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1.0.1

The Laplacian matrix and its spectrum

Let G = (V, E) be an undirected graph with n = |V | vertices and m = |E| edges. The adjacency matrix AG
is defined as the n × n matrix where the non-diagonal entry aij is 1 iff i ∼ j, i.e., there is an edge between
vertex i and vertex j and 0 otherwise. Let D(G) define an arbitrary orientation of the edges of G. The
(oriented) incidence matrix BD is an n × m matrix such that qij = −1 if the edge corresponding to column
j leaves vertex i, 1 if it enters vertex i, and 0 otherwise. We may denote the adjacency matrix and the
incidence matrix simply by A and B when it is clear from the context.
One can discover many properties of graphs by observing the incidence matrix of a graph. For example,
consider the following proposition.
Proposition 1.1. If G has c connected components, then Rank(B) = n − c.
Proof. We show that the dimension of the null space of B is c. Let z denote a vector such that z T B = 0.
This implies that for every i ∼ j, zi = zj . Therefore z takes the same value on all vertices of the same
connected component. Hence, the dimension of the null space is c.
The Laplacian matrix L = BB T is another representation of the graph that is quite useful. Observe that

i=j
 degree(i)
−1
i∼j
lij =

0
otherwise
You can also write L = D − A where D is the diagonal n × n matrix where dii equals the degree of i in G.
Proposition 1.2. The Laplacian matrix L is positive semi-definite and singular.
Proof. Let λ be an eigenvalue v its corresponding eigenvector:
λ = v T Lv = (v T Q)(QT v) = (QT v)T (QT v) ≥ 0.
Furthermore, L is singular since the summation of entries in every column is zero.
We can write the eigenvalues of L as
0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1
One can also derive the eigenvalues using the following quadratic form. For a vector x, we have
X
xT Lx = xT QQT x =
(xi − xj )2
i∼j
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The variational characterization of eigenvalues gives a way of estimating eigenvalues as solutions of an
optimization problem.
 |

x Ax
λk =
min
max
: x ∈ span{x1 , . . . , xk }
(1.1)
x1 ,...,xk orthogonal x6=0
x| x
 |

x Ax
=
max
min
: x ∈ span{x1 , . . . , xn−k+1 .
x1 ,...,xn−k+1 orthogonal x6=0
x| x
The spectrum of the Laplacian incorporates
a number of combinatorial properties of the graph. For example,
Pn−1
it is easy to check that tr(L) = i=0 λi = 2m. How about the product of eigenvalues? The answer is far
more interesting:
Qn−1
Theorem 1.3. n1 i=1 λi = the number of spanning trees of G.

1.0.2

The matrix-tree theorem

Let Lii denote the (n − 1) × (n − 1) matrix obtained by removing row and column i from L. The proof of
the theorem directly follows from the following.
P
Theorem 1.4 (The matrix-tree theorem).
i det(Lii ) = the number of spanning trees of G.
Proof. Let C denote the matrix obtained by removing row and column i from Q. Since L = QQT , we get
that Lii = CC T . By Cauchy-Binet formula, we have
X
det(Lii ) =
det(N ) · det(N T )
N

where N iterates over all (n − 1) × (n − 1) submatrices of C. In other words, selecting N corresponds to
selecting n − 1 edges. The following claim shows that det(N )2 is an indicator variable for a choice of N which
takes the value 1 if N corresponds to a spanning tree, and 0 otherwise. Thus, the right-hand summation of
the above equation is a count of the total number of spanning trees.
Claim 1.5. det(N ) = 0 if the corresponding edges have a cycle, ±1 otherwise.
Proof. Suppose there is a cycle among the edges corresponding to N . The columns that form the cycle are
not independent and therefore N does not have a full rank. Hence, det(N ) = 0 if the edges corresponding
to N have a cycle.
On the other hand, suppose N is acyclic. We re-label the vertices (rows) and the edges (columns) to form a
lower triangular matrix from N . We start with k = 1. We pick an arbitrary leaf from the tree that is not the
original vertex i. We re-label the vertex and the attached edge as k. We remove the leaf from the tree and
we increase k. We repeat this process until all vertices (except the original vertex i) are labeled. Observe
that by construction, the matrix is lower rectangular and the diagonal entries are either 1 or −1. Therefore
the determinant of such a matrix is either +1 or −1.

For any square matrix M , the characteristic polynomial is defined as pM (t) = det(tI − M ). It is easy to see
that the roots of the characteristic polynomial are the eigenvalues of the matrix.
The second ingredient we need is the following lemma.
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Lemma 1.6.

Qn−1
i=1
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λi =

P

i

det(Lii ).

Proof. Consider L’s characteristic polynomial
pL (t) = det(tI − L) = t(t − λ1 ) · · · (t − λn−1 ).
The coefficient of t in this polynomial
is (−1)(n−1)
P
(n−1)
coefficient also equals (−1)
i det(Lii ).

Qn−1
i=1

λi . We prove the lemma by showing that this

Indeed, we can prove a stronger property. The following inequality can be driven by standard algebraic
techniques. For every two square matrices A and B, we have
X
det(A + B) =
det(AS , BS )
S

where S iterates over every non-empty subset of {1, . . . , n}. Applying this formula on det(tI + (−L)), we
get pL (t) equals summation det((tI)S , (−L)S ). Observe that det((tI)S , (−L)S ) = αt|S| for some constant α.
Therefore the coefficient of tk in pL (t) is
X
(−1)n−k
det(principal minors of size n − k)
This implies that the coefficient of t is (−1)(n−1)

P

i

det(Lii ), as desired.

