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[Ipynb: Principal Axes in Data]
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“ouess’ at principal axis
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Recover Principle Axes of Data

Some data:

“ouess’ at principal axis

it Isn't a vector ....

10

... because the data
-4 L Isn't centered




Recover Principle Axes of Data

Xctr = X - X.mean(0)

Center the data:




Recover Principle Axes of Data

Now the principal axis Is a vector — goes through (0, 0)




Recover Principle Axes of Data

Here's the axis orthogonal to the principal axis:




Recover Principle Axes of Data

Plotting both at the same time:

6 principal axis with slope s




Recover Principle Axes of Data

Plotting both at the same time:

6 principal axis with slope s

6l “anti”principal axis with
slope =1/s



Recover Principle Axes of Data

Distances of points to (hyperplane) orthogonal to the principal axis:




Recover Principle Axes of Data

Distances of points to (hyperplane) orthogonal to various axes:

Variangg: 0.996 Variance: 0.658

Principle axis maximizes the variance of these
distances
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Variange: 0.996
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Recover Principle Axes of Data

X = data matrix Variange: 0.996 X
w
5
-6 L
1 N This mean Is over all the data
var(X, @) = = > (X[i] & — X[i] - )3
1=1

This is a sum over the blue dots (the data)



Recover Principle Axes of Data

X = data matrix Variange: 0.996 X

Sy

since the data is centered!

X[i] -6 = X[i] - @ = 0




Recover Principle Axes of Data

X = data matrix Variange: 0.996

Sy

o var(X,d) = % > (i)

—



Recover Principle Axes of Data

principal axis:
W such that:

w X - ]

IS Maximized

X = data matrix Variange: 0.996

Call the best w I
-6 L
1 N
SO: ?JCLT(X, @U) = N Z(X[Z] 'u_j)Z — HX ' u_jH2



Recover Principle Axes of Data

projecting the data onto the orthogonal hyperplane to the principal axis:

Variané:e: 0.996

-6 Xproj = X — (X ' U71)2171

T method of “‘deflation”



Recover Principle Axes of Data

projecting the data onto the orthogonal hyperplane to the principal axis:

Variané:e: 0.996

stcall itw_2

1 2

Xpmj = X — (X - @171)2171
T method of “‘deflation”

Now, do it again to find principle axis of Xpmj



Recover Principle Axes of Data

projecting the data onto the orthogonal hyperplane to the principal axis:

Variangg: 0.996 W9

1 Xprognll?

-6 Xproj = X — (X ' U71)2171

T method of “‘deflation”



Recover Principle Axes of Data

projecting the data onto the orthogonal hyperplane to the principal axis:

Variangg: 0.996 W9

1 Xprognll?

-6 Xproj = X — (X ' U71)2171

Xproj "2:(X—(X-w)zﬁl)-wng-wW:X-wz

0 since w7 L wo



Recover Principle Axes of Data

projecting the data onto the orthogonal hyperplane to the principal axis:

Variangg: 0.996
Wi  principal axis of X

—> — —

Wo  principal axis of X — (X - wh)u

W3 principal axis of X — (X - ) — (X - )i

principal axis of:
Wy . X — Z(X W )W
- 1<k
-6 L

principal axis decomposition of X



Want better interpretation of W1
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Want better interpretation of W1

cov=X1.X
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Want better interpretation of W1

cov=X1.X

| X ||* =



Recover Principle Axes of Data

Want better interpretation of W1

cov=X1.X

| X ||? = - X" -
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Want better interpretation of W1

cov=X1.X

HXU?H‘Z :QB?XTXU_J& :U_J),{°COV°U_J)1
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Want better interpretation of W1

cov=X1.X

HXU?H‘Z :QB?XTXU_J& :U_J),{°COV°U_J)1

COV is a symmetric matrix, so it has a diagonalization:



Recover Principle Axes of Data

Want better interpretation of W1

cov=X1.X

HXU?H‘Z :QB?XTXU_J& :U_J},{°COV°

COV is a symmetric matrix, so it has a diagonalization:

cov=Ul.D.U

where: U is orthonormal: U - U = Identity

D is diagonal



Recover Principle Axes of Data

Want better interpretation of W1

cov=X1.X

HXU?H‘Z :QB?XTXU_J& :U_J),{°COV°U_J)1

coV is a (real) symmetric matrix, so it has a (real-valued) diagonalization:

d, 0 0 ... O

0 do 0 ... O
cov=U"-| . , . | U




Recover Principle Axes of Data

write U - W1 interms of its
components



Recover Principle Axes of Data

Now:

Wy

. COV - W1 = W

T 11T
r.ut.

d;
0

write U - W1 interms of its

components

0
d2




Recover Principle Axes of Data

b1
b2
U-w = | .
write U - W1 interms of its
components
So: ) _ L
d 0 - 0 b1

Wi cov-w =wi UL

0 do -+ 0 bo

0 0 ... dy b




Recover Principle Axes of Data

b1
bo
U-w = | .
_bn_
write U - W1 interms of its
components
So:
_d1 0o --- 0
0 dy --- 0
U—J){ - COV - 1171 — [bl bQ R bn} . .
0 0 d,




Recover Principle Axes of Data

write U - W1 interms of its

components
So: _ -
d1b4
bado
?17{°COV°U712 [bl b2 bn} .
_dnbn_




Recover Principle Axes of Data

Thus:

write U - W1 interms of its

components
~ d1 bl -
bads
b
d,,by,

::jijcubﬁ
1=1



Recover Principle Axes of Data

b1
bo "
U°?171: . ﬁ{'COV‘U_J&: E dzb?
. 1=1
b,




Recover Principle Axes of Data

b1
mn
U= | 7T =S db?
= | . Wi - cov - Wy = o
. 1=1
maximized when: b1 =1
b; =0 fore?>1

assuming: ‘|?171‘|2 — Zb? =1
1



Recover Principle Axes of Data

b1
bo "
U°?171: . U_J’{°COV°U_J)1: E dzb?
. 1=1
b,

maximized when: b1 =1

Thus b; =0torz>1

17 assuming: ‘|?171‘|2 — Zb? =1
1




Recover Principle Axes of Data

b1
b2 =T o - 9
U'?Blz . (VO] 'COV°w1:Zdibi
: i=1
maximized when: b1 =1
Thie b, =0 for:>1
W = U - ey
1] assuming: ‘|?171‘|2 — Z b =1
where ¢
O ')

HXUJ1H2 :U_){lr °COV°2171 — dl




Recover Principle Axes of Data

b1
mn
U= | 7T =S db?
= | . Wi - cov - Wy = o
. 1=1
maximized when: b1 =1
b; =0 fore?>1

assuming: ‘|?171‘|2 — Zb? =1
1
And In general:

w; =U' - ¢ d; = || X - ;|



Recover Principle Axes of Data

Starting with:
di 0 O
0 dy O
cov=U"-| . .
0 0 0

CoV - W; =




Recover Principle Axes of Data

Starting with:
di 0 O
0 dy O
cov=U"-| . .
0 0 0

cov-w; = (U - D -U) -




Recover Principle Axes of Data

Starting with:
di 0 0 ... 0
0 do O ... O
cov=U"-| . L U
0 0 0 d,




Recover Principle Axes of Data

Starting with:
dy 0 0 ... 0 L T S
0 dy 0 ... O wi=U" -
cov=U"-| . L U
: S IR e; = U - w,
0 0 0 dp

cov-@; = (UL -D-U)-w;, =U" - (D-&)=d;(UT - &)



Recover Principle Axes of Data

Starting with:
dy 0 0 ... 0 L T S
0 dy 0 ... O wi=U" -
cov=U"-| . L U
: S AP e = U - W
0 0 0 dp

scalar “‘dilation”

l

cov-w; = (U'-D-U) -w; =U" - (D &) =d;(U" &) = d;w;



Recover Principle Axes of Data

Starting with:
dy 0 0 ... 0 L T S
0 dy 0 ... O wi=U" -
cov=U"-| . L U
: S AP e = U - W
0 0 0 dp

scalar “‘dilation”

l

cov-w; = (U'-D-U) -w; =U" - (D &) =d;(U" &) = d;w;

So wi, di are solutions of:

(cov—Al)-w =0



Recover Principle Axes of Data

Starting with:
dy 0 0 ... 0 L T S
0 dy 0 ... O wi=U" -
cov=U"-| . L U
: S AP e = U - W
0 0 0 dp

scalar “‘dilation”

l

cov-w; = (UT-D-U)-w; =UT - (D-&)=d;(UT - &) = dyw;

| identity matrix of the right shape
So wi, d; are solutions of:

(cov — NI)) - 6 = 0



Recover Principle Axes of Data

Starting with:
dy 0 0 ... 0 L T S
0 dy 0 ... O wi=U" -
cov=U"-| . L U
: S AP e = U - W
0 0 0 dp

scalar “‘dilation”

cov-w; = (U -D-U)-w;=U"-(D-&)=d;(U" - &) = dyw;

| identity matrix of the right shape
So wi, d; are solutions of:

COV — -w =10
( /NZD N

Eigenvalues (di’s) of Eigenvectors (wi's) of
cov cov




How to actually find W1 for any matrix A?
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) Start with random I (non-zero)
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Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E ;W

3) So A-f:ZaZA w; ) Zdazwz

1
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How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E ;W

1

3) In general: AP x



Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E ;W

1

3) In general: AP x

4) Normalizing:
AF . Z B
|ARZ]]




Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E ;W

1

3) In general: AP x

4) Normalizing:

Ak * Zl—f dkazwz

ARz @ T




Recover Principle Axes of Data

How to actually find W1 for any matrix A
) Start with random I (non-zero)
2)Write @ in an eigenbasis: I = E a; W;

1

3) In general: AR 7 = Z Qa; (Ak ’ 1(7@) = Z dfaz?ﬁ@

4) Normalizing:
LI

AkZ|| k ¥
| | \/Zz’(dia’i)Q dlf\/a%—l-(@) as+ ...



Recover Principle Axes of Data

How to actually find W1 for any matrix A
) Start with random I (non-zero)
2)Write @ in an eigenbasis: I = E a; W;

1

3) In general: AR 7 = Z Qa; (Ak ’ 1(7@) = Z dfaz?ﬁ@

4) Normalizing:
LI

AFZ S (dF " |
5) But:

d:\ "
—Z) —S Qas k — o
dq

fori1 > |



Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E aiu_i?;

1

4) Normalizing:
AkZ|| ;
R

k —
dl a1W1 o

d; \" —
/e'd—) — 0as k — o dlf a/%
1

3) In general: AP x




Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E a;W;

1

3) In general: AR 2

4) Normalizing: "
Ak . 7 B Zz dfazwz B d’f(alu_fl -+ (g—i) aoWo + . . )

ARZE|l 1 /
| | \/Zz(dz ¥ Thus no matter what the |
- : ... converges to the
initial guess for x is ... :
: : first eigenvector:
>) But: this quantity

" Uk . ¢ y

| s 0ask — o = > w1 as k — o0

dy |A*Z]]

fori1> |



Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

—

2) Write & in an eigenbasis: T = E ;W

This simple algorithm for finding the principle

3) In general: eigenvector is called the Power Method

1 1
4) Normalizing: N\
Ak . 7 B Zz dfazwz B d’f(alfu_il -+ (d—i) aoWo + . . )

ARZ|| ”
] | \/Zi(d,’faz- Thus no matter what the | converses to the
initial guess for x is ... ”r.inci N aiis
5) But: this quantity o '
— | —0ask — 7 7 W1 as 0
d1> | ARZ]]

fori1> |



Recover Principle Axes of Data

. *almost all
for any matrix A?

Separate consequence: All* linear iterative
processes converge to a single dimension — the
principal axis of the single-step process.

2)Write @ in an eigenbasis: I — a; W;

How to actually find W

|) Start with ra

This simple algorithm for finding the principle

3) In general: eigenvector is called the Power Method
( ?
4) Normalizing: N
Ak . 7 B Zz dfazwz B d’f(alfu_il -+ (d—i) aoWo + . . )

ARZ|| ”
| | \/Zi(dfai Thus no matter what the converses to the
initial guess for x is ... ”r.inci N aiiy
5) But: this quantity o '
— | —0ask — 7 7 W1 as 0
d1> | ARZ]]

fori1> |
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We've seen that for all x:
AF . 7
| ARZ]

> w1 as kK — oo
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Recover Principle Axes of Data

How to actually find W1 for any matrix A

) Start with random I (non-zero)

2) Write & in an eigenbasis: T = E ;W
1

3) In general: AR 7 = Z Qa; (Ak ’ 1(7@) = Z dfaz?ﬁ@

4) Normalizing:

k
Az S dbagr; di(adn £ (d_) axwz +..)
AR - ¢
5) But: 6) Thus:
" ) = 0ask — o0 7 7 W as 0
dl) | ARZ]]

fori1 > |
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We've seen that for all x*: *almost all
Ak .7
|AFZ]|

> w1 as kK — oo

When does this fail, actually?

—

T € span(ws, Ws, ..., W) = S]DSUH(U_J’I)L

n
1=2
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We've seen that for all x*: *almost all
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T € span(ws, Ws, ..., W) = S]DSUH(U_J’I)L
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Recover Principle Axes of Data

We've seen that for all x*: *almost all
Ak .7
|AFZ]|

> w1 as kK — oo

When does this fail, actually?

—

T € span(ws, Ws, ..., W) = S]DSUH(U_J’I)L

n

n n
A . Z a;w; | = Z a; A - w; = Z a;d;w; € span(u_fl)L
1=2

1=2 1=2



Recover Principle Axes of Data

We've seen that for all x*: *almost all
Ak .7
|AFZ]|

> w1 as kK — oo

When does this fail, actually?

— — — — |
r € span(ws, Ws, . .., W,) = span(w )
n n n
A - g a;w; | = g a; A - w; = E a;d;w; € S]g)am(u_fl)L
1=2 1=2 =2

Why is this OK though basically?



Recover Principle Axes of Data

We've seen that for all x*: *almost all
Ak .7
|AFZ]|

> w1 as kK — oo

When does this fail, actually?

— — — — |
xr € span(ws, Ws, ..., W, ) = span(wi )
n n n
A - g a;w; | = g a; A - w; = E a;d;w; € S]g)am(u_fl)L
1=2 1=2 =2

Why is this OK though basically!  Because the problematic set is measure 0.
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Almost any random choice of x will not lie in this plane. ..



Recover Principle Axes of Data

Because the problematic set is measure 0.

Almost any random choice of x will not lie in this plane. ..

...of course, deflating downto I — (QE - u_fl)wl will lie in the plane...
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k —
How to actually find w1? A" - ¥

[ ARZ]|

> w1 as kK — oo
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k=
How to actually find W1? A¥ . x

[ ARZ]|

> w1 as kK — oo
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A - w1 = djw; (by definition of eigenvector)

So:
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Recover Principle Axes of Data

k=
How to actually find W1? A¥ . x

[ ARZ]|

> w1 as kK — oo

How to actually find d?
A - w1 = djw; (by definition of eigenvector)

So:

”JJ;{-A-U—JH :lﬁip'dlwl — leleZ

Solving for dy:

since w1 Is of unit norm



Recover Principle Axes of Data

k=
How to actually find W1? A¥ . x

[ ARZ]|

> w1 as kK — oo

TN

How to actually find d7? di = U_J);_r - A - wy having found w1 via above

method
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Ak .7
How to actually find W1? O
o~ Wi as k — o0
|A~Z]]
. NN .
How to actually find d7? d; = wy - A - un having found 1 v above

How to keep going to find next eigenvalues / eigenvectors!
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Ak .7
How to actually find W1? O
o~ Wi as k — o0
|A~Z]]
. NN .
How to actually find d7? d; = wy - A - un having found 1 v above

How to keep going to find next eigenvalues / eigenvectors!

A—(Azﬁl)wir:A—dlzﬁlzﬁf
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Ak .7
How to actually find W1? O
o~ Wi as k — o0
|A~Z]]
. NN .
How to actually find d7? d; = wy - A - un having found 1 v above

How to keep going to find next eigenvalues / eigenvectors!

A—(Azﬁl)wir:A—dlzﬁlzﬁf

A—(A-w)wi) - =AW — dywy ot
1 1
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Ak .7
How to actually find W1? O
o~ Wi as k — o0
|A~Z]]
. NN .
How to actually find d7? d; = wy - A - un having found 1 v above

How to keep going to find next eigenvalues / eigenvectors!
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Ak .7
How to actually find W1? O
o~ Wi as k — o0
|A~Z]]
. NN .
How to actually find d7? d; = wy - A - un having found 1 v above

How to keep going to find next eigenvalues / eigenvectors!

AQ = A — (A ' Tﬁl)w{ + method of "deflation”

Then apply the Power method to A2 get wa and d2, and keep going iteratively. ..

Ak i
| A5 7]

> Wo as k — o0



[Ipynb: The Power Method]
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measures the amount of variance explained by I-th principal axis.



Analysis of Eigenspectrum

Recall:

X -wi|?=wi - X' - X -w =wi -cov(X) w =widiw =d;

And In general:
| X - wi||* = d;

But also recall that the quantity

X i

measures the amount of variance explained by I-th principal axis.




Recover Principle Axes of Data

Eigenvalue Spectrum Our eigenvalues - numpy eigenvalues

25000 - - T T 10 T
05} \ .
20000 | i
g 00 Ao b . |
» 15000 | 1 &
2 |
2 ¥ 05| |
v c
- o
w L -
10000 g
8 -10} .
5000 i
-15F .
0 1 1 I Y — e — _20 1 ! 1 ! ! 1 ! 1
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180

Eigenvalue number (biggest to smallest) Smaller and smaller eigenvalues
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Analysis of Eigenspectrum

Actually, just asd; measure the amount of variance captured by the first principal axis

di1 + do

measures the amount of variance captured by the first two principal axis

In fact: E d; = amount of variance captured by first k principal axes
i<k
= variance of the data captured by projection onto the
subspace spanned by the first k eigenvectors

Thus:

Zigk d;

n— 5 = fraction of total variance explained by first k principal axes
St d; P )4 princip




[Ipynb: scree plots]



Analysis of Eigenspectrum

This neural data is pretty intrinsically high dimensional . ..

Fraction variance explained

025 Scree plolt

0.20 }
0.15

0.10 |

0.05 } L

0.00 L

0 50 100
Eigenvalue number (biggest to smallest)

d;
2?;1 d;

150

Fraction variance explained

Cumulative "Scree"” plot

10

08 |

0.6 |

0.4

0.2

0 20 40 60 80 100 120 140 160 180
Eigenvalue number (biggest to smallest)

Zigk d;
Z?:l d;




[Ipynb: compression ratio]



Analysis of Eigenspectrum

d;
d;+1

= compression ratio of I-th eigenvector

Compression Ratio = 2.597

PC 2
©

=10 |

-15 |

—20 1 | | |
=30 =20 -10 0 10 20 30




[Ipynb: Analysis of eigenvectors]



Analysis of Eigenspectrum

- Loading on neurons in first eigenvector ("eigenneuron”)

Neuron Count

0
-004 -002 000 002 004 006 008 010 012 014
Eigenvector Loading

This first eigenvector is pretty well-distributed across neurons....
... let’s look at this for all neurons



Analysis of Eigenspectrum

Loading on neurons in first eigenvector ("eigenneuron”) Loading sparseness across neurons for each eigenvector
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<«— Hm, interesting??
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Interesting — most eigenvectors look essentially normally-distributed in terms of
their sparsity (e.g. kurtosis around 0), but there's a few that are very sparse! E.g.
one or a few neurons are especially heavily weighted in those eigenvectors.
Let's look at the sparsest one (eigenvector 23).



Analysis of Eigenspectrum

loading

Neuron Count
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Ok 1t loads mostly on neuron 53.

What does neuron 53 do?



Analysis of Eigenspectrum

Loading on neurons in first eigenvector ("eigenneuron”) Loading sparseness across neurons for each eigenvector
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What does neuron 58 do? It's a little hard to tell
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