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Definition of Derivative

Let F(x) be a real-valued function of one real variable x. The derivative Is defined as:
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Definition of Derivative

Let F(x) be a real-valued function of one real variable x. The derivative Is defined as:
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Definition of Derivative

Let F(x) be a real-valued function of one real variable x. The derivative Is defined as:

dF F(z + Az)— F
F'(z) = — = lim (z + Az) ()
daj Az—=0 ACE NB: these three steps, in this specific
con.mputation, represp,)er’wt Nevvtgn’s most
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Interpretation as Local Slope

F’(x) is the slope of the line that Is tangent to the graph of F(x) at x:

Suppose that line is:
y=mx+b

Then:

F(x)=F'(x)x +b

So:

b=F(z)— F'(z)x



Interpretation as Local Slope

F’(x) is the slope of the line that is tangent to the graph of F(x) at x:

F(x) = x"~2 F(x)=x"3
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Higher Derivatives

The nth derivative is the derivative of the (n-1)st derivative:

= = (P (@)

P () = dx™ dx




Higher Derivatives

E.g., second derivatives:
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Crrtical Points and Local Optima

Critical points are those x* such that:

de‘ r=x*
- F(x) = X2
— F
20| — slope
— d2F
% 15|
=
L
=2 10
S
5}
) ~_
-6 =4 2 0

value of x



Crrtical Points and Local Optima

Critical points are those x* such that:

value of F(x)
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Crrtical Points and Local Optima

Critical points are those x* such that:

value of F(x)
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Critical Points and Local Optima

Crrtical points are those x* such that:

dF
il — 0
dZB r=x*
Second derivative test:
local maximum, if d2F / dx? < 0
critical point ™ = ¢ local minimum, if d*F/dx? > 0
saddle point (maybe), if d*F/dz* =0
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Taylor Series

Let's say we wanted to approximate a function F around a point X0 as a
series in Ax:

constant term quadratic term

F(.CE‘() -+ ACE‘) :+‘a1Aa;| —|—‘CL2 [AZE]Q‘ —|—‘CL3 [AZE]S‘ + ...

linear team cubic term
©.@)
= E a;| Az’
1=0

Firstofal: Ax =0 — ag = F(LBQ)

| dF = i1
Then: @(xOA—Ax) = a1 + 2a0Ax + . .. :i:erai[Aa:]
dF
So: Ar=0— a1 = .
L =T




Taylor Series
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Taylor Series
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Taylor Series
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Taylor Series
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Taylor Series

Let's say we wanted to approximate a function F around a point X0 as a
series in Ax:

F(zo+ Azx) = ag + a1 Az + as[Azx]® + as[Ax]® + ...

=) ap[Ax]”

1 d*F
=2 |, Al
k=0

=T

Taylor Series Approximation
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Taylor Series
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Taylor Series

| et’s calculate the derivative of the sine function.
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Taylor Series

| et’s calculate the derivative of the sine function.
F(z) = sin(x)

sin(x + Ax) — sin(x)

/ o .
Pl = 0, Au
. sin(z) cos(Azx) + cos(zx) sin(Az) — sin(x)
= lim
Azx—0 Ax
o . cos(Az) —1{ . sin(Ax)
I PR R M Vi

So now we need to calculate these two Iimits



We'll use the Taylor Series concept to calculate the first limit.
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Cosine’s Taylor series around O is:
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Taylor Series

Cosine’s Taylor series around O is:

cos(Az) = cos(0) + a; cos’(0)Ax + as cos” (0)(Ax)? +

Now, €eos(x) is an even function around O:
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Taylor Series

Cosine’s Taylor series around O is:
cos(Ax) = cos(0) + ay cos’ (0) Az + as cos” (0)(Ax)* +

Now, €eos(x) is an even function around O:

\ /\ / cos(x) = cos(—)
v \/ Thus: Actually:

a1 =0 a; =0 all 2 odd

-1

So cosine’s Taylor series is:

cos(Azx) =1+ as cos” (0)(Ax)? +



Taylor Series

Since

cos(Az) =1+ ascos”(0)(Ax)* + ...
we have:

_ Z 2
lim cos(Azx) — 1 _ iy 92008 (0)(Ax)

Ax—0 Ax Ax—0 Ax




Taylor Series

Since
cos(Az) =1+ ascos”(0)(Ax)* + ...
we have:
_ OOV (A2
lim cos(Ax) — 1 _ iy 92008 (0)(Ax)
Ax—0 Ax Axz—0 Ax

[ "(0)A
Jim as cos (0)Ax



Taylor Series

Since
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Taylor Series

Since
cos(Az) =1+ ascos”(0)(Ax)* + ...
we have:
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Taylor Series

Since
cos(Az) =1+ ascos”(0)(Ax)* + ...
we have:
lim cos(Ax) — 1 i 32 cos” (0)(Ax)?
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Taylor Series

Since

cos(Ax) =1+ ay cos” (0)(Az)* + ...

we have: \
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Taylor Series

Since
cos(Ax) =1+ ay cos” (0)(Az)* + ...
we have:
. cos(Azx) —1
| —
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Taylor Series
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Assume circle iIs radius | Ss=r*O =6
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Assume circle 1s radius |

But obviously, the lengths:
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Taylor Series

Assume circle 1s radius |

But obviously, the lengths:

S\ <
So:

sin(6)

AN

0 < tan(0)

When © — 0, cos(O) — |, so:

Thus:

1 <

Y - tan(6)

— sin(f) — cos(6)

0
1 < lim — <1
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Taylor Series

Assume circle 1s radius |

But obviously, the lengths:

2\ -

So: Thus:
sin(6)

0 tan(0) 1
0 < tan(0) S $in(0) = cos(f)  cos(6)

AN

When 6 = 0,cos(0) = 1,500 1 < lim — <1 BEAUTIFUL!!
6—0 sin(6)




Taylor Series

So: Thus:

sin(6) 0 tan(6) 1

0 < tan(0) 1< sin(6) = cos(f) N cos(6)

AN

When 6 = 0,cos(0) = 1,500 1 < lim — <1 BEAUTIFUL!!
6—0 sin(6)



Taylor Series

Anyway, we finally have:

sin’(x) = cos(x) A1im

0
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cos(x)




Taylor Series

Anyway, we finally have: = |

sin’(x) = cos(x) Alimo > A:z;x) =|cos(x)
Similarly we can show:
sin” () = cos’(z) = — sin(x)
Thus:
sin® (2) = — cos(z)
And:

sin(z) = sin(x)



Taylor Series

With that in mind we can calculate full Taylor series’ for sine and cosine (around O):
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Taylor Series

With that in mind we can calculate full Taylor series’ for sine and cosine (around O):
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Taylor Series

With that in mind we can calculate full Taylor series’ for sine and cosine (around O):

1
sin(z) = sin(0) + sin’(0)x + 5 sin®(0)a? + ...

1 1
= 0 + cos(0)x — 5 sin(0)z* — 2 cos(0)x” + ...
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Taylor Series

With that in mind we can calculate full Taylor series’ for sine and cosine (around O):

1
sin(z) = sin(0) + sin’(0)x + 5 sin®(0)a? + ...

RPN |

= 0+ cos(0)x — 5 sin(0)x” — o cos(0)x” + ...
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Taylor Series

With that in mind we can calculate full Taylor series’ for sine and cosine (around O):

1
sin(z) = sin(0) + sin’(0)x + 5 sin®(0)a? + ...

1 1
= 0 + cos(0)x — 5 sin(0)z* — 2 cos(0)x” + ...

X X
— | -

3! 5l

o0
27,—|—1

— 2@+1

1

And similarly: cos(x) = Z ( ,) 72



Chain Rule

Assume we have a function that's a composition of functions:

Then the chain rule says:
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Proof of the Chain Rule:

Since by definrtion:

f'(x) = lim /

we have:

f(z+ Az) ~ f'(z)Az + f(z)

thus \—/



Chain Rule

Proof of the Chain Rule:

dh(x) _ lim h(xz + Ax) — h(x)
dx Ax—0 Az
L glf(e+ Ax) — g(f ()
Azxz—0 Ax

P @A+ f(@) — g(f(x)

Ax—0 AZL’



Chain Rule

Proof of the Chain Rule:
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Chain Rule

Proof of the Chain Rule:

dh(x) _ lim h(xz + Ax) — h(x)
dx Az—0 Ax
o alf(e+ Ax) — g(f(2))
Ax—0 Ax
g @A f(a) - gl (a)
Ax—0 Ax

Now apply the same reasoning to g and treating f’(x)Ax as the “new Ax’" and
f(x) as the "new X

g(f'(@)Az + f(x)) ~ ¢'(f (@) [ (x) Az + g(f(z))

thus \—/



Chain Rule

Proof of the Chain Rule:

dh(x) h(xz + Ax) — h(x)

dx :Alsiclgo Ax
o alf(a ot Ar) — g(f(@))
Ax—0 Ax
P @A+ f(@) — g(f(@)
Ax—0 Ax
o S @) @A+ g(f (@) ~ 9 (@)

Ax—0 AZC



Chain Rule

Proof of the Chain Rule:

dh(x) h(xz + Ax) — h(x)

dx :Alsiclgo Ax
ol Ax) — g(f(x)
Ax—0 Ax
P @A+ f(@) — g(f(@)
Ax—0 Ax
o S @) (@) + g (@) — g(f(x)
Ax—0 Ax

=g (f(x))f (x)
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flx + Azx) = f(z) + f'(z)Az + (Az)” - (something)

where the “something” doesn't blow up to infinity when Ax — 0.

In other words, f(x) + f’(x)Ax is the “approximation of f(x+ Ax) to first order in
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Chain Rule

But walrt, what exactly did | mean by:
flz+ Az) ~ f'(z)Az + f(2)
The right way to interpret this is actually in terms of Taylor Series. Really, | meant:

flx + Azx) = f(z) + f'(z)Az + (Az)” - (something)

where the “something” doesn't blow up to infinity when Ax — 0.

In other words, f(x) + f’(x)Ax is the “approximation of f(x+ Ax) to first order in
Ale

Really, the proof of the Chain Rule Is essentially a nested set of two Taylor Series
approximations, one for f and the other for g.
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Let F(Xx, y) be a real-valued function of two real variables x and y.
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Multi-variable Functions

Let F(Xx, y) be a real-valued function of two real variables x and y. By def'n:

0x Ax—0 Ax
F F Ay) — F
F, = OF(z,y) _ .~ Flz,y+Ay) — F(z,y)
(9y Ay—0 Ay

Partial derivative Is w.rit. X is just derivative of the function holding y constant

... and vice versa for partial derivative w.rt. y



Multi-variable Functions

function value -- F(x, y) = x"2 + y*2 x derivative y derivative
8
b .
1"",-' 5
¥ { .
F 3
2
F 1
0
%"

y derivative

x derivative

function value -- F(x, y) = x**2 4 y**2 * x

T

SNB®Z




Multi-variable Functions

We can also calculate second partial derivatives:




Multi-variable Functions

We can also calculate second partial derivatives:




Multi-variable Functions

Let F(xI, x2, ..., Xn) be a real-valued function of n variables.

The “gradient of F" is the n-vector-valued function:

OF

VE(@) = |5~

7),..., 2 (7)




Multi-variable Functions

Let F(xI, x2, ..., Xn) be a real-valued function of n variables.

The “gradient of F" is the n-vector-valued function:

. [oF _ OF
VFI(T) = | —(T),. (1')
(92171 833n |
the "hessian” - 92 ¢ o2 f o2 f o2 f
matrix 8%1 Ox1 8:1318:132 Ox1 83:3 O0x10x,
0° f 0° f 0° f 0° f
8:1528:1;1 833‘28332 856285133 8x28xn
H|f] = . . . .
shape = 52 f 52 f 92 f o2 f
(n, n) 91,011 Ox,0x2 OT,0T3 L1, OT 1, -




Multi-variable Functions

function rtself (“Oth”-derivative):

n
F:R"— R
gradient (| st derivative):
OF OF
VF(Z)=|—(),..., — (&
( ) 6%1( )7 7axn( )
shape = (n,)
hessian (2nd derivative):
- 82f 82f 82f 82f -
Ox10x1 0x10xo 0x10x3 T 0x10x,
o f o f o f o f
H[f] _ O0xo0x1 0x20xo Ox20x3 e Ox20x,
8éf 8éf 8éf 8éf
L 0x,,0x1 0x,0xo 0x,0xs3 T 0x, 0%, -

shape = (n, n)

VF :R" — R"

H[F]:R" — R™"



Multi-variable Functions

function rtself (“Oth”-derivative):

n
F:R"— R
gradient (| st derivative):
OF OF
VF(Z)=|—(),..., — (&
( ) 6%1( )7 76$n( )
shape = (n,)
hessian (2nd derivative):
- 82f 82f 82f 82f -
Ox10x1 0x10xo 0x10x3 T 0x10x,
o f o f o f o f
H[f] _ O0xo0x1 0x20xo Ox20x3 e Ox20x,
8éf 8éf 8éf 8éf
L 0x,,0x1 0x,0xo 0x,0xs3 T 0x, 0%, -

shape = (n, n)

can be generalized to
k-tensor-valued function for k-th
derivative ... but third derivatives
and higher essentially never
used...

VF :R" — R"

H[F]:R" — R™"



Multi-variable Functions

function value -- F(x, y) = x**2 4 y**2
* -
7

{i:

5

4

3

M -2
1

0

15
%

552

¢

-2, ~

xx derivative

[ 210

205
200
195
190
20
15]0
-2
9—1%5_%&0‘ . 5135(33)

y derivative

x derivative

|
-3

OHN W

yx derivative

[ 0.06
F 0.04
0.02
[ 0.00
'—0.02
-0.04
*—0.06

yy derivative
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function value -- F(x, y) = -(x**2 + y**2) x derivative y derivative

xx derivative xy derivative yx derivative yy derivative
-1.85 t 0.06 t 0.06 '-1.8
~1.90 [ 0.04 [ 0.04 -1.9
195 0.02 0.02 _1 o
0.00 ' 0.00 _
&0 -0.02 —0.02 &
—2.05 -0.04 —0.04 —2.05
~2.10 ~0.06 ~0.06 ~2.1C
0 0 0 0
s b %Jgo‘s gogo%
-2 -24 5 0
q_i‘@é.q) Tb.(g 8q —Ts‘g
&Q o fl—q c __3h

245, oF
%'5-9)_510‘ <. _;1‘]5(3 __5h
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y derivative

function value -- F(x, y) = x**2 4 y**2 * x x derivative

—r

L¢o~bmmgg

xx derivative xy derivative yx derivative yy derivative




Multi-variable Functions

function value -- F(x, y) = x**2 + y**2 * (x-1) x derivative y derivative

[ g b8 b 15

_ " 6 - 10

* ,/ [ 4 1 . \ "

-0 ‘ ‘ 12 0

. :g 0 -5
(] - -2 —10
»p =
%0 %0 %0

-Z‘Q-ELQ P R Ts(g&];() _%6 . Is(g&’sb % . . TS(3%15]0
R U g5, 5h 105,35

yx derivative yy derivative

xy derivative

xx derivative

[ 210
205
200
195
190
*185




Multi-variable Functions

In one dimension, critical points are those x* such that:

dF
htall —0
dx

In multiple dimensions, critical points are those X#* such that:

. OF _, or  _,
VE(Z") = (‘9—.51:1(x )7'“787(33) =
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Critical point

function value -- f(x, y) = x*2 + y*2




Multi-variable Functions

Critical point

But what's the difference?!

Fix, y) =-(x"2 +y"2) function value -- F(x, y) = x**2 4 y**2%(x-1)

function value

function value -- f(x, y) = x*2 + y*2

-

CHENWBUVL o

Hessian determinant
negative

Hessian determinant
positive

Hessian determinant
positive
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(like time):
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Multi-variable Functions

Imagine you have a path through variable space as a function of a single variable
(like time):

Then

IS a one-variable real-valued function.

What's its derivative!






—

df Fxi(t+At),...,zo(t+ At)) — F(z1(2),...,zs(1))

dt - Aliglo At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)

. S (w1 (t), xo(t + AL), ..., 20 (t + A))xh ()AL + F (1 (), 22(t + AL), ...,z (E + AL)) — f(2)

At—0 At




—

df Fxi(t+At),...,zo(t+ At)) — F(z1(2),...,zs(1))

dt - Aliglo At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)

e G @) @AY, @t + AR AL+ F@(B), 2ot + A, . za(t + AL) — F(2)

At—0 At

dividing out At
.. OF , . F(x1(t),za(t + Al), ...,z (t + AL)) — f(2)
- AI%I—I}O a—xl(ajl(t), ro(t + At), ..., T, (t+ At))z1(t) + AI%IEO A7




—

df Fxi(t+At),...,zo(t+ At)) — F(z1(2),...,zs(1))

dt - Aliglo At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)
OF (41 (1), xa(t + AL), ..., 2 (t + At)) ) ()AL + F(z1(t), x2(t + At), ..., zp(t + At)) — F(2)

= lim 2%
At—0 At
dividing out At
. OF , . F(zi(t),x2(t + At), ...,z (t + At)) — f(2)
— AI%I—I}O a—xl(ajl(t), ot + At), ..., xn(t + At))zy(t) + AI%IEO A7

taking the limit in the first term
oF F(x1(t), 22(t + At), ..., 2n(t + A)) — f(7)

— a—xl(xl(t), T2 (t), e 7xn(t))x/1 (t) T AI%I_I:() At




daf F(xi(t+ A, ..., x0(t+ A) — F(z1(t), ..., 20(t))
dt At—0 At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)
OF (41 (1), xa(t + AL), ..., 2 (t + At)) ) ()AL + F(z1(t), x2(t + At), ..., zp(t + At)) — F(2)

= lim 2%
At—0 At
dividing out At
. OF , . F(zi(t),x2(t + At), ...,z (t + At)) — f(2)
— AI%I—I}O a—xl(ajl(t), ot + At), ..., xn(t + At))zy(t) + AI%IEO A7

taking the limit in the first term

_ a—F($1(t),x2(t),...,xn(t))a}’l(t)—|— lim F(x1(t),za(t + At), ...,z (t + AL)) — f(2)

0x1 At—0 At

applying same reasoning to X2

— a—F(f(t))x,l(t) + g_j;(f(t))xé(t) + lim F(flfl(t), CUQ(t), ZBg(t —+ At), c e ,len(t + At)) — f(t)

0x1 At—0 At




daf F(xi(t+ A, ..., x0(t+ A) — F(z1(t), ..., 20(t))
dt At—0 At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)

— lim Ger (@1(t), 22t + AL), .y (t+ At) 2 ()AL + Far(8), za(t + AL), ... 2, (t + At)) — f(2)

A0 At
dividing out At
~ lim §_£<x1(t), rolt + At A1) + i DD 22RO, 2l B0) 2T
taking the limit in the first term
_ g—fl(xl(t)a xg(t), e ) () + Al}tmo F(z1(t), x2(t + At),At. ,xn(t+ At)) — f(2)

applying same reasoning to X2

— a—F(f(t))x,l(t) + g_j;(f(t)) ( ) + lim F(ZC1(t),ZE2(t),m3(t + At), .« o ,len(t + At)) — f(t)

0x1 At—0 At

. then to all terms =0 by defn of f(t)

=VF . 7t

8%



daf F(xi(t+ A, ..., x0(t+ A) — F(z1(t), ..., 20(t))
dt At—0 At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)

— lim Ger (@1(t), 22t + AL), .y (t+ At) 2 ()AL + Far(8), za(t + AL), ... 2, (t + At)) — f(2)

A0 At
dividing out At
- lim §_£<x1(t), rolt + At A1) + i DD 22RO, 2l B0) 2T
taking the limit in the first term
_ g—fl(xl(t)a xg(t), e ) () + Al}tmo F(z1(t), x2(t + At),At. ,xn(t+ At)) — f(2)

applying same reasoning to X2

— a—F(f(t))x,l(t) + g_j;(f(t)) ( ) + lim F(ZC1(t),ZE2(t),m3(t + At), .« o ,xn(t + At)) — f(t)

0x1 At—0 At

. then to all terms =0 by defn of f(t)

ri(t) =[VF - Z'(t))

8%



daf F(xi(t+ A, ..., x0(t+ A) — F(z1(t), ..., 20(t))
dt At—0 At

applying definitions of derivatives, nested first to F(x) (partial derivative) and then to x(t)
OF (1(t), za(t + AL), ..., zn(t + At)) 2t ()AL + F(x1 (1), zo(t + AL), ..., 2, (t + At)) — f(1)

— lim 2%
At—0 At
Br (@ (0). 2ot + A1),z (¢ + AD) — F()
B OF , . F(x1(t),x2(t+ AL, ..., x,(t+ AL)) — f(t
— AI%I—I}O a—xl(ajl(t), ot + At), ..., xn(t + At))zy(t) + AI%IEO A7
taking the limit in the first term ( ( ) ( ) ( )) ( )
OF F(xi(t),xo(t+ At), ..., x,(t+ At)) — f(t
= — ) ]
e ($1(t)»$2(t)7 o (8))2 (8) + lim N

applying same reasoning to X2

— a—F(f(t))x,l(t) + g_j;(f(t)) ( ) + lim F(ZC1(t),ZE2(t),m3(t + At), .« o ,xn(t + At)) — f(t)

At—0 At

8x1
. then to all t _ dot product of two n
S e - Vb defn O(];f(t) vectors, yielding a scalar
F(x(th)=f(t F
GOI0 5 O a0y yante) =7 7 0)

Z:: )_l_Al?ltI_I)l/ At 1=1



Multi-variable Functions

Imagine you have a path through variable space as a function of a single variable
(like time):

Then

f(t) = F(Z(1))

IS a one-variable real-valued function. What's its derivative!

Answer:
df  OF dxi(t) - OF  dxy(t) dz(t)
i om @ T tan a4 o VEeW)
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The circle radius r is the set of all points where F(;Ul, 552) — 7“2
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With these idea In mind, let's consider the function: F(Zlil, ZI?Q) = T 1+ T5

The circle radius r is the set of all points where F(;Ul, 552) — 7“2
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Now consider the path:

x(t) = rcos(t); y(t) = rsin(t)
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. . L , . . 2 2
With these idea In mind, let's consider the function: F(Zlil, ZI?Q) = T 1+ T5

The circle radius r is the set of all points where F(;Ul, 552) — 7“2

VL2

Now consider the path:
x(t) = rcos(t); y(t) = rsin(t)

This path is on the circle so F is constant:

F(x(t),y(t)) = [rcos(t)]* + [rsin(t)]?

= r?(cos*(t) + sin*(t)) = r*
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. . L , . . 2 2
With these idea In mind, let's consider the function: F(Zlil, ZI?Q) = T 1+ T5

The circle radius r is the set of all points where F(;Ul, 552) — 7“2

VL2

Now consider the path:
x(t) = rcos(t); y(t) = rsin(t)

This path is on the circle so F is constant:

F(x(t),y(t)) = [rcos(t)]* + [rsin(t)]?

= r?(cos*(t) + sin*(t)) = r*

Thus: . —[F(:C(t))] — () Not a coincidence.
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In general If a path x(t) travels along an isocline of F, then:

VL F(e(t) - #(0) = S [F(a(t)] < 0

by the result we proved earlier since F is constant along x(t)

In other words, the gradient of F is perpendicular to any path along the isocline:

V. F(x(t)) L 7 (¢)

But since x(t) was any such path, this means the gradient vector is always perpendicular to
the tangent of the isocline surface




Multi-variable Functions

In general If a path x(t) travels along an isocline of F, then:

VL F(e(t) - #(0) = S [F(a(t)] < 0

by the result we proved earlier since F is constant along x(t)

In other words, the gradient of F is perpendicular to any path along the isocline:

V. F(x(t)) L 7 (¢)

But since x(t) was any such path, this means the is always
berpendicular to the of the isocline surface o (21, 225)

So In our example:

(71, 22)

function: F(ajl, :EQ) — a;'% + ZE%

4 H H H =H = = = = = = EjE = = = =

socline: F'(x1,T9) = .

(circle of radius r)

gradient: VxF(ajl, 2132) = (2331, 2332)
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Why do we care about all this! Constrained Optimization

It our goal Is to extremize F we seek critical points x* s.t. VF(Q;*) = ()

What if our goal is to extremize F subject to the constraint that g = 0!

E.g. suppose we want to maximize Subject to:

F(iEl,ZL‘Q):QZ’Jl—FiEQ 9(331,332):33%4—37%—7“2:0



Multi-variable Functions

Why do we care about all this! Constrained Optimization

It our goal Is to extremize F we seek critical points x* s.t. VF(Q;*) = ()

What if our goal is to extremize F subject to the constraint that g = 0!

E.g. suppose we want to maximize Subject to:

F(iEl,ZL‘Q):QZ’Jl—FiEQ 9(331,332):33%4—37%—7“2:0

VWe can't just seek critical points of F because they might not satisfy the constraint.
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What it our goal 1s to maximize F subject to the constraint that !

isocline of F through

isocline through

For x to be a candidate solution
must have g(x*) = 0 ... but not
sufficient

----J--------------

In fact as depicted x cannot be an extrema for F on the isocline... why?
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What it our goal 1s to maximize F subject to the constraint that !

isocline of F through

region where

(x) > F(*) isocline through
recion where For x to be a candidate solution
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(x) (%) sufficient

----J--------------
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What it our goal 1s to maximize F subject to the constraint that !

isocline of F through

region where

(x) > F(*) isocline through
recion where For x to be a candidate solution
- < must have g(x*) = 0 ... but not
(x) (%) sufficient

better point!

----J--------------

In fact as depicted x* cannot be an extrema for F on the isocline... why?



Multi-variable Functions

What it our goal 1s to maximize F subject to the constraint that !

So: 1rue optima X* must have isocline of F through X* be parallel to g = 0 isocline
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----J--------------

In fact as depicted x* cannot be an extrema for F on the isocline... why?
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So: 1rue optima X* must have isocline of F through X* be parallel to g = 0 isocline
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But if isoclines are parallel then so are gradient vectors, since gradients are perpendicular to the isoclines
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What it our goal 1s to maximize F subject to the constraint that !

So: 1rue optima X* must have isocline of F through X* be parallel to g = 0 isocline

isocline of F through

region where

: isocline through
| (x) > F(x*) 2
E resion where For x to be a candidate solution
: > < must have g(x*) = 0 ... but not
: () (<) sufficient
: better point!
............. LNy Ay A 455 439 A8 A
E In fact as depicted cannot be an extrema for F on the isocline... why?

But if isoclines are parallel then so are gradient vectors, since gradients are perpendicular to the isoclines

VE@™) | Vg(z7)
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What it our goal 1s to maximize F subject to the constraint that !

So: 1rue optima X* must have isocline of F through X* be parallel to g = 0 isocline

isocline of F through

region where

: isocline through
| (x) > F(x*) 2
E resion where For x to be a candidate solution
: > < must have g(x*) = 0 ... but not
: () (<) sufficient
: better point!
............. LNy Ay A 455 439 A8 A
E In fact as depicted cannot be an extrema for F on the isocline... why?

But if isoclines are parallel then so are gradient vectors, since gradients are perpendicular to the isoclines

VEx™) || Vg(z™) = VF(x™) = )\w

scalar
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Find A, X* such that VF(x*) = )\Vg(a:*)

Essentially equivalent to maximizing: [,(.f, )\) — F(f) — )\g(f)

E.g. suppose we want to maximize Subject to:
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What it our goal 1s to maximize F subject to the constraint that !

Find A, X* such that VF(x*) = )\Vg(a:*)

Essentially equivalent to maximizing: [,(.f, )\) — F(f) — )\g(f)

E.g. suppose we want to maximize Subject to:
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What it our goal 1s to maximize F subject to the constraint that !

Find A, X* such that VF(x*) = )\Vg(a:*)

Essentially equivalent to maximizing: [,(.f, )\) — F(f) — )\g(f)

E.g. suppose we want to maximize Subject to:

F(iEl,ZL‘Q):QZ’Jl—FiEQ 9(331,332):33%4—37%—7“2:0
L(x1,T2,\) =1 + 29 — )\(x% + :1:'% — 7“2)

VL(z1,22,\) = (1 =2 z1,1 — 2A\x9,7° — 27 — 23)

! 1 L 1
T1 = — . Lo = —, — _—
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What it our goal 1s to maximize F subject to the constraint that !

Find A, X* such that VF(x*) = )\Vg(a:*)

Essentially equivalent to maximizing: [,(.f, )\) — F(f) — )\g(f)

E.g. suppose we want to maximize Subject to:

F(iEl,ZL‘Q):QZ’Jl—FiEQ 9(331,332):33%4—37%—7“2:0
L(x1,T2,\) =1 + 29 — )\(x% + :1:'% — 7“2)

VL(z1,22,\) = (1 =2 z1,1 — 2A\x9,7° — 27 — 23)

|
—%

O = I

-(w7) )
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What it our goal 1s to maximize F subject to the constraint that !

Find A, X* such that VF(x*) = )\Vg(a:*)

Essentially equivalent to maximizing: [,(.f, )\) — F(f) — )\g(f)
E.g. suppose we want to maximize Subject to:

F(iEl,ZL‘Q):QZ’Jl—FiEQ s 9(331,332):33%4—37%—7“2:0

MIiNiMum

C5-5)
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Single-variable chain rule says that for:
h(z) = g(f(x))

What about multi-variable case!?

H(Z) = G(F(Z), ...

def’n of partial derivative

H £E1—|-A£E1,332,...)—H(.CEl,ZEQ,...

OH (¥) — tim
a,’,l?]_ Axq1—0



Multi-variable Functions

Single-variable chain rule says that for:
h(z) = g(f(z)) h(z) =g'(f(z))- f'(z)

What about multi-variable case!?

H(Z) = G(Fy(Z),..., Fp(X))

def’n of partial derivative

6’H(f) , H5131—|-A2131,332,...)—H(£E1,£E2,...)
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Multi-variable Functions

Single-variable chain rule says that for:
h(z) = g(f(z)) h(z) =g'(f(z))- f'(z)

What about multi-variable case!?

H(Z) = G(Fy(Z),..., Fp(X))

def’n of partial derivative

6’H(f) , H5131—|-A2131,332,...)—H(£E1,£C2,...)
= lim
8251 Axq1—0 ALEl

IR QR (z1 + Azr,To, .. ), o Eop(m1 + Axy, 29, .. ) — H()

= lim
Axq1—0 AZCl

applying single-variable chain rule m

times Z aFZ (a_j))
3% a L1
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Single-variable chain rule says that for:

hz) = g(f(z))

So In general:




Multi-variable Functions

Single-variable chain rule says that for:

h(z) = g(f(z)) h(z) =g (f(z))- [ (@)

So In general:

aﬂ?j p 6:% 8xj
Or Where V F is the matrix with ij-th elt:
- S . OF;
VH =VF(Z) VG(F (X)) (VF);; = .
J

n-vector- NXmM=matrix m=vector-
valued fn -valued fn valued fn
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Taylor series for function f(xI, ... xn) of n inputs:
pointwise mult.

o\

O)*A£U2—|—

vector delta

Hessian - 9% f o2 f o2 f 02 f -
matrix 8%1 Ox1 8:1318:132 Ox1 83:3 O0x10x,
0% f 0% f 0% f 0% f
8:1528:1;1 895285132 856285133 8x28xn
H|f] . . . .
shape = 52 f 52 f 92 f o2 f
(n, n) 91,011 Ox,0x2 OT,0T3 L1, OT 1, -

matrix-on-vector
multiplication




