFLUENCE DIAGRAM FOR SEISMIC RISK MANAGEMENT DECISION

7.3 CONSTRUCTING AN INFLUENCE DIAGRAM

* IDENTIFY THE DECISION(S)

*  WHAT IS THE OBJECTIVE (THIS WILL BE THE CONSEQUENCE OR VALUE NODE)?
* ADD THE RELEVANT STATE VARIABLES, EVENTS AND DEPENDENCIES

EXAMPLE 1:

*  FAVORITE INFLUENCE DIAGRAM (TAKEN FROM SHACHTER, R.D., “MAKING DECISIONS IN
INTELLIGENT SYSTEMS,” MANUSCRIPT IN PROGRESS)

VACATION DECISION: RV OR HIKING (TENT)?
KEY STATE VARIABLE: THE WEATHER (ACTUAL)
POOR WEATHER AND TENT: NOT NICE
GREAT WEATHER AND RV: NOT NICE
KEY INFORMATION VARIABLE: THE WEATHER FORECAST
WEATHER FORECAST IS NOT PERFECT (I.E. THERE IS A CHANCE OF RAIN, EVEN IF THE
FORECAST SAYS “SUN”).
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ID NOTES:

*  OBIJECTIVE: SATISFACTION (HAVE A NICE VACATION)
*  DECISION: GO HIKING OR USE RV
* CHANCE VARIABLES: WEATHER AND WEATHER FORECAST

“ Forecast”

RV or Hiking Satisfaction

FIG. 7.2: EXAMPLE OF INFLUENCE DIAGRAM

EXAMPLE 2: INVESTMENT DECISION OF SECTION 6.1: INFLUENCE DIAGRAMS (1 OR 2 STATE

VARIABLES)
Investment Sales level
decision
No investment \

No loss

FIG. 7.3: INVESTMENT BASED ON ANTICIPATED SALES

Investment
decision

State of econom

No investment
No loss

FIG. 7.4: INVESTMENT BASED ON STATE OF ECONOMY AND SALES
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EXAMPLE 3: INVESTMENT DECISION OF SECTION 6.3 (INFERENCE FORM)

Hire Investment
expert decision

N

“Message”
Expert opinion

(price of
expert)
(No investment

outcome)

F1G. 7.5: INFLUENCE DIAGRAM FOR INVESTMENT DECISION WITH EXPERT INFORMATION

7.4 KEY ADVANTAGESAND PITFALLS

COMMUNICATION TOOL (KNOWLEDGE ELICITATION)

COMPACTNESS OF REPRESENTATION

RELATIONSHIP WITH DECISION TREES

INFLUENCE DIAGRAMS ARE NOT FLOW CHARTS!

THERE ARE NO L OOPS IN INFLUENCE DIAGRAMS. THE ARROWS BETWEEN CHANCE NODES
REPRESENT PROBABILISTIC DEPENDENCIES

INFLUENCE DIAGRAMS ARE EASY TO UNDERSTAND BUT CAN BE DIFFICULT TO CONSTRUCT
OTHER NAMES: BAYESIAN NETWORKS, KNOWLEDGE DIAGRAMS, RELEVANCE DIAGRAMS

7.5 INFLUENCE DIAGRAM MANIPULATIONSBY A COMPUTER OR AN ANALYST

SAME RULES AS ORDER OF VARIABLES IN DECISION TREES (HOMOMORPHISM).

ARCS INTO CHANCE NODES AND DETERMINISTIC NODES CAN BE REVERSED BECAUSE THE
UNDERLYING JOINT DISTRIBUTION REMAINS UNCHANGED

REVERSING ARCS THAT LEAD INTO A CHANCE NODE IS DONE BY APPLYING BAYES THEOREM
REVERSING AN ARC THAT LEADS INTO A DETERMINISTIC NODE MIGHT RESULT IN CHANGING THE
DETERMINISTIC NODE INTO CHANCE NODE(S) (E.G., SQUARE ROOT)

REVERSING AN ARC THAT LEADS INTO A DECISION NODE MEANS CHANGING THE STATE OF
INFORMATION AT DECISION TIME (DON’T DO IT UNLESS IT IS THE CASE).
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SOMETIMES, YOU HAVE THE CHOICE OF ORDER OF VARIABLES

AD | e
(D) > -

FIG. 7.6: ARC REVERSALS IN INFLUENCE DIAGRAMS

CHOOSE THE MOST CONVENIENT ORDER IN TERMS OF INFORMATION. ADD ARC B — OUTCOME IF
OUTCOME DEPENDS ON A AND B.

ILLUSTRATION OF ARC REVERSALS FOR THE CAMPING EXAMPLE:

* ASSESSMENT FORM AND INFERENCE FORM:

ASSESSMENT FORM: PROBABILITY OF A PARTICULAR FORECAST GIVEN WEATHER

INFERENCE FORM: PROBABILITY OF WEATHER GIVEN A PARTICULAR FORECAST
=> THE ARCS ARE REVERSED

RV or Hiking Satisfaction

F1G. 7.7: INFERENCE FORM FOR THE EXAMPLE

* CLAIRVOYANCE (KNOWING WHAT WILL HAPPEN IN THE FUTURE): JUST ADD AN ARC FROM THE
CHANCE NODE REPRESENTING THE VARIABLE OF INTEREST TO THE RELEVANT DECISION

@ Weather

RV or Hiking ‘ Satisfaction

F1G. 7.8: INFLUENCE DIAGRAM GIVEN PERFECT INFORMATION ABOUT THE WEATHER
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INFLUENCE DIAGRAM ABOVE REPRESENTS CLAIRVOYANCE ABOUT “WEATHER.” IF WE ASSUME
AN EXPECTED VALUE DECISION MAKER, WE CAN CALCULATE THE EXPECTED VALUE FOR THIS
SITUATION AND FOR THE SITUATION WITHOUT THE CLAIRVOYANT. THE DIFFERENCE IS THE
“VALUE OF CLAIRVOYANCE” OR “VALUE OF PERFECT INFORMATION.”

7.6 QUANTIFYING AN INFLUENCE DIAGRAM

 FILLING IN THE DATA
e EVALUATING THE DIAGRAM

INFLUENCE DIAGRAMS HAVE THREE HIERARCHICAL LEVELS:

* RELATION: WHICH ARE THE NODES THAT ARE CONNECTED, I.E. RELEVANT TO EACH OTHER?

* FUNCTION: THE FUNCTIONS OF SHARED CONDITIONAL DISTRIBUTIONS, ASYMMETRIES IN THE
DECISION PROBLEM

*  NUMBER: THE POSSIBLE REALIZATIONS OF THE DIFFERENT VARIABLES AND THE
CORRESPONDING PROBABILITIES OR PROBABILITY DISTRIBUTIONS

QUANTIFYING AN INFLUENCE DIAGRAM (“FILLING IN THE NUMBERS.”)

IT ENCOMPASSES TWO TASKS:

*  DEFINITION OF THE POSSIBLE OUTCOMES
(E.G. “GIVEN THAT THERE IS LOW DEMAND FOR YOUR PRODUCT, WHAT WILL YOUR ESTIMATED
SALES BE” AND “GIVEN THAT THERE IS HIGH DEMAND FOR YOUR PRODUCT, WHAT WILL YOUR
ESTIMATED SALES BE?”)

*  ASSESSMENT OF THE RELEVANT PROBABILITIES
(E.G., “WHAT IS THE PROBABILITY FOR HIGH DEMAND?”)
A NUMBER OF TECHNIQUES ARE IN USE; E.G., THE PROBABILITY WHEEL: A CIRCLE COLORED
WITH TWO COLORS, ONE OF WHICH REPRESENTS THE EXPERTIS STATE OF BELIEF ABOUT THE
ASSESSED PROBABILITY. OTHER ELICITATION METHODS USE THE IDEA OF REFERENCE GAMBLES
WHERE THE UNKNOWN PROBABILITY IS COMPARED TO KNOWN PROBABILITIES (E.G., “IS X AS
LIKELY AS ROLLING A 6 ON A FAIR DICE?”).

HEURISTICS AND BIASES:
HAVE TO BE DEALT WITH WHEN ASSESSING PROBABILITIES. THESE ARE COGNITIVE AND
PSYCHOLOGICAL LIMITATIONS THAT CAN BE OVERCOME IN CERTAIN INSTANCES, AS LONG AS
THE ELICITOR IS AWARE OF THEM (SEE THE SECTION ON “EXPERT JUDGMENT”).
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ONCE THE PROBABILITIES HAVE BEEN ASSESSED AND THE POSSIBLE OUTCOMES HAVE BEEN
DETERMINED, THE INFLUENCE DIAGRAM CAN BE EVALUATED. THIS IS DONE BY USING THE
NUMBERS AND THE CORRESPONDING FUNCTIONS AS WELL AS THE RELATIONS EXPRESSED IN THE
DIAGRAM N FOR DETAILS ON THE EVALUATION OF INFLUENCE DIAGRAMS SEE SHACHTER, 1986.

7.7 INFLUENCE DIAGRAMSAND DECISION TREES

e EVERY DECISION TREE CAN BE TRANSFORMED INTO AN INFLUENCE DIAGRAM
* INFLUENCE DIAGRAMS HAVE TO BE BROUGHT INTO “DECISION FORMAT” OR “CANONICAL
FORM” (INFERENCE FORM) BEFORE THEY CAN BE TRANSFORMED INTO A DECISION TREE.

DECISION TREES INCLUDE DECISION NODES. A DECISION NODE BRINGS THE CONCEPT OF TIME INTO
PLAY: ANY NODE THAT PRECEDES THE DECISION NODE IS REVEALED (I.E., ITS OUTCOME IS KNOWN)
TO THE DECISION MAKER.

EXAMPLE:

THE INFLUENCE DIAGRAM OF F1G. 7.7 (INFERENCE FORM) CAN BE TRANSFORMED INTO A DECISION
TREE (NOTE: IT IS ASSUMED HERE THAT THE INFLUENCE DIAGRAM IS FULLY SPECIFIED, LE., THAT
THE LEVELS OF RELATION, FUNCTION AND NUMBER HAVE BEEN SPECIFIED).

TO TRANSFORM THE INFLUENCE DIAGRAM INTO A DECISION TREE, START WITH THE ROOT NODE
(THE ONE NODE THAT HAS NO ARROWS POINTING TO IT) AND PROCEED FROM THERE; BECAUSE THE
INFLUENCE DIAGRAM REPRESENTS A JOINT DISTRIBUTION, THE ORDER OF NODES THAT REPRESENT
STATE VARIABLES IS IRRELEVANT AS LONG AS THEY ARE DOWNSTREAM FROM THE DECISION NODE.

THE CORRESPONDING DECISION TREE HAS THREE NODES ON EACH SCENARIO (A SCENARIO IS

REPRESENTED BY ONE BRANCH OF THE TREE); NOTE THE ORDER OF THE NODES: THE “FORECAST”
NODE PRECEDES THE DECISION NODE, WHICH IS FOLLOWED BY THE “WEATHER” NODE.
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0-10

Outcome
Weather S P (S|”S”) 6
Decision ﬂ@
R P (R | ”S”)
D S 10
P ( 6689’ )
H
[13 2 W
Weather S O R
Forecast
RV S P(S|”R”)
P(“Ra)) ~~ R P(R| R) 4
D 10
S
H
w
W) . .

FIG. 7.9: DECISION TREE FOR THE INFLUENCE DIAGRAM OF FIG. 7.7

ONCE THE DECISION TREE IS CONSTRUCTED, THE NUMBERS ELICITED FOR THE INFLUENCE DIAGRAM
CAN BE INCLUDED; IN DOING SO, ONE HAS TO BE CAREFUL ABOUT THE ORDER OF CONDITIONING.

POTENTIAL PROBLEM: ASYMMETRIES

DIFFICULTY OF CONSTRUCTING IDS FOR ASYMMETRIC TREES

7.8 ENGINEERING EXAMPLE: RISK OF SHIP GROUNDING DUE TO LOSS OF
PROPULSION

INFLUENCE DIAGRAM (ALL NODES ARE CHANCE NODES; THE OUTCOME NODE IS THE SOURCE TERM)
NO DECISION HERE. RISK ONLY

Final

Loss of Uncontrolled/ System Source
Propulsion Controlled Grounding State Term:
LP : Oil Flow
Drift e.g., breach

in tank?

FIG. 7.10: EXAMPLE OF INFLUENCE DIAGRAM FOR AN ENGINEERING RISK PROBLEM
(SOURCE: PATE-CORNELL, 1997). NOTE; NO DECISION HERE, ONLY RISK ANALYSIS.
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SECTION 8

UTILITY THEORY AND RISK ATTITUDE

8.1 NOTATIONS

PrRIZES A, B
A> B I PREFER A TO B
A~B I AM INDIFFERENT BETWEEN A AND B
A >r B I LIKE A AT LEAST AS MUCH AS B
8.2 LOTTERY

A LOTTERY IS A SET OF PRIZES (PROSPECTS) WITH ASSOCIATED PROBABILITIES
ONE POSSIBLE LOTTERY:

A: A TRIP AROUND THE WORLD

B: A HERD OF 100 BUFFALOS

C: A CAR ACCIDENT

FIG. 8.1: A WEIRD LOTTERY

L=(p, A; P, B; P, C)
WITH P, + P, + P, =1

IF THE PRIZES ARE ALL MEASURED IN THE SAME UNIT (E.G., DOLLARS), A LOTTERY CAN BE
CONSIDERED AS THE PROBABILITY DISTRIBUTION OF A RANDOM VARIABLE.
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DISCRETE SET OF OUTCOMES:
DESCRIPTION BY A MASS FUNCTION

> pp=1

FIG. 8.2: A DISCRETE LOTTERY
CONTINUOUS SET OF OUTCOMES:
DESCRIPTION BY A CONTINUOUS DENSITY OF PROBABILITIES

f (0 OUTCOMES: {X}; (f (x)dx = I

F1G. 8.3: A CONTINUOUS LOTTERY
8.3 CERTAIN EQUIVALENT
THE CERTAIN EQUIVALENT OF A LOTTERY IS A PRIZE SUCH THAT THE INDIVIDUAL IS
INDIFFERENT BETWEEN RECEIVING THE PRIZE AND PARTICIPATING IN THE LOTTERY.
NOTATION:
L IS THE CERTAIN EQUIVALENT OF LOTTERY L.

EXAMPLE:
A TRIP AROUND THE WORLD

p
1

p

I[Fe—1 D ~_ L = 2 A HERD OF 100 BUFFALOS
P3
D: A TICKET TO A ROCK CONCERT A CAR ACCIDENT

FI1G. 8.4: CERTAIN EQUIVALENT

THEN L = D (THE CERTAIN EQUIVALENT OF THE LOTTERY IS A TICKET TO A ROCK CONCERT).
IF THE LOTTERY IS A RANDOM VARIABLE, X, THE CERTAIN EQUIVALENT IS NOTED X.
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84 AXIOMSOF RATIONAL CHOICES
REFERENCES: VON NEUMAN AND MORGENSTERN, 1947; HOWARD, 1970.

A
LOTTERY B PRIZES
C
F1G. 8.5: LOTTERY
(1) ORDERABILITY OF PRIZES
A>B,A<B,A~B,A<B,0oRA >B
TRANSITIVITY: IF A >B AND B>C , THEN A>C
(2) CONTINUITY
IFA>B>C
THEN FOR SOME P
Al
P
o1 B
~/ l_P
C

FIG. 8.6: CONTINUITY AXIOM

B IS THE CERTAIN EQUIVALENT OF THE LOTTERY.

(3) SUBSTITUTABILITY
A LOTTERY AND ITS CERTAIN EQUIVALENT ARE INTERCHANGEABLE WITHOUT AFFECTING
PREFERENCES.
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(4) MONOTONICITY

A A
p 1
IF A > B, THEN > ' IF AND ONLY IF
l'p l-p p > pV
B B
FIG. 8.7: MONOTONICITY AXIOM
(5) DECOMPOSABILITY
A
Pq
1-pq

B

FIG. 8.8: DECOMPOSABILITY AXIOM

THESE AXIOMS LEAD TO THE MAXIMIZATION OF EXPECTED UTILITY.

PROOF:

1.

CONSIDER LOTTERY A(ALT))

{YQTOM ; (i3]

FI1G.

8.9: LOTTERY A

RANK ALL OUTCOMES OF A AND OTHER LOTTERIES FACED IN DECISION

XM1N<Xi<Xj<~'-<XMAX

<= ORDERABILITY
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2. FOR EACH OUTCOME X; OF LOTTERY A, THERE IS A PROBABILITY U; THAT MAKES
THE DM INDIFFERENT BETWEEN X; AND [Xmax, Ui, Xmin, (1-Uj)]

UU, such that X; ~

FI1G. 8.10: CONTINUITY

3. REPLACE EACH X; IN A BY THIS LOTTERY

U, -

1 —UI MAX
XMTN

U, <

1 —Un MAX
XMTN

FI1G. 8.11: SUBSTITUTABILITY

4. “FOLD” THIS LOTTERY ACCORDING TO DECOMPOSABILITY AXIOM

I_ZRUi <

MIN

FIG. 8.12: DECOMPOSABILITY
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5. ASSUME THAT IN A DECISION, DM FACES TWO ALTERNATIVES.
ALTERNATIVE 1 LEADS TO LOTTERY A.
ALTERNATIVE 2 LEADS TO LOTTERY B. (SAME MAX MIN OUTCOME.)

FIG. 8.13: MONOTONICITY

BY VIRTUE OF MONOTONICITY AXIOM, DM PREFERS THE ALTERNATIVE THAT MAXIMIZES THE
PROBABILITY OF GETTING Xyax: z prob;, x U,

Uj IS CALLED THE UTILITY OF OUTCOME X;.
[ MAXIMIZATION OF EXPECTED UTILITY
[J DECISIONS ARE UNCHANGED BY A LINEAR TRANSFORMATION OF THE UTILITY FUNCTION

8.5 UTILITY FUNCTION FOR AN INDIVIDUAL

CONSEQUENCE OF THE AXIOMS
IF THOSE AXIOMS ARE SATISFIED, THE VALUE ATTACHED BY AN INDIVIDUAL TO THE OUTCOMES

CAN BE DEFINED BY A UTILITY FUNCTION. THAT FUNCTION CHARACTERIZES THE
PREFERENCES OF A SPECIFIC PERSON.

— CONCLUSION OF PROOF: THE GOAL OF A DECISION MAKER WHO SUBSCRIBES TO THE VON
NEUMANN AXIOMS IS TO MAXIMIZE HIS EXPECTED UTILITY (<= ABOVE AXIOMS OF
RATIONAL BEHAVIOR).

— DEFINITION: THE UTILITY OF A LOTTERY (TO THE DECISION MAKER) IS THE EXPECTED
UTILITY OF ITS OUTCOMES.

— FROM AXIOMS: THE DECISION MAKER PREFERS LOTTERY 1 TO LOTTERY 2 IF AND ONLY IF
U(L1) > u(Ly) WHICH IS EQUIVALENT TO: EU(Lj) > EU(Ly) (NOTED HERE L > L»).
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uTtiLiTy
ASSUME THAT ALL POSITIVE OUTCOMES CAN BE MEASURED AS A FUNCTION OF ONE ATTRIBUTE
(E.G., DOLLAR VALUE)

Utility
A
1.00

|
|
|
0.90 !
|
|
|

0.80 |-———d----

0.70 |o___4____

0.60 [coc—qo—-—

0.51 !
0.50F—-———--—----
0.44

040 L ' ___

—d -4 - ==

0.30

- ————————
0.20 ) S SR
|
[}
010 _/ ¥ __\Z11_1__ N IS R S i D S
:
[}
28, 34 I »
0 10 20 30 40 50 60 70 80 90 100 $

FIG. 8.14: DIFFERENT TYPES OF RISK ATTITUDES

FOR GAINS:
RISK AVERSE: CONCAVE UTILITY CURVE
RISK INDIFFERENT: STRAIGHT LINE

RISK PRONE: CONVEX UTILITY CURVE
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8.6 EXPECTEDUTILITY OF ALOTTERY AND CERTAIN EQUIVALENT

U (L)=Eu(outc.)=U(CE) I INDIFFERENCE
pEFINITION: O CE (L) = U™ (U (L))

Outcome Utility
$80 0.9

L, 02 $70 0.83
\
$0 0

F1G. 8.15: LOTTERY 1 FOR THE RISK AVERSE DM OF FIG. 8.14 (CALL HIM TOM)

UL) = 03x09 + 02 x0.83 + 0.5 x0
=0.436 ~ 0.44

CERTAIN EQUIVALENT = QUANTITY OF MONEY THAT PROVIDES THE SAME UTILITY AS THE LOTTERY

CE(Ly) = ul(u(L1))=828 < # EV(L;)=8$38 [ CONCAVITY OF UTILITY CURVE

MONEY UTILITY
$90 0.95
0.1
L 5 0.3 $50 0.67
0.6
$20 0.35
FIG. 8.16: LOTTERY 2 FOR TOM
u(Ly) = 0.51
CERTAIN EQUIVALENT CE(Ly) = ul(u(L»)) =$34
= SELLING PRICE OF LOTTERY
EXPECTED VALUE OF THE LOTTERY (IN MONETARY TERMS) = $36

LOTTERY Ly IS PREFERRED BY THE RISK-AVERSE DECISION MAKER EVEN THOUGH THE EXPECTED

VALUE OF LOTTERY L; ($36) IS LOWER THAN THE EXPECTED VALUE OF LOTTERY L, ($38).

Risk AVERSION 0 CE<EV
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8.7 GENERAL DEFINITION OF THE RISK-AVERSION COEFFICIENT

R(X)=_-U"(X) . U"(X): SECOND DERIVATIVE OF U
U'(X) U'(X): FIRST DERIVATIVE OF U

R > 0O [ RISK AVERSION (CONCAVE UTILITY CURVE)
CHARACTERIZES THE CURVE CONCAVITY. CAN CHANGE ALONG THE X AXIS.

EXAMPLE OF VARIABLE RISK-AVERSION COEFFICIENT:

U(X) = LN (X+A)
RX)=_1 RISK AVERSION DECREASES WHEN CAPITAL INCREASES
X+A

IN THE GENERAL CASE, THE RISK AVERSION COEFFICIENT VARIES OVER THE RANGE OF
POSSIBLE OUTCOMES.

RISK-AVERSION COEFFICIENT AND CONVEXITY OF THE UTILITY CURVE
U

8.17: RISK ATTITUDES AND CONVEXITY OF THE UTILITY CURVE
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8.8 THEDELTA PROPERTY: CONSTANT RISK ATTITUDE

CONSIDER A POSSIBLE ADDITIONAL ASSUMPTION: THE DELTA PROPERTY. AN INCREASE OF ALL
PRIZES IN A LOTTERY BY AN AMOUNT A INCREASES THE CERTAIN EQUIVALENT BY A.

IF THEN
X, X, +/2\
Pl Pl
P P
C ~~/ 2 X2 => C @f\/ 2 X2 +A
P3 P3
X, X, + 2\

FIG. 8.18: DELTA PROPERTY

CONSEQUENCES OF THE DELTA PROPERTY:

(1) THE RISK ATTITUDE IS THE SAME ALONG THE UTILITY CURVE.
THE UTILITY CURVE MUST BE EITHER A STRAIGHT LINE OR AN EXPONENTIAL.

U

-R(x) ) - ct =y Linear differential equation
U'(x)

{ i u(x) =a + b exp (-yx) (constant risk attitude)
oru(x)=a+bx y> 0 0O Risk aversion

1~ exp (-¥X)

Convenient form u(x) =
1~ exp (TVY)
a0y =0
¢ hich: (H =1 (normalization)
or which: im u(x) = X
o -

NOTE: DECISIONS ARE UNCHANGED BY LINEAR TRANSFORMATIONS OF THE UTILITY
FUNCTION (L] RANKING BY ORDER OF EU).
[J THE NORMALIZED FORM IS EQUIVALENT TO THE ORIGINAL UTILITY FUNCTION.
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WHEN THE RISK AVERSION COEFFICIENT YIS 0, THE UTILITY CURVE IS A STRAIGHT LINE

AND THE INDIVIDUAL IS RISK-INDIFFERENT.
WHEN YIS POSITIVE, HE IS RISK-AVERSE.
WHEN YIS NEGATIVE, HE IS RISK-PRONE.

(2) THE BREAK-EVEN PAYMENT (B) FOR A LOTTERY WILL BE THE SAME AS THE CERTAIN

EQUIVALENT (C) [J (BUYING PRICE = SELLING PRICE)

X-B
e Buying Price:
Definition: 0~ 1-P
Y-B
Delta
Property
X =9 B=C
P
® Certain Equivalent
Definition: —~ 1-P
(=Selling Price)
Y

FIG. 8.19: SELLING PRICE AND BUYING PRICE OF A LOTTERY FOR CONSTANT RISK ATTITUDES

NOTE: CASE OF A “DISUTILITY"” CURVE
EXAMPLE: WILLINGNESS TO PAY TO AVOID A LOSS. THE CONVEXITY OF THE DISUTILITY
CURVE (DEPENDING ON THE RISK ATTITUDE) IS INVERTED

AU DISUTILITY CURVES U

Y 20

RISK
AVERSE
Y <0
» 3
MAGNITUDE OF LOSS

FIG. 8.20: DISUTILITY CURVES
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SECTION 9

VALUE OF INFORMATION
TEST EXAMPLES

9.1 APARTY PROBLEM. DECISION ANALYSISAND VALUE OF INFORMATION

THE PARTY LOCATION DECISION PROBLEM (SOURCE: HOWARD)

ALTERNATIVES STATE VARIABLE VALUE (DEGREE OF SATISFACTION)
PARTY LOCATION WEATHER O,S 100
O: OUTDOORS S: SUNSHINE O,R 0
P: PORCH R: RAIN PO, S 90
I: INDOORS PO, R 20
LS 40
LR 50
g Utility of Outcome
101 04 100
R
0 0.6 0
e
PO [48| o - 90
48 o R EXAMPLE FROM HOWARD:
o 20 MS & E 252 CLASS NOTES
I 0.6
S
0.4
46 40
0.6 S0

FIG. 9.1: THE PARTY PROBLEM
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VALUE OF “CLAIRVOYANCE” (PERFECT INFORMATION) FOR AN E V DECISION MAKER (“W”=W)

100
- 100
"SH
04
06 nRu
50 I
- 50
FIG. 9.2: VALUE OF CLAIRVOYANCE. SOURCE: HOWARD

EXPECTED UTILITY WITH PERFECT INFORMATION =70
EXPECTED UTILITY WITHOUT INFORMATION = 48
EXPECTED VALUE OF PERFECT INFORMATION = 22 (UTILS.)

THIS IS THE VALUE OF PERFECT INFORMATION.
NOTE: IN CASE OF PERFECT INFORMATION (“CLAIRVOYANCE”), "E" = E. THE
REALIZATIONS OF “E” AND E ARE INDENTICAL THEREFORE, THE PROBABILITY OF THE

MESSAGE ("E") IS EQUAL TO THE PRIOR PROBABILITY OF THE EVENT P("E") = P(E)..

EFFECT OF RISK TOLERANCE ON THE VALUE OF PERFECT INFORMATION:

THE MOST RISK-AVERSE DECISION MAKER USES MORE CONSERVATIVE (INDOORS) SOLUTION IN THE
ABSENCE OF INFORMATION. THEREFORE, THE RISK ATTITUDE AFFECTS VALUE OF INFORMATION
(70-46=24)
EVEN WITH LESS EXTREME RISK AVERSION:
ASSUME: U(S, PO) =70 U Eu(PO) =40 [l BEST ALTERNATIVE = INDOORS
VALUE OF INFORMATION = 70 - 46 =24 > 22
THE RISK-AVERSE IN BOTH CASES IS WILLING TO PAY MORE FOR THE INFORMATION ABOUT THE
WEATHER
VALUE OF INFORMATION DEPENDS ON * PROBABILITIES

* OUTCOMES

* UTILITIES
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9.2 VALUE OF IMPERFECT INFORMATION

EXAMPLE 1. CHOICE OF A TEST FOR A RISK-INDIFFERENT DECISION MAKER
TEST 1 (COST C1 ) LESS INFORMATIVE (BUT LESS EXPENSIVE) THAN TEST 2 (COST C2)
DECISION: WHICH TEST TO ADOPT?
VARIABLE TO BE TESTED: STRENGTH OF A PART.
DECISION RULE: MINIMIZE EXPECTED COSTS.
IMPERFECT INFORMATION CHARACTERIZED BY CONDITIONAL PROBABILITIES:
P(A|“A”) ANDP (A | “Z”) OR P (“A”|A) AND P (“A”| K)

Cr: cost of failure Costs
CR: cost of reiection ye/ C +CF
P F "S n
o "ok
Keen . C,
P (”Sl”) 1_ P(F|HSIH)
|| Reiect No F
" n.ngn 0 - C1+CR
Strong" : "S, P s O .
Failure C+CrF
‘ n A eak" : "Wl" Ke . . P(F|"Wl")
I_P("Sl") - Y 29
Test Reject 1-P(F|"W,”) o F. C,
) O Na .
pF)  CF ] C+Cr
No Test
—DNo— F}ﬂl‘/ C,+CF
Failure © Keep @ P(F|"S,")
Test 2 ng Reicct 1-P(F|”W.”) )
No F C2+ CR
. P ("Szﬂ) 1
"W, Failure C+CF
Keen O P (F|"W,")
I-P("Sz'l) - 1—P(F|”W2”) o F. C
Reiject 2
No F C2+ CR

1

FIG. 9.3: TESTING A PART. VALUE OF IMPERFECT INFORMATION
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NOTES:
*  UNDER IMPERFECT INFORMATION, THE PRE-POSTERIOR (“X”) IS NOT EQUAL TO THE PRIOR

X).

e THE STRUCTURE OF THE TREE IS BASED ON CONDITIONALITY OF EACH EVENT WITH
RESPECT TO PREVIOUS DECISIONS AND EVENTS IN THE TREE.

ASSUME THAT THE DECISION MAKER IS RISK-NEUTRAL (MINIMIZES EV(COSTS)).

(1) DEcisioN TO KEEP OR REJECT THE PART GIVEN TEST RESULTS:

FIRST DECISION NODE:
P(F|”S1”) x (c+Cp + (1-P(F|”S1”)) x €, >? CHCRr
ASSUME P (F|’S;”)xCrg > Cr ====> REJECTIF “W,”

“ < Cr ====> KEEPIF*“S,”
ASSUME, FOR EXAMPLE, THAT THE DATA ARE SUCH THAT, WHEN THE TEST’S RESULT IS
“STRONG,” (1 OR 2) THE DECISION IS KEEP; REJECT OTHERWISE.

(2) DECISION TO ADOPT TEST 1 OR TEST 2: ASSUMING:
* EV(costsy)  =P("Si")x[C,+ CgxP (F|"Si")] “Si”0 K
+ [1-P1("Si")] x(C,+ CR) “W;”0 R
* EV(cosTts))  =P("Sy") x[C,+ Cgx P (F|"S2")] “S;” 0 K
+[1-P("S2")] x(C,+ Cp) “W;”0 R

* EVINOTEST) =CpxP(F)

CHOOSE THE ALTERNATIVE THAT MINIMIZES EV (COSTS) OVERALL (FIRST NODE)

(3) VALUE OF INFORMATION FOR THE RISK-NEUTRAL DECISION MAKER
FORTEST1 = MAXIMUM ONE IS WILLING TO PAY FOR THE TEST
=EV(NO TEST) - EV(CO0STS1)
= Cg[P(F) - P(F, "Si")] - Crp ("S1") + Cr
FORTEST2 =EV(NOTEST) - EV(COSTS))
= Cg[P(F) - PXF, "S2")] - Crpx("S2") + Cr
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NUMERICAL ILLUSTRATION

RESOLUTION FOR THE EV DECISION MAKER

DATA
P(“S;”) = 0.5
P(F | “S;”) = 0.01
Test 1 P(“Wl”) — 0‘5
P(F | “W,”) = 0.6

UOPF)=P(F, “S,”) + P (F, “W;”)
— P (“Sl”) x P (F ‘ LCSIH) + P (‘6W19’) x P (F ‘ LCWI”)
=0.5%x102+0.5x%0.6

F) =0.305
U PRI ORSEP(_)
HP(F) = 0.695
P(“S,”) = 0.6
P(F | “Sz”) — 10—3
Test 2 P(*“W,”) =04

P(F | “W,”) = 0.761

[CHECK: P(F) = 0.6 x 10~ + 0.4 X 0.761 = 0.305]
Cr=$100,000
Cr=$1,000,000
RESOLUTION OF KEEP - REJECT DECISION (BASED ON EXPECTED COSTS):
e  FOR TEST 1, MESSAGE “S;”

EV (K)=0.01 x IM = $10,000

EV (R) =$100,000

[l KEEP
e FOR TEST 1, MESSAGE “W;”

EV (K)=0.6 x IM = $600,000

EV (R) =$100,000

[0 REJECT

e FOR TEST 2, MESSAGE “S,”
EV (K) =107 x IM = $1,000
EV (R) = §100,000
[l KEEP
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e FOR TEST 2, MESSAGE “W;,”
EV (K)=0.761 x IM = $761,000
EV (R) =$100,000
[0 REJECT

RESOLUTION OF TEST DECISION

REPLACE KEEP-REJECT NODES BY EV OF BEST ALTERNATIVE

* EV (costs OFNO TEST) =0.305x IM = $305,000

* EV (COSTSOF TEST 1) =P(“S;”) XEV (K)
+P(“W;”) XEV (R) + C,
=0.5x$10,000
+ 0.5 x$100,000 + C,
=$55,000 + C,

* EV (COSTS OF TEST 2) =P(“S,”) XEV (K)
+P(“W,”) XEV (R) + C,
=0.6 X $1,000
+ 0.4 X $100,000 + C,
= $40,600 + C,

VALUE OF INFO. OF TEST 1

= $305,000 - $55,000

= $250,000 = MAXIMUM ACCEPTABLE COST
VALUE OF INFO OF TEST 2

= $305,000 - $40,600

= $264,400 = MAXIMUM ACCEPTABLE COST
PREFERRED TEST? DEPENDS ON TEST COST

ASSUME C; = $50,000
C, = $70,000

EV (COSTS OF TEST 1) =$105,000

EV (COSTS OF TEST 2) =$110,600

[l FOR THE RISK NEUTRAL, TEST 1 IS PREFERRED TO BOTH TEST 2 AND NO TEST
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CHOICEOFA TEST: VALUEOFTESTS1 AND 2 FOR A RISK-NEUTRAL DECISION MAKER

Cost
Outcomes
Test 1 P (F |“S,”)
F 0.01 1M
\ 0.99 0
NF
NF 1 0.1M
’ O . P (F |“W1”) lM
L /0.6
' m4 0
NF 1 0.1M
P(F|9’SZ9’)
Cost
P(F’S;”)  Outcomes
Test 2 / 103 IM
\__1-107 0
° P(F|”W2”) IM
L' O —
_ 0.761
0.239 0
NF 1 0.1M

44



EXAMPLE 2. DRILLING FOR TEST OF LOCAL SEISMICITY BEFORE CONSTRUCTION OF A DAM

p(F’CCNFIO”

&
=4
=
5
=

C(SW)+A+Cy

Fault

]T)gCISION L TEST | DECISION | EXRCEASYJ‘E?SON i OUTCOME
i RESULTS i TYPE OF DAM E

TEST i i i i
i i i Fault L C(SW)+A
i i No Fault : 0
. LA

: )
i No Fault : C

No holes ! q i
i “No Fault” T~ i i
. p(“NFlO”) ~ ~ i i
i  FEarthDam ~~i_ _ _ _ _ _ _ _ _ _i
Pl : [8+Cul
; i Earth Dam ' ' A+Cyo
10 hole§ ' ! !
E E . PEMNF” 1 € (sW)+A+Cg
100 holes : : : :
! L Arch Dam !
i No Fault i
| “No Fault” ! S~ ! !
- P(“NF100”) i \\\ i 1-p(F|“NF100 i Cio
| Earth Dam >~_| i
i i N————————— ;
i i i i [A+Cioo]
E {)( Fi00 Earth Dam : : At

F1G. 9.4: SOIL TESTING BEFORE CONSTRUCTION OF A DAM. STRUCTURE OF THE DECISION TREE

C(SW): COST OF SWITCH; A: LOSS OF INCREMENTAL BENEFITS (EARTH DAM OR ARCH DAM);
Cjo: COST OF DRILLING 10 HOLES; Cjgp: COST OF DRILLING 100 HOLES

NOTE ON DOMINANCE:
IF NO FAULT IS FOUND AFTER DRILLING 10 HOLES, AN ARCH DAM SHOULD BE PLANNED. OTHERWISE, NO

DRILLING AND AN EARTH DAM WOULD DOMINATE THE ALTERNATIVE 10 HOLES AND EARTH DAM (COSTS
WOULD BE LOWER WHATEVER THE OUTCOME OF THE EXCAVATION PHASE). THE SAME IS TRUE FOR
DRILLING 100 HOLES AND FINDING NO FAULT.
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9.3 VALUE OF INFORMATION FOR A GIVEN UTILITY

DEFINITION OF VALUE OF INFORMATION:

THE MAXIMUM PRICE ONE IS WILLING TO PAY (BREAKEVEN POINT) FOR THE “MESSAGE”; EQUAL
TO THE AMOUNT X THAT YOU SUBTRACTED FROM THE OUTCOMES MAKES THE DECISION MAKER
INDIFFERENT BETWEEN THE LOTTERIES WITH OR WITHOUT INFORMATION.

ALGORITHM: IN THE GENERAL CASE: LET L BE THE LOTTERY WITHOUT INFORMATION AND L' THE

LOTTERY WITH INFORMATION AT COST X

* RESOLVEU (L' (X)) = U(L) TO FIND X
* NO ALGEBRAIC SOLUTION IN THE GENERAL CASE
0 TRIAL AND ERROR
* CHOOSE VALUE OF X, RESOLVE TREE AND COMPUTE U(L' (X))

EXAMPLE 1 - VALUE OF IMPERFECT INFORMATION FOR THE INVESTMENT DECISION AND A RISK -
AVERSE DM

(SEE INVESTMENT PROBLEM INTRODUCED EARLIER)

FOR DECISION MAKER FRED (RISK AVERSE)

FRED’S UTILITY FUNCTION

U(l4)=1 U (1.0) = 0.88
U(1.3)=0.98 U (0.9) = 0.85
U(1.2)=0.95 U(0.5)=0.6
U(1.1)=0.91 U (0.4)=0.53

Utility

1.0
0.9
0.88
0.85
0.7
0.6
0.5
0.4
0.3
0.2

0.1 OUTCOMES

>

FIG. 9.7: FRED’S UTILITY CURVE
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WITHOUT INFORMATION

OUTCOME UTILITY
0.2 1.4 1
0.5 1.2 0.95
Invest 03 0.5 0.6
LOTTERY L:L_|
Do Not Invest 1 1.0 0.88
u(L)=0.88 10 CE = U’ (0.88) O CE (L)=$1.0 MILLION
FIG. 9.6: DECISION TREE WITHOUT INFORMATION FOR FRED
(RISK AVERSE DECISION MAKER)
SOLUTION: FRED CHOOSES THE ALTERNATIVE NOT TO INVEST
WITH INFORMATION
OUTCOMES UTILITIES

INFORMATION DECISION  SALES VOLUMES X=0 =01
(o94) (091 0.67 14 - X 1 0.98
12 - X 0.95 091
05 -X 0.6 0.53
I -X 0.88 0.85
14 - X 1 0.98
12 - X 0.95 0.91
05 - X 0.6 0.53
1 -X 0.88 0.85
14 - X 1 0.98
12 - X 0.95 0.91
05-X 0.6 0.53
1 -X 0.88 0.85

FIG. 9.8: DECISION TREE WITH IMPERFECT INFORMATION FOR FRED

DOTTED LINE ---- FOR X= 0.1 ($100,000);
SOLID LINE —— FOR X=0 X IN THOUSAND DOLLARS
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ALGORITHM: IN THE GENERAL CASE:
* RESOLVEU (L' (X)) = u(L) TO FINDX
* NO ALGEBRAIC SOLUTION

TRIAL AND ERROR
* CHOOSE VALUE OF X, RESOLVE TREE AND COMPUTE U(L' (X))
HERE TRY X = 0.1
SoLuTION: "A" - INV. Eu =091 Eu(L' (0.1)) = 0.88
"B" - INV. Eu =0.87
"C" - DONOT Eu =0.85
u(l' (0.1))=u(l) - X=0.1

IT HAPPENS HERE THAT EU (L'(x=0.1)) = EU (L WITHOUT INFORMATION)
00 X =0.1=BREAKEVEN PAYMENT = VALUE OF INFORMATION FOR FRED = $100,000
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9.4 VALUE OF INFORMATION FOR CONSTANT RISK ATTITUDE (APROPERTY)

VOI FOR CONSTANT RISK ATTITUDE

= CE (LOTTERY WITH INFORMATION) - CE (LOTTERY WITHOUT INFORMATION)
BECAUSE SUBTRACTING X FROM OUTCOMES IS EQUIVALENT TO SUBTRACTING X FROM CERTAIN
EQUIVALENT:
LET X = VoI
EU (LOTTERY WITHOUT INFORMATION = EU (LOTTERY WITH INFORMATION - X FROM OUTCOMES)
TAKE U™ OF BOTH SIDES
FOR CONSTANT RISK ATTITUDE ONLY, VALUE OF INFORMATION (VOI)
Vol = CE (LOTTERY WITH INFORMATION) - CE (LOTTERY WITHOUT INFORMATION)
AND NO PAYMENT (X=0)
HERE: IT TURNS OUT THAT FRED HAS A CONSTANT RISK AVERSION

U CE WITHOUT INFORMATION = 1M
CE WITH INFORMATION = U~ (0.91)
=1.1M
OVol=1.1M - IM
=0.1M = $100,000
THE SOLUTION IS SIMPLE BECAUSE FRED HAS AN EXPONENTIAL UTILITY.

0 COULD HAVE FOUND THE SOLUTION DIRECTLY:
%CE(L) = 1 million [=U "(U(L))]
[CE(L'(x =0)) =1.1 million

U Vol=0.1M

EXAMPLE

VALUE OF INFORMATION OF TESTS 1 AND 2 FOR A RISK-AVERSE DECISION MAKER (SEE PROBLEM
SECT. 9.2)

DISUTILITY FOR LYNN (FIG. 9.9)
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Disutility CONSTANT RISK AVERSION

1

0.5 1

0.25]
0.15

0.024 _ L
0 100 500 540 1,000 Costs in $1.000

FIG. 9.9 DISUTILITY CURVE FOR LYNN (CONSTANT RISK AVERSION)

U ($1,000,000)=0.5 U ($40,000) = 0.0125 0 U(0.0125) = $40,000
U ($100,000)=0.02 U ($10,000) = 0.0083 0 U(0.0083) = $10,000
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CHOICE OF A TEST: VALUEOF TESTS1 AND 2 (SEC. 9.2) FOR THE RISK-AVERSE DM (L YNN)

Cost
P(F |“S,”) Outcome Disutility U

M 0.5 }
EU = 0.005
0 0

Test 1

0.1 0.02
1 0.5
EU=0.3
0 0
0.1 0.02

EU (L' 1)=0.5x0.005+0.5x0.02=0.0025 + 0.01 =0.0125 0 CE (L' )
="1(0.0125) = ~8$40,000 costs 0 VoI, = $540,000 - $40,000 = $500,000 (benefit)

p(F|”SZ”) 1 0-3 Outcome Disutility U

/F IM 05
EU = 0.0005
\ 1_10'3 0 O
NF
NF 1 0.1M  0.02
p(FI'W,?) 1 0.5
/ EU=0.38
NF 0239 U 0
0.1M  0.02

EU(L,)=06x5x10*+04x2x107=3x 10*+8x 107 =0.0083
O CE(L';)= U"'(0.0083) ~$10,000 0 Vol,=$540,000 -$10,000 = $530,000 (benefits)

Decision Vol of Test 2 greater than for Test 1
given test Cost of Test 1: $50,000 O net result = $450,000 benefit
costs: Cost of Test 2: $70,000 O net result = $460,000 benefit

(A property) U For the risk averse (Lynn) the decision is Test 2 then K R
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95 SUMMARY
STRUCTURE OF A DECISION TREE

* GENERAL DESCRIPTION

ACTIONS STATES OF NATURE ACTIONS.. OUTCOMES
VALUES
X U (X)
_— Y U
° Z U (2)
®
®
®
@
®
®
e
®

FIG. 9.12: GENERAL STRUCTURE OF DECISION TREES
(DISCRETE OR CONTINUOUS SETS OF ACTIONS AND STATES OF NATURE)

PROBABILITIES ARE ASSOCIATED TO THE DIFFERENT STATES OF NATURE. JOINT PROBABILITIES ARE
ASSOCIATED TO SEQUENCES (“PATHS”) OF EVENTS (SCENARIQS).

* EVALUATION OF THE PROBABILITIES ASSOCIATED WITH EACH SEQUENCE
DESCRIPTION OF THE UNCERTAINTIES THROUGH CONDITIONAL PROBABILITIES
DEFINITION OF CONDITIONAL PROBABILITY (OR BAYES THEOREM)

p (A, B)

A|B)=
p(A|B) > ®)
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TOTAL PROBABILITY THEOREM:

pB) = ZP Bl A)xp(A)
=>p(B, A)
e VALUATION OF THE OUTCOMES (THEORY IN NEXT SECTION)Z

FOR EACH POSSIBLE OUTCOME, ASSESS A “UTILITY” VALUE (UTILITY MEASURES INDIVIDUAL’S
SATISFACTION FOR EACH FINAL STATE)

GOAL OF THE RATIONAL DECISION MAKER:
MAXIMIZE HIS OR HER EXPECTED UTILITY

GOAL OF THE ANALYST: COMPUTE THE EXPECTED UTILITY AS REVEALED

EVALUATION OF A DECISION TREE
[0, =pxu(A.,0)+(1-p)*u(A,b,)

U (A, .8)
U(A | 8,)
SIMPLE CASE:
ONE DECISION NODE
MAX U(A,.8))
U
UA,8,)

[u, =p xu (A, 0) +(1-q) xu(A,,6,)|
FIG. 9.13: EVALUATION OF A DECISION TREE

01: STATES OF NATURE (STATE VARIABLES)
A ACTIONS OR STRATEGIES (DECISION VARIABLES)
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NOTE ON DECISION TREES:

STATES OF NATURE CAN BE A SEQUENCE OF EVENTS: ANALYSIS OF THEIR PROBABILITIES IS

DONE THROUGH EVENT TREES.
THE RELEVANT STATES OF NATURE CAN BE A FAILURE MODE (FOR EXAMPLE); THE
ANALYSIS OF THEIR PROBABILITIES IS DONE THROUGH FAULT TREES (THEORY IN PART 3,

SECTION 13).

ALGORITHM FOR RESOLUTION:

COMPUTE EXPECTED UTILITY FOR EACH DECISION ALTERNATIVE (RIGHT OF THE TREE).
SELECT ALTERNATIVE, WHICH MAXIMIZES EXPECTED UTILITY FOR EACH DECISION
VARIABLE; REPLACE VARIABLE BY CHOSEN ALTERNATIVE.

REPEAT UP TO FIRST DECISION NODE.

VALUE OF INFORMATION

= BREAKEVEN POINT SUCH THAT EU (LOTTERY WITHOUT INFORMATION)
= EU (LOTTERY WITH INFORMATION AND INFORMATION PRICE
SUBTRACTED FROM OUTCOME GAINS)
WHEN THE U FUNCTION IS LINEAR OR EXPONENTIAL (CONSTANT RISK ATTITUDE):
Vol = CE (WITH INFORMATION) - CE (WITHOUT INFORMATION)
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SECTION 10

MULTI-ATTRIBUTE DECISIONS

10.1 ATTRIBUTES, OBJECTIVES AND PREFERENCES

IN THE GENERAL CASE THERE ARE SEVERAL ATTRIBUTES TO A DECISION. SOME MAY NOT BE

DIRECTLY MARKETABLE.
ATTRIBUTES X (EX.: DOLLARS)
X2 (EX.: HUMAN LIVES)
X3 (EX.: NUMBER OF TREES ALONG A ROAD)

THE UTILITY OF EACH OUTCOME IS A FUNCTION OF THE FORM:
U (X1, X2, X3).

Two POSSIBLE APPROACHES
SINGLE ATTRIBUTE OR MULTI-ATTRIBUTE DECISION ANALYSIS

SINGLE ATTRIBUTE MULTI-ATTRIBUTE
* ASSUME CONSTANT MARGINAL RATE * DEFINE TRADEOFFS AMONG ATTRIBUTES
OF SUBSTITUTION AMONG ATTRIBUTES. BY INDIFFERENCE CURVES
PLACE A DOLLAR VALUE ON * ESTABLISH UTILITY AS A FUNCTION
EACH ATTRIBUTE OF SEVERAL VARIABLES
* FORM SINGLE OBJECTIVE FUNCTION * MAXIMIZE EXPECTED UTILITY

* MAXIMIZE EXPECTED UTILITY

IMPLIES: SAME RISK ATTITUDE IMPLIES: MARGINAL RATE OF SUBSTITUTION

FOR ALL THE ATTRIBUTES CAN VARY AT DIFFERENT LEVELS OF UTILITY.
RISK ATTITUDE CAN VARY FOR THE
DIFFERENT ATTRIBUTES.

IN THE MULTI-ATTRIBUTE APPROACH, NOT ONLY CAN THE “PRICES” VARY, BUT THE UTILITIES
CAN VARY ACROSS ATTRIBUTES (EVEN IF THE PRICES WERE THE SAME)

NOTE: IF THE “PRICES” ARE NOT CONSTANT, THE INDIFFERENCE CURVES ARE NOT LINEAR.

55



EXAMPLE:
DECISION INVOLVING DOLLARS (X,), HUMAN LIVES (X,) AND TREES (X;)

(E.G., CUTTING TREES ALONG A ROAD TO IMPROVE THE SAFETY OF AUTOMOBILE DRIVERS)

10.2 SINGLE-OBJECTIVE APPROACH

REDUCE ALL ATTRIBUTES TO A SINGLE-OBJECTIVE FUNCTION

Outcomes Utility

X, Xy, Xy U(X)
L Xy, X3, X, Ux)

X, X,, X3 UX")

FIG. 10.1: LOTTERY WITH SEVERAL ATTRIBUTES

* PLACE A VALUE a ON HUMAN LIVES
* PLACE A VALUE b ON TREES

* FORM THE DOLLAR EQUIVALENT OF EACH OUTCOME
X=X+ aX,+ bX,

ASSUMPTION: THE MARGINAL RATE OF SUBSTITUTION BETWEEN TWO ATTRIBUTES IS HELD
CONSTANT.

COMPUTE THE UTILITY OF (X, X,X;) AS THE UTILITY OF A DOLLAR VALUE
u(X, X, X;)=u(X)=u(X,+aX,+bXj;)
U, A, AND B ARE REVEALED BY THE DECISION MAKER
* U BY THE CHOICES AMONG LOTTERIES
* a AND b AS VALUES TO HER (“WILLINGNESS TO PAY”)
OF LIVES AND TREES

ADVANTAGE: SIMPLICITY
DISADVANTAGE: THE UTILITY OF ALL THE TREES MAY NOT BE THE UTILITY
CORRESPONDING TO X3 Xb (THE LAST TREE MAY HAVE A VERY HIGH VALUE)
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10.3 MULTI-ATTRIBUTE APPROACH: A GENERAL DEFINITION
(REFERENCE: KEENEY AND RAIFFA.)

PROBLEM: CONSTRUCT A UTILITY FUNCTION OF THE MEASURE OF ALL ATTRIBUTES (CONTINUOUS,
MONOTONIC) FOR ALL VARIABLES.

SEVERAL APPROACHES:
[WEIGHTED SCORING PROCEDURES:  ASSIGN PRICES TO DIFFERENT ATTRIBUTES AND

CALCULATE EV OF WEIGHTED SUM OF SCORES; PROBLEM: ASSUMES RISK NEUTRALITY AND
DOES NOT ALLOW FOR CASES IN WHICH ATTRIBUTES ARE DEPENDENT (BACK TO SINGLE
ATTRIBUTE WITH LINEAR UTILITY FUNCTION). ]

MULTI-ATTRIBUTE-UTILITY THEORY (MAUT): MORE COMPLEX THAN WEIGHTED SCORING

TECHNIQUE, BUT NONE OF THE PROBLEMS.

zoo |
150 |
100

507

}Z\D:

10

Indifference N
N
curves 3 U constant

FIG. 10.2: MULTI-ATTRIBUTE UTILITY FUNCTION
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*  THE MULTI-ATTRIBUTE UTILITY SURFACE IS CONTINUOUS AND MONOTONIC WITH RESPECT TO

ALL ATTRIBUTES. (SAME AXIOMS)

*  WITH MORE THAN ONE ATTRIBUTE ONE MOVES FROM ONE LINE TO ONE (HYPER) SURFACE
U (X1, X205 Xn)-

* DEPENDING ON THE NATURE OF THE UNDERLYING UTILITY FUNCTION, THE ASSESSMENT OF THIS
SURFACE CAN BE EASY OR VERY COMPLEX.

*  HOw WOULD YOU ELICIT THE SHAPE OF THIS SURFACE FROM THE DECISION MAKER?
INDIFFERENCE CURVES FOR U = CT; USE OF LOTTERIES.

POSSIBLE SOLUTION:
CONSTRUCT UTILITY AS A FUNCTION OF THE MEASURES OF ALL ATTRIBUTES

GENERAL CASE:
U(Xp Xy ..op X); SET UMIN) = 0; UMAX) = 1

VARY GROUPS OF PARAMETERS ONE AT A TIME USING INDIFFERENCE CURVES
=> GENERATE SURFACES BY CUTS ALONG PLANES: U= CONSTANT

COMPLICATED [J ALMOST UNMANAGEABLE UNLESS ONE CAN MAKE SOME INDEPENDENCE
ASSUMPTIONS REGARDING THE PREFERENCES FOR THE DIFFERENT ATTRIBUTES.

10.4 BACKGROUND: STRUCTURE OF PREFERENCES
FROM PREFERENCE TO UTILITY

PREFERENCES:
* EVERY DAY DECISIONS
* DEAL WITH CERTAIN OUTCOMES
*  CAN EXHIBIT INDEPENDENCE — OR HIGH DEPENDENCE (BUY PC SOFTWARE IF YOU OWN A
MAC?)
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INDIFFERENCE CURVE. MARGINAL RATE OF SUBSTITUTION.

y A
N
d)/ GRADIENT OF THE UTILITY FIELD
.
X
FIG. 10.3: INDIFFERENCE CURVE.
N
ﬂd)ﬁ.ﬂdy:o (U ct); % :ﬂ = MRS
ox oy dy oU
17)4

THE SLOPE OF THE GRADIENT AT ANY GIVEN POINT (X, Y) REPRESENTS THE "PRICE" OF ONE
ATTRIBUTE WITH RESPECT TO THE OTHER AT THAT POINT.

THE GRADIENT OF THE UTILITY FIELD (0 U/ 0 X, 0 U/ @ Y) REPRESENTS THE WILLINGNESS TO TRADE
ONE ATTRIBUTE FOR THE OTHER FOR EACH STARTING POINT.
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GRADIENT FIELD REPRESENTATION OF PREFERENCES

EXAMPLE:

u = constant u=1

>
X

a 0.z 0.4 0.6 o.g ! 1

FIG. 10.4: PREFERENCE GRADIENT FIELD (X =v1-Y)
FROM ECONOMICS WE USE THE CONCEPTS OF “MARGINAL RATE OF SUBSTITUTION”("PRICE")
OR “INDIFFERENCE CURVE”
PREFERENCES CAN BE EXPRESSED IN A GRADIENT FIELD, SHOWING THE DIRECTION OF THE
ATTRIBUTE THAT IS “MOST WANTED” FOR A PARTICULAR BUNDLE OF ATTRIBUTES
DOES THIS PARTICULAR GRADIENT FIELD SHOW PREFERENCE DEPENDENCE OR
INDEPENDENCE?

INDEPENDENCE:

PREFERENCE FOR X (PAID IN Y'S) DOES NOT DEPEND ON Y OR ON LEVEL OF X

0 (0U/ 0X)=a

PREFERENCE FOR Y DOES NOT DEPEND ON X BUT DEPENDS ON THE LEVEL OF Y

EX: 0U/dY)=by+c EX: U=ax+by’+cy+d;U=ctO x=-ay’-By+y

[0 HERE, THE MRS IS CONSTANT FOR X AND VARIABLE FOR Y BUT INDEPENDENT OF X
HERE: U(x,y)=x+y2 U=10 y=vIx

X HAS A CONSTANT PRICE (IN TERMS OF AU)

Y HAS A VARIABLE PRICE IN TERMS OF AU (DEPENDENT ON THE Y LEVEL)

(HERE: “ADDICTION TO Y”)

THESE FIELDS REPRESENT THE ANSWERS OF THE DM TO THE QUESTIONS: “HOW MANY
APPLES ARE YOU WILLING TO PAY FOR AN ADDITIONAL ORANGE STARTING FROM X APPLES
AND Y ORANGES?”
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10.5 INDEPENDENCE ASSUMPTIONS FOR MULTI-ATTRIBUTE PROBLEMS

TWO ATTRIBUTES:

SIMPLE UTILITY INDEPENDENCE

ATTRIBUTES X;, X5

MEASURES Xj, X

X1 IS UTILITY-INDEPENDENT OF X2 WHEN CONDITIONAL PREFERENCES FOR LOTTERY ON X1
GIVEN X2 DO NOT DEPEND ON THE PARTICULAR LEVEL OF X2

(X1, X3) -
0.5 Same X,
< . it X 5
( laXZ)~ changes
0.5 to Xl2

Xp X)) (X fixed)

FI1G. 10.5: UTILITY INDEPENDENCE
implies U(X,,X,) = f(x,) + g(X,) x u(x,,x,°)
( )~(1 , X° CERTAIN EQUIVALENT FOR X, DXzo)
MUTUAL UTILITY INDEPENDENCE (IF UTILITY INDEPENDENCE IS TRUE BOTH WAYS)
THE CERTAIN EQUIVALENT FOR ONE ATTRIBUTE IS NOT INFLUENCED BY THE LEVEL OF THE

OTHER => SIMPLIFIES ENCODING (FIX ONE ATTRIBUTE, ENCODE THE UTILITY CURVE FOR THE
OTHER) U (X1, X2) = U; (X1) + Uz (X2)

THREE ATTRIBUTES:

PREFERENTIAL INDEPENDENCE

THE PAIR OF ATTRIBUTES X; AND X, IS PREFERENTIALLY INDEPENDENT OF X3 IF THE
CONDITIONAL PREFERENCES IN THE (X, X3) SPACE GIVEN X3 DO NOT DEPEND ON X3.

PREFERENCES AND TRADE-OFFS AMONG EACH PAIR OF ATTRIBUTES IS INDEPENDENT OF THE

OTHER ATTRIBUTES [J ONE CAN HANDLE THE ATTRIBUTES 2 BY 2 (IT SIMPLIFIES ENCODING).
(WEAK INDEPENDENCE). WE CAN FIX X3° AND USE INDIFFERENCE CURVES BETWEEN X; AND X».
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ADDITIVE INDEPENDENCE
Xl AND X2 ARE ADDITIVE-INDEPENDENT IF THE PAIRED PREFERENCE COMPARISON OF ANY TWO

LOTTERIES DEFINED BY TWO JOINT PROBABILITY DISTRIBUTIONS ON Xl X X2 DEPENDS ONLY

ON THEIR MARGINAL PROBABILITY DISTRIBUTIONS => ANY VARIATION IN ATTRIBUTE 1 CAN BE
COMPENSATED BY A VARIATION IN ATTRIBUTE 2 AND VICE VERSA.

NO “SYNERGIES”

X1, Xy: “HEAVEN” FOR BOTH ATTRIBUTES (MOST PREFERRED)
X'y, X'5: “THE PITS” FOR BOTH ATTRIBUTES (LEAST PREFERRED)

(X1, X2) 3
X, X
0.5 05 X X,
~N
0.5 0.5
X' 5 X') !
Xy X5 (X} X,)
FIG. 10.6: ADDITIVE INDEPENDENCE

Xl XZ
0.5 0.5
0.5 0.5

X' X',

FIG. 10.7: MARGINAL DISTRIBUTIONS FOR FIG. 10.6

MARGINAL DISTRIBUTION OF SECOND ATTRIBUTE X, IN L, ANDIN L, (0.5: X, 0.5: X',)
IMPLIES: U(X,, X,) = K,U;(X) +K,U,(Xy)
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FORM ALMOST ALWAYS USED BECAUSE ASSUMPTION OFTEN VERIFIED IN INDUSTRIAL SETTINGS.

IN THAT CASE, THE PROCEDURE FOR THE MULTI-ATTRIBUTE APPROACH IS:

*  DETERMINE SCALING CONSTANTS K, AND K, (FOR EXAMPLE, BY SETTING THE VARIABLES

AT EXTREME VALUES).
* DETERMINE UTILITY FUNCTIONS U, AND U, AS IN THE CASE OF THE SINGLE ATTRIBUTE

ASSESSMENT (FIXING THE OTHER VARIABLE AT CONVENIENT LEVEL).

ADDITIVE INDEPENDENCE CAN OCCUR WITH N ATTRIBUTES.

ADVANTAGE:
ALLOWS FOR DIFFERENT RISK ATTITUDES FOR THE DIFFERENT ATTRIBUTES.

DISADVANTAGE:
MORE DIFFICULT TO CONDUCT THAN SINGLE-ATTRIBUTE ANALYSIS. UNNECESSARY FOR

DIRECTLY (AND REVERSIBLY) MARKETABLE COMMODITIES (RISK ATTITUDE IS THAT OF
MONEY).

EX: THE DECISION TO CUT ALL THE TREES ALONG A SCENIC ROAD TO DECREASE THE NUMBER

OF VICTIMS IN CAR ACCIDENTS. (UNCLEAR WHETHER THERE WAS ADDITIVE INDEPENDENCE
BETWEEN VICTIMS AND TREES.)
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10.6 EXAMPLES

EXAMPLE 1: CHOICE OF A PIPELINE SITE

THREE ALTERNATIVE ROUTES FOR A PIPELINE THAT AFFECT AN ENDANGERED SPECIES. TOTAL

POPULATION 100,000 CREATURES. UNCERTAINTY ABOUT EFFECT ON CREATURES.

ALTERNATIVE 1 COSTS 70 MILLION

LOSS OF CREATURES IN 1,000

ALTERNATIVE 2 CosTS 100 MILLION

LOSS OF CREATURES IN 1,000

ALTERNATIVE 3 CosTS 120 MILLION
LOSS OF CREATURES IN 1,000

U=X, +1X; (DISUTILITY)

T T

L

| I

9 7

[

1 95
5 (PROBABIL.AND OUTCOMES)

60
s (PROBABIL. AND OUTCOMES)

20
5 (PROBABIL. AND OUTCOMES)

$ cOSTSINM NUMBER OF CREATURES LOST (IN THOUSANDS)

Losses

95
90.25

75
56.25

60
6.00

0.5 45
20.25

0.4 20
4.00

0.6 5
0.025

70 M
70 M

100 M
100 M

120M

120 M

I
m

|C
1]

()}

160.25
126.25 } 129.6

136.00

e

124
} 121.615
120.025

FIG. 10.8: CHOICE OF A PIPELINE SITE

BUT IF I CAN DECREASE THE COSTS OF ALTERNATIVE 3 BY SMU 115 M THEN EU ; =116.615
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EXAMPLE 2: ROOT BEER AND PEANUTS

(ADAPTED FROM KEENEY AND RAIFFA, 1976)

PROBLEM:

YOU ARE IN CHARGE OF ORGANIZING THE FOOD AND DRINK FOR THIS YEAR’S FINAL IN THE
FOOTBALL (AKA “SOCCER”) WORLD CUP. YOU KNOW THAT MOST OF YOUR EUROPEAN FRIENDS
WILL WANT TO ENJOY A GOOD BOTTLE OF ROOT BEER WITH THE GAME. AT THE SAME TIME, THEY
WILL WANT SOME PIZZA TO EAT. SO YOU HAVE TO PROVIDE FOR TWO THINGS: ROOT BEER AND
PIZZA. BUT HOW MUCH OF WHICH, GIVEN THAT YOU HAVE A LIMITED BUDGET?

FURTHERMORE, DEPENDING ON WHAT TEAM WILL WIN, YOU WILL EITHER NEED MORE ROOT BEER
OR MORE PIZZA!

X WILL BE THE LEVEL OF “ROOT BEER SHORTAGE;” SO X = 2 MEANS YOU SHOULD HAVE PROVIDED
FOR TWO MORE SIX PACKS. Y WILL BE THE LEVEL OF “PIZZA SHORTAGE;” SO Y = 2 MEANS YOU
SHOULD HAVE BOUGHT TWO MORE PIZZAS. IN THE BEST OF ALL WORLDS, YOU WOULD HAVE X = (
AND Y = 0; BUT THIS IS NOT THE BEST WORLD AND YOUR BUDGET ONLY ALLOWS YOU FOR SO
MUCH ROOT BEER OR PIZZA.

AFTER LONG DELIBERATION AND TALKS WITH YOUR FRIENDS, YOU HAVE COME UP WITH THE
FOLLOWING MULTI-ATTRIBUTE UTILITY FUNCTION (UTILITY INDEPENDENCE!):

U(X, Y) =0.72 U(X) + 0.13 Uy (Y) + 0.15 U (X) Uy (Y)
Ux(x)=1+0.375 (1 - V7%
Uy (Y)=1+2.033 (1-¢"%)

YOU HAVE TWO POSSIBLE ALTERNATIVES: GO HEAVY ON THE ROOT BEER OR GO STRONG ON THE
PIZZA. THE PROBLEM IS THE OUTCOME OF THE WORLD CUP FINAL. IF CAMEROON WINS, YOUR
EUROPEAN FRIENDS WILL WANT MORE PIZZA, YET IF GREAT BRITAIN WINS, THEY WILL WANT
MORE ROOT BEER. THE DECISION TREE DEPICTS YOUR SITUATION:
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Root beer Pizza
C shortage  shortage U (X.Y)
ameroon ) ) 091
4 .
Heavy on 4 0.69
pizza
Root
Beer
Heavy on 0 8
root beer 0.79
EU, 0.3
Great Britain 1 0 0.95

FIG. 10.9: ROOT BEER OR PIZZA?

10.7 ENCODING

ASSUME ADDITIVE INDEPENDENCE
[1 ENCODING OF SINGLE ATTRIBUTE UTILITIES

EXERCISE: CONSTRUCTION OF JACK’S UTILITY CURVE. AN ALTERNATIVE TO ASKING FOR A
CERTAIN EQUIVALENT (CE). FIX CE AND OUTCOMES AND ASK FOR PROBABILITY.

QUESTION 1:

$1000

P?
$500 ~ for Jack

0

F1G. 10.10: QUESTION 1

JACK’S ANSWER: P=0.7
0 U (500)=EU=0.7
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QUESTION 2:

$500
P P?
A: p=0.6
3230 1-P U U (250)
= 0.42
0
F1G. 10.11: QUESTION 2
U
I — o,
0.7 - ; _,’/
/// |
Ve |
// !
0.5+ o !
0.42 /? '
;s ! |
0.25__ é ! :
/ \ X
I, | |
[ :
0 250 500 1,000

FI1G. 10.12 JACK’S UTILITY CURVE
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SECTION 11

COLLECTIVE DECISION MAKING AND DECISIONSIN THE PUBLIC
SECTOR

READINGS: PATE-CORNELL, “ACCEPTABLE DECISION PROCESSES AND ACCEPTABLE RISKS IN
PUBLIC SECTOR REGULATION.”

TRIBUS, “DECISION ANALYSIS APPROACH TO SATISFYING THE REQUIREMENTS OF THE
FLAMMABLE FABRICS ACT.” (OPTIONAL READING)

FISHBURN, “FOUNDATIONS OF DECISION ANALYSIS: ALONG THE WAY” (OPTIONAL READING).

11.1 CASE OF SEVERAL DECISION MAKERS

DESCRIPTIVE VS. NORMATIVE ANALYSIS

DESCRIPTIVE (PROCEDURAL) APPROACH

*  BARGAINING PROCESS. CAN BE DESCRIBED IN SOME CASES THROUGH GAME THEORY. RESULT
DEPENDS ON BARGAINING POWER, GOOD WILL, AND INDIVIDUAL RESOURCES (OR RESOURCES
OF EACH COALITION).

* VOTE. INFLUENCE OF INFORMATION (E.G., COLLECTIVE MEMORY). RESULTS IN THE PUBLIC
SECTOR (GOVERNMENT): DECISIONS ARE OFTEN RISK-AVERSE AND CYCLICAL.

NORMATIVE (ANALYTICAL) APPROACH

PROBLEM: HOW SHOULD THE COLLECTIVITY MAKE DECISIONS FOR A GROUP OF INDIVIDUALS,

GIVEN THEIR PARTICULAR UTILITY FUNCTIONS?

CASE OF GOVERNMENT DECISIONS:

*  WHAT SHOULD BE THE GOVERNMENT’S RISK ATTITUDE?

*  WHAT SHOULD BE ITS WILLINGNESS TO PAY FOR THE VARIOUS ATTRIBUTES OF A MULTI-
ATTRIBUTE DECISION PROBLEM? (CALIBRATION)

NOTE: RISK ATTITUDE VS. WILLINGNESS TO PAY:
A VOCABULARY PROBLEM, IN PARTICULAR, IN THE PUBLIC SECTOR.
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Disutility

(wtp)
’ (wip) 4 _ (Wtp) 4 )

2. Risk 3. Risk
1. Risk Indifference Prone
Aversion
Losses per eve%t Losses per eve’nt Losses per eve?t
FIG. 11.1;: PROBLEM WITH CLASSICAL DEFINITION OF RISK ATTITUDES
ADVANTAGES OF EACH

1. RISK AVERSION
FITS THE POLITICAL PROCESS BASED ON VISIBILITY.

2. RISK INDIFFERENCE
EQUALLY PROTECTS POTENTIAL VICTIMS REGARDLESS OF THE TOTAL NUMBER OF
CASUALTIES (EQUITY ARGUMENT).

3. RISKPRONE
MAY FIT THE POLITICAL PROCESS FOR LARGE DISASTERS WHERE ADDITIONAL LOSSES
BECOME LESS OVERWHELMING.

11.2 ARROW’'SIMPQOSSIBILITY THEOREM
INDIVIDUALS HAVE "UTILITIES". GROUPS DON'T.

PROBLEMS WHEN TRYING TO CONSTRUCT A COLLECTIVE UTILITY (WITHOUT “CROSS-UTILITIES” OR
A DICTATOR).

THE AXIOMS OF RATIONALITY OF CHOICES CANNOT APPLY TO GROUPS

ARROW HAS SHOWN THAT THE FOLLOWING 5 PROPERTIES ARE INCOMPATIBLE.

GIVEN THE RANKINGS OF A SET OF ALTERNATIVES BY EACH INDIVIDUAL IN A DECISION MAKING
GROUP, THERE IS IN THE GENERAL CASE NO COLLECTIVE RANKING OF THOSE ALTERNATIVES THAT
DOES NOT CONTRADICT ONE OF THE (VERY REASONABLE) FOLLOWING ASSUMPTIONS:

(A) COMPLETE DOMAIN
AT LEAST TWO INDIVIDUALS, THREE ALTERNATIVES, ALL PREFERENCES DEFINED. (NON
TRIVIAL PROBLEM)
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(B) POSITIVE ASSOCIATION OF SOCIAL AND INDIVIDUAL ORDERING
IF THE GROUP ORIGINALLY PREFERRED A TO B AND IF ANY CHANGE IN THE INDIVIDUALS’
TASTES IS (IF ANYTHING) IN FAVOR OF A, THE GROUP STILL PREFERS A TO B.
(REINFORCEMENT OF PREFERENCE)

(C) INDEPENDENCE OF IRRELEVANT ALTERNATIVES
[F AN ALTERNATIVE IS ELIMINATED FROM THE POSSIBLE SET, THE GROUP ORDERING IS
UNCHANGED FOR THE OTHER ALTERNATIVES.

(D) INDIVIDUAL'S SOVEREIGNTY
FOR EACH PAIR OF ALTERNATIVES A AND B, THERE CAN BE SOME SET OF INDIVIDUAL
ORDERINGS SUCH THAT THE GROUP PREFERS A TO B. (ALL OPTIONS CAN BE PREFERRED;
PREFERENCES ARE NOT DICTATED BY THE PROCESS)

(E) NONDICTATORSHIP
THERE IS NO INDIVIDUAL WITH THE PROPERTY THAT WHENEVER HE (OR SHE) PREFERS A
TO B THE GROUP WILL ALSO PREFER A TO B, REGARDLESS OF OTHERS’ PREFERENCES.
(PREFERENCES ARE NOT DICTATED BY AN INDIVIDUAL)

A, B, C, D, AND E AREINCOMPATIBLE
THERE IS AN UNAVOIDABLE ISSUE: THE GROUP’S UTILITY FOR INDIVIDUAL UTILITIES.

CLASSICAL DECISION PROCESSES (E.G., MAJORITY VOTE) VIOLATE THE AXIOMS OF
RATIONALITY.
ILLUSTRATION:
NONTRANSITIVITY (CIRCULARITY) OF VOTES
EXAMPLE:
THREE DECISION MAKERS: PETER, JOHN, AND PAUL
THREE OUTCOMES A, B, AND C
PETER’S PREFERENCE | JOHN’S PREFERENCE | PAUL’S PREFERENCE
A>B>C C>A>B B>C>A
VOTE (MAJORITY):
A>B (PETER & JOHN)
B>C (PETER & PAUL)
C>A (JonN & PAUL)
CIRCULARITY: A>B>C>A
BY A MAJORITY-VOTE MECHANISM, THE GROUP CAN BECOME “A MONEY PUMP.”
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11.3

* INDIVIDUALS CAN HAVE PREFERENCES IN THE VON NEUMANN SENSE. GROUPS DO NOT.

BUT GROUPS CAN FIND COMPROMISES AND HAVE SOCIAL VALUATION FUNCTIONS.

* THESE FUNCTIONS INCLUDE INTERPERSONAL COMPARISON OF PREFERENCES (INDIVIDUALS’

STRENGTHS OF PREFERENCES).
* THEY CAN ALSO AGREE ON DECISION PROCESSES.

GROUP VALUATION FUNCTIONS
WITH THE FOLLOWING ASSUMPTIONS:

(1) PREFERENTIAL INDEPENDENCE OF EACH PAIR OF OUTCOMES WITH RESPECT TO THE
OTHERS FOR THE WHOLE GROUP (PREFERENCES BETWEEN A AND B INDEPENDENT OF C).

(2) ORDINAL POSITIVE ASSOCIATION (IF A AND B ARE ORIGINALLY EQUALLY PREFERRED,
AND IF A IS REPLACED BY A' WHICH SOME OF THE MEMBERS OF THE GROUP PREFER TO
A WHILE OTHERS ARE INDIFFERENT BETWEEN A AND A', THEN THE GROUP PREFERS A'
TO B)
THEN, THE VALUE FUNCTION OF THE GROUP HAS THE FOLLOWING FORM:

v(X) = D v (w(X)

WHERE Ui (X) REPRESENTS THE UTILITY FUNCTION OF EACH OF THE INDIVIDUALS,
O

Vi REPRESENTS A MONOTONIC CONTINUOUS TRANSFORMATION, CHARACTERISTIC OF

THE FUNCTION THAT THE GROUP APPLIES TO THE PREFERENCES OF INDIVIDUAL 1 AT

DIFFERENT LEVELS OF SATISFACTION.
FOLLOWING ANOTHER SET OF “REASONABLE” ASSUMPTIONS: k; REPRESENTS THE “WEIGHT”
OF EACH INDIVIDUAL IN THE GROUP. MARGINAL A OF UTILITY FOR EACH INDIVIDUAL AND FOR

ALL RANGES OF OUTCOMES EQUALLY AFFECT V(X).

0 COMMONLY USED FORM:

v(X) = Z ku;(X) (linear form)

[0 THREE STEPS IN FORMULATION OF A GROUP VALUATION FUNCTION:
*  SPECIFY ALL OUTCOMES AND OBJECTIVES: XS

*  ASSESS INDIVIDUALS’ UTILITY FUNCTIONS OVER X = {X|'S}
* AGGREGATE UTILITY FUNCTIONS (E.G., BY ASSESSING WEIGHTS FOR INDIVIDUALS’
UTILITIES)
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ExAMPLE OF A COLLECTIVE CHOICE

CHOICE OF A RESTAURANT
. JOHN MARY
State variable;
uality of meal
q y U, U,
Decision
Variable
EXCELLENT () 5 50 100
MEDIOCRE ().5 0 20
EXCELLENT () 3 100 80
MEDIOCRE (7 10 40
CHINESE EXCELLENT (6 100 20
MEDIOCRE () 4 50 0

FIG. 11.2: COLLECTIVE CHOICE (TWO DECISION MAKERS)

VALUES OF DINNER ALTERNATIVES FOR THE GROUP
ITALIAN  CHINESE  FRENCH

(A) V(X)=V" (U)+V (U 0.6032 0.6454 0.6521
(B) V(x)=U;+U, 85 92 89

(C) V(X)=3V* (U) + 7V* (Uy) 3.4 2.37 3.54
(D) V(x)=3Ul+702 495 324 475
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HOwW THE GROUP VALUESTHE UTILITY OF EACH MEMBER:

V*(U)

0.6*

FIG. 11.3: COLLECTIVE VALUATION OF TWO UTILITY FUNCTIONS FOR A SPECIFIED GROUP

NOTE: THE GROUP REPRESENTED HERE IS “RISK AVERSE” WITH RESPECT TO THE UTILITIES
OF ITS MEMBERS, L.E., THEY CARE MORE ABOUT SECURING A CERTAIN LEVEL OF HAPPINESS.

(A) v(X) = v*(U) + v*(U,) — FRENCH
B) v(X) = U, + U, — CHINESE
(C) v(X) = 3Vv*(U) + 7V*(Uy — FRENCH
(D) v(x) = 3u,+ 70, — ITALIAN

IMPLICATION: THE GROUP AGREES TO BEHAVE AS A SINGLE DECISION MAKER FOLLOWING A
PROCESS THAT LEADS TO V(X) AND THE MAXIMIZATION OF EV (X).

11.4 DECISIONSIN THE PUBLIC SECTOR
PROBLEM OF SCALE IN LINEAR AGGREGATION

*  SOCIAL VALUATION FUNCTION REFLECTS INTERPERSONAL COMPARISONS.
AGGREGATION MECHANISM REFLECTS PHILOSOPHICAL STANDPOINT (RELATIVE WEIGHT OF
INDIVIDUALS).

*  VALUES AT STAKE IN THE AGGREGATION PROCESS: INDIVIDUAL FREEDOM (TO ACCEPT OR

NOT ACCEPT COLLECTIVE DECISION) VS. SOCIAL JUSTICE (EQUAL WEIGHT TO EACH PERSON

OR MORE WEIGHT TO THE LEAST WELL OFF, AND THE TRANSFERS THAT IT IMPLIES).
* ISSUES:

RISK ATTITUDE VS. TOTAL INCOME (RESOURCES).

TRADE-OFFS AMONG THE DIFFERENT ATTRIBUTES.

REDISTRIBUTION EFFECTS (AMONG INDIVIDUALS).
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* PROBLEM: INDIVIDUAL RISK ATTITUDE DEPENDS ON RESOURCE CONSTRAINTS AND ON
AVAILABLE INFORMATION (AND PERCEPTION) ABOUT THE ISSUES AND ALTERNATIVES.

* ETHICAL ISSUE: IMPORTANCE OF INFORMED CONSENT.

*  ALTERNATIVE NORMATIVE APPROACH: NORM ON THE DECISION PROCESS (WITH RISK-

BENEFIT ESTIMATES AS PART OF THE INFORMATION). EXAMPLE: VOTING PROCESS WITH
EQUAL VOTE POWER TO ALL INDIVIDUALS.

THE GOVERNMENT AS A “SUPER DECISION MAKER”

AN ANALYTICAL NORMATIVE APPROACH: WHAT SHOULD BE THE GOVERNMENT RISK ATTITUDE
AND THE GOVERNMENT TRADE-OFFS AMONG ATTRIBUTES, GIVEN INDIVIDUAL PREFERENCES?

*  GOVERNMENT RISK ATTITUDE
IF THE LEVEL OF THE OUTCOMES IS MUCH LOWER THAN THE LEVEL OF THE COUNTRY
RESOURCES, THE GOVERNMENT SHOULD BE RISK INDIFFERENT (EVEN THOUGH INDIVIDUALS

ARE OFTEN RISK AVERSE).

ARGUMENTS:
*  MAXIMIZES EXPECTED RETURN ON THE WHOLE SET OF PUBLIC PROJECTS IN THE LONG
RUN.
* EQUITY REASONS: IN THE CASE OF HUMAN SAFETY, THE POTENTIAL VICTIMS SHOULD
BE EQUALLY PROTECTED INDEPENDENTLY FROM THE PERCEPTION BIASES INTRODUCED
BY THE SIZE OF THE POSSIBLE OUTCOMES.

e GOVERNMENT TRADE-OFFS AMONG THE DIFFERENT ATTRIBUTES COULD BE BASED ON THE
AVERAGE “WILLINGNESS TO PAY”’ AMONG THE DIFFERENT INDIVIDUALS.

ARGUMENTS:
* USES GLOBALLY FOR EACH ATTRIBUTE WHAT THE TOTAL POPULATION IS WILLING TO
INVEST.
*  (GIVES EQUAL WEIGHT TO ALL CITIZENS.

IN PRACTICE:
ELECTED OFFICIALS MAKE DECISIONS ACCORDING TO THEIR OWN PREFERENCES
(DELEGATION THROUGH VOTES). TIME VALUE AND DISCOUNTING MAY BE INFLUENCED BY
ELECTION SCHEDULE. MAKE SURE THAT “FACTS MATTER” - WHAT AND HOW MUCH ARE
WE TALKING ABOUT? IF PERCEPTION IS REALITY, MAKE SURE THAT PERCEPTION IS
INFLUENCED BY FACTS.
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* DISTRIBUTION EFFECTS
QUESTION OF REALLOCATION OF RESOURCES (WHO PAYS VS. WHO BENEFITS) IN THE
DOMAIN OF RISKS. SAME ISSUES AS THOSE RAISED BY TAX POLICIES. SIMILAR POLITICAL
AND PHILOSOPHICAL QUESTIONS.

* ETHICAL ISSUE: ENVIRONMENTAL EQUITY.

IS COMPENSATION THE RIGHT MECHANISM? ARE ALL PARETO-OPTIMAL DEALS ETHICAL
AND SOCIALLY ACCEPTABLE?

115 RISK ATTITUDE REVEALED BY PUBLIC REACTIONS

Disutility A Cause: Cause:
or Increasing "Saturation"?
Information Awareness?
effect?
I
Risk Risk O\ !
Aversion Prone |
< < >|
Increasing / Decreasing |
Reaction to Reaction to |
Additional Additional
Victims Victims |
| I
| I
| I
| I
I
° k >
R/\ K/\ ; Casualties
] victim 50 victims 5000 victims
in a car in a bus In an
accident accident earthquake

FIG. 11.4: PREFERENCES GENERALLY REVEALED BY THE PUBLIC
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