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Assumptions of OLS estimation

For our estimates to be the Best Linear Unbiased Estimate 
(BLUE), we must assume that:
- observations are linear in parameters b (not necessarily in 

regressors X)
- Errors have a zero mean and are independent of regressors 

(i.e. the expected error for any value of X is zero)
- Errors are uncorrelated and have constant variance (i.e. y’s 

are independent conditional on model)
- Regressors are not perfectly collinear
- Large outliers are uncommon

Hypothesis testing and standard errors require further 
assumption that errors are Gaussian

<latexit sha1_base64="90un5Q8mUpH5cfC8MWuPcchV8vU=">AAACAHicbVBNT8JAEN3iF+JX1YMHLxsJAQ+Slhj1YkL04hETgRqoZLtsYcN22+xuTUjTi3/FiweN8erP8Oa/cYEeFHzJJC/vzWRmnhcxKpVlfRu5peWV1bX8emFjc2t7x9zda8kwFpg0cchC4XhIEkY5aSqqGHEiQVDgMdL2RtcTv/1IhKQhv1PjiLgBGnDqU4yUlnrmQXeIVOKl8BJWnLJz/JCc2KlTvu+ZRatqTQEXiZ2RIsjQ6Jlf3X6I44BwhRmSsmNbkXITJBTFjKSFbixJhPAIDUhHU44CIt1k+kAKS1rpQz8UuriCU/X3RIICKceBPrMUIDWU895E/M/rxMq/cBPKo1gRjmeL/JhBFcJJGrBPBcGKjTVBWFB9K8RDJBBWOrOCDsGef3mRtGpV+6xauz0t1q+yOPLgEByBCrDBOaiDG9AATYBBCp7BK3gznowX4934mLXmjGxmH/yB8fkD/3uUvA==</latexit>

b̂ = (X 0X)�1X 0Y
<latexit sha1_base64="KmyvnZ+pavdA0ycejSvSxRYHJ7I=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSAIQtgNol6EoBePEcxDkiXMTnqTIbMPZmaVEPMpXjwo4tUv8ebfOJvsQRMLGoqqbrq7vFhwpW3721paXlldW89t5De3tnd2C8W9hooSybDOIhHJlkcVCh5iXXMtsBVLpIEnsOkNr1O/+YBS8Si806MY3YD2Q+5zRrWRuoXiPbkkLY+ckA7GiotUK9llewqySJyMlCBDrVv46vQilgQYaiaoUm3HjrU7plJzJnCS7yQKY8qGtI9tQ0MaoHLH09Mn5MgoPeJH0lSoyVT9PTGmgVKjwDOdAdUDNe+l4n9eO9H+hTvmYZxoDNlskZ8IoiOS5kB6XCLTYmQIZZKbWwkbUEmZNmnlTQjO/MuLpFEpO2flyu1pqXqVxZGDAziEY3DgHKpwAzWoA4NHeIZXeLOerBfr3fqYtS5Z2cw+/IH1+QMtDpKt</latexit>

Y = Xb+ ✏



Clustered errors

It is common for errors to be correlated or clustered due 
to structure in the data 

 remains unbiased under OLS but standard errors are 
biased and hypothesis tests can be incorrect

<latexit sha1_base64="RikmswrFC0V1bK7vWqYWcQCfjFI=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YAklMl22y7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3IzBcCsVbKFDybqo5xJHknWh8N/M7T1wbkahHnKQ8jGGoxEAwQCv5wQgwDyKOMO1Vqm7NnYOuEq8gVVKg2at8Bf2EZTFXyCQY43tuimEOGgWTfFoOMsNTYGMYct9SBTE3YT4/eUrPrdKng0TbUkjn6u+JHGJjJnFkO2PAkVn2ZuJ/np/h4CbMhUoz5IotFg0ySTGhs/9pX2jOUE4sAaaFvZWyEWhgaFMq2xC85ZdXSbte865q9YfLauO2iKNETskZuSAeuSYNck+apEUYScgzeSVvDjovzrvzsWhdc4qZE/IHzucPmiOReA==</latexit>

�̂



An example

24 subjects complete a cognitive test in 
which they perform 10 trials in each of two 

experimental conditions



Generative model

y: observed data
X: design matrix for fixed effects
β: vector of fixed effect parameters         [800, 3]
Z: design matrix for random effects
u: vector of random effect parameters
𝝐: errors.   

Y = X� + Zu+ ✏

<latexit sha1_base64="k+8QwXT7/lam9GE9GRGxhhN3L8U=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIQpmRQt0IRTcuK9iHdkrJpHfa0MyD5I5Yhn6AG3/FjQtF3PoB7vwb08dCWw8ETs45l+QeL5ZCo21/W5ml5ZXVtex6bmNza3snv7tX11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wOfYb96C0iMIbHMbQDlgvFL7gDI3UyRdu6Tltuh4goyf0zkV4QM9Pk5G5uRBrIScpu2hPQBeJMyMFMkO1k/9yuxFPAgiRS6Z1y7FjbKdMoeASRjk30RAzPmA9aBkasgB0O50sM6JHRulSP1LmhEgn6u+JlAVaDwPPJAOGfT3vjcX/vFaC/lk7FWGcIIR8+pCfSIoRHTdDu0IBRzk0hHElzF8p7zPFOJr+cqYEZ37lRVI/LTqlYvm6VKhczOrIkgNySI6JQ8qkQq5IldQIJ4/kmbySN+vJerHerY9pNGPNZvbJH1ifP4pKmhU=</latexit>

<latexit sha1_base64="eU8uiXRqHdTkXq4g3YhA90cj9Og=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiVJAyU0RdFt24kor2Ap2xZNJMG5pkhiQjlKELN76KGxeKuPUh3Pk2ZtoutPVAyMf/n0Ny/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5mfuuBSEUjcadHMfE56gsaUoy0kbp2MYGeohxel53jjPoc3Ve92+w+6tolp+JMCi6CO4MSmFW9a395vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScegQJwoP50sMYaHRunBMJLmCA0n6u+JFHGlRjwwnRzpgZr3MvE/r5Po8NxPqYgTTQSePhQmDOoIZonAHpUEazYygLCk5q8QD5BEWJvcCiYEd37lRWhWK+5ppXpzUqpdzOLIgyI4AGXggjNQA1egDhoAg0fwDF7Bm/VkvVjv1se0NWfNZvbBn7I+fwAe7JZ/</latexit>

u ⇠ N(0,�2⌃)
<latexit sha1_base64="N6G1IbllrCujN0BTBAXX00YcbCI=">AAACGHicbVBNSwMxFMz6WetX1aOXYBEUpO4WUY+iF71IBWuF7lqy6WsNJtmQZIVS+jO8+Fe8eFDEa2/+G9N2BW0dCAwz83h5EyvOjPX9L29qemZ2bj63kF9cWl5ZLayt35gk1RSqNOGJvo2JAc4kVC2zHG6VBiJiDrX44Wzg1x5BG5bIa9tREAnSlqzFKLFOahT2Q1CG8UTi0DCBL3f8vQFrC3JXvtjdwykOFWiFf2KNQtEv+UPgSRJkpIgyVBqFfthMaCpAWsqJMfXAVzbqEm0Z5dDLh6kBRegDaUPdUUkEmKg7PKyHt53SxK1EuyctHqq/J7pEGNMRsUsKYu/NuDcQ//PqqW0dR10mVWpB0tGiVsqxTfCgJdxkGqjlHUcI1cz9FdN7ogm1rsu8KyEYP3mS3JRLwWGpfHVQPDnN6sihTbSFdlCAjtAJOkcVVEUUPaEX9IbevWfv1fvwPkfRKS+b2UB/4PW/AQ+Nno4=</latexit>

✏ ⇠ N(0,�2I), u ? ✏



Results from OLS ignoring clustering

ols = smf.ols('y ~ X', data_df) 
ols_result = ols.fit() 
print(ols_result.summary()) 

              OLS Regression Results                            
==============================================================================
Dep. Variable:                      y   R-squared:                       0.002
Model:                            OLS   Adj. R-squared:                 -0.000
Method:                 Least Squares   F-statistic:                    0.8897
Date:                Thu, 15 Apr 2021   Prob (F-statistic):              0.346
Time:                        20:47:48   Log-Likelihood:                -2291.5
No. Observations:                 480   AIC:                             4587.
Df Residuals:                     478   BIC:                             4595.
Df Model:                           1                                         
Covariance Type:            nonrobust                                         
==============================================================================
                 coef    std err          t      P>|t|      [0.025      0.975]
------------------------------------------------------------------------------
Intercept    800.2692      1.853    431.909      0.000     796.628     803.910
X              2.4716      2.620      0.943      0.346      -2.677       7.620
==============================================================================
Omnibus:                       29.086   Durbin-Watson:                   0.180
Prob(Omnibus):                  0.000   Jarque-Bera (JB):               31.936
Skew:                          -0.609   Prob(JB):                     1.16e-07
Kurtosis:                       2.667   Cond. No.                         2.62
==============================================================================



Residual errors are clustered by subject

This clearly violates our assumption of uncorrelated errors!



Heteroskedasticity

Differences in variability between observations 



Ways to address clustered errors/heteroskedasticity

•  Use a robust estimator of the standard errors 
• Sandwich estimator 

•  Use a modeling approach that can account for it 
• Mixed effects models 
• Fixed effects models 
• Generalized estimating equations (GEE)



Cluster-robust standard errors

<latexit sha1_base64="mz+hZG61f8sN2ShriB0srJ31Cd4=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCIJSkiHoRil48VrAf0Iay2W7apZtN2N0oIfanePGgiFd/iTf/jZs2B219MPB4b4aZeV7EmdK2/W0VVlbX1jeKm6Wt7Z3dvXJlv63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KT+Z0HKhULxb1OIuoGeCSYzwjWRhqUKwm6Ql0PnaI+jRTjmVa1a/YMaJk4OalCjuag/NUfhiQOqNCEY6V6jh1pN8VSM8LptNSPFY0wmeAR7RkqcECVm85On6JjowyRH0pTQqOZ+nsixYFSSeCZzgDrsVr0MvE/rxdr/9JNmYhiTQWZL/JjjnSIshzQkElKNE8MwUQycysiYywx0SatkgnBWXx5mbTrNee8Vr87qzau8ziKcAhHcAIOXEADbqEJLSDwCM/wCm/Wk/VivVsf89aClc8cwB9Ynz9fjpLN</latexit>

y = Xb+ ✏
<latexit sha1_base64="KIsocPPrpkWJOjuokhJSIX4562k=">AAAB+HicbVBNSwMxEM36WetHVz16CRahXspuEfUiFEXwWMF+QLuUbDrbhmaTJckKtfSXePGgiFd/ijf/jWm7B219MPB4b4aZeWHCmTae9+2srK6tb2zmtvLbO7t7BXf/oKFlqijUqeRStUKigTMBdcMMh1aigMQhh2Y4vJn6zUdQmknxYEYJBDHpCxYxSoyVum7httSBRDMuxSm+wl7XLXplbwa8TPyMFFGGWtf96vQkTWMQhnKiddv3EhOMiTKMcpjkO6mGhNAh6UPbUkFi0MF4dvgEn1ilhyOpbAmDZ+rviTGJtR7Foe2MiRnoRW8q/ue1UxNdBmMmktSAoPNFUcqxkXiaAu4xBdTwkSWEKmZvxXRAFKHGZpW3IfiLLy+TRqXsn5cr92fF6nUWRw4doWNUQj66QFV0h2qojihK0TN6RW/Ok/PivDsf89YVJ5s5RH/gfP4Ay2uR4Q==</latexit>

E(✏) = 0
<latexit sha1_base64="QhISrMhMWK2m4wYslzS96NkwatU=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1k2ZKaJuhKIILivYC3SGkkkzbWgmGZKMUIau3Pgqblwo4tZncOfbmLaDaOsPgY//nMPJ+YOYUaUd58vKLSwuLa/kVwtr6xubW/b2TkOJRGJSx4IJ2QqQIoxyUtdUM9KKJUFRwEgzGFyN6817IhUV/E4PY+JHqMdpSDHSxurY+9clj8SKMsHhDxwdwwvo1fq0YxedsjMRnAc3gyLIVOvYn15X4CQiXGOGlGq7Tqz9FElNMSOjgpcoEiM8QD3SNshRRJSfTs4YwUPjdGEopHlcw4n7eyJFkVLDKDCdEdJ9NVsbm//V2okOz/2U8jjRhOPpojBhUAs4zgR2qSRYs6EBhCU1f4W4jyTC2iRXMCG4syfPQ6NSdk/LlduTYvUyiyMP9sABKAEXnIEquAE1UAcYPIAn8AJerUfr2Xqz3qetOSub2QV/ZH18A+Gdl3c=</latexit>

E(✏✏0) = �

<latexit sha1_base64="vZFOmu4GKNcN8VTz3aPolGloFMw=">AAACBHicbVC7SgNBFJ31GeNr1TLNYJDEwrAbRG2EoI1lBJMsJDHMTmaTIbMPZu4Ky7KFjb9iY6GIrR9h5984eRSaeODC4Zx7ufceNxJcgWV9G0vLK6tr67mN/ObW9s6uubffVGEsKWvQUITScYliggesARwEcyLJiO8K1nJH12O/9cCk4mFwB0nEuj4ZBNzjlICWemahMySQdlwGJMOXuOyUnOP79MTOnFLSM4tWxZoALxJ7RopohnrP/Or0Qxr7LAAqiFJt24qgmxIJnAqW5TuxYhGhIzJgbU0D4jPVTSdPZPhIK33shVJXAHii/p5Iia9U4ru60ycwVPPeWPzPa8fgXXRTHkQxsIBOF3mxwBDicSK4zyWjIBJNCJVc34rpkEhCQeeW1yHY8y8vkma1Yp9VqrenxdrVLI4cKqBDVEY2Okc1dIPqqIEoekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzB1Nxlpo=</latexit>

�̂ = (X 0X)�1X 0y
<latexit sha1_base64="afga/zo7yjneRqCgAxTLwj6TgcY=">AAACGHicbVDJSgNBEO1xjXGLevTSGMR4MM6IqBch6MVjBBMHMmOo6fSYxp6F7hohDPkML/6KFw+KeM3Nv7GzgOuDgsd7VVTVC1IpNNr2hzU1PTM7N19YKC4uLa+sltbWmzrJFOMNlshEuQFoLkXMGyhQcjdVHKJA8uvg7nzoX99zpUUSX2Ev5X4Et7EIBQM0Uru03wRV8bqAuRdwhP4uPaUVd8fdvcn3nL6749W7grpfSrtUtqv2CPQvcSakTCaot0sDr5OwLOIxMglatxw7RT8HhYJJ3i96meYpsDu45S1DY4i49vPRY326bZQODRNlKkY6Ur9P5BBp3YsC0xkBdvVvbyj+57UyDE/8XMRphjxm40VhJikmdJgS7QjFGcqeIcCUMLdS1gUFDE2WRROC8/vlv6R5UHWOqgeXh+Xa2SSOAtkkW6RCHHJMauSC1EmDMPJAnsgLebUerWfrzXoft05Zk5kN8gPW4BP2h500</latexit>

V ar(�̂) = (X 0X)�1X 0�X(X 0X)�1

Under homoskedasticity:
<latexit sha1_base64="DA7jbIe5iRUjNTsNCVf3Y7qmKc4=">AAACA3icbVBNS8NAEJ34WetX1JteFovgqSRF1ItQ9KK3CvYDmlo22027dLMJuxuhhIIX/4oXD4p49U9489+4aXPQ1gcDj/dmmJnnx5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPrzK/+UClYpG406OYdkLcFyxgBGsjde19rzZg6AJ5ivVDfF9BXoj1wA/Sm3HXLjllZwI0T9yclCBHrWt/eb2IJCEVmnCsVNt1Yt1JsdSMcDoueomiMSZD3KdtQwUOqeqkkx/G6MgoPRRE0pTQaKL+nkhxqNQo9E1ndqGa9TLxP6+d6OC8kzIRJ5oKMl0UJBzpCGWBoB6TlGg+MgQTycytiAywxESb2IomBHf25XnSqJTd03Ll9qRUvczjKMABHMIxuHAGVbiGGtSBwCM8wyu8WU/Wi/VufUxbF6x8Zg/+wPr8AZL2ltw=</latexit>

� = �2I
<latexit sha1_base64="JYpSsXgYIe2SRY/1lo4YOLNci28=">AAACD3icbVA9SwNBEN3z2/h1ammzGNRYGO6CqI0g2lgqmBjInWFus0mW7H2wOyeE4/6BjX/FxkIRW1s7/42bmEITHww83pthZl6QSKHRcb6sqemZ2bn5hcXC0vLK6pq9vlHTcaoYr7JYxqoegOZSRLyKAiWvJ4pDGEh+G/QuBv7tPVdaxNEN9hPuh9CJRFswQCM17d0aqJLXBcy8gCPk+/SUelp0Qrir0FJ9r75/lx24edMuOmVnCDpJ3BEpkhGumvan14pZGvIImQStG66ToJ+BQsEkzwteqnkCrAcd3jA0gpBrPxv+k9Mdo7RoO1amIqRD9fdEBqHW/TAwnSFgV497A/E/r5Fi+8TPRJSkyCP2s6idSooxHYRDW0JxhrJvCDAlzK2UdUEBQxNhwYTgjr88SWqVsntUrlwfFs/OR3EskC2yTUrEJcfkjFySK1IljDyQJ/JCXq1H69l6s95/Wqes0cwm+QPr4xvjxpqn</latexit>

V ar(�̂) = �2(X 0X)�1

Called the “sandwich 
estimator” because the 
variance of Y is 
“sandwiched” between 
the inverses



Cluster-robust standard errors

<latexit sha1_base64="mz+hZG61f8sN2ShriB0srJ31Cd4=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCIJSkiHoRil48VrAf0Iay2W7apZtN2N0oIfanePGgiFd/iTf/jZs2B219MPB4b4aZeV7EmdK2/W0VVlbX1jeKm6Wt7Z3dvXJlv63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KT+Z0HKhULxb1OIuoGeCSYzwjWRhqUKwm6Ql0PnaI+jRTjmVa1a/YMaJk4OalCjuag/NUfhiQOqNCEY6V6jh1pN8VSM8LptNSPFY0wmeAR7RkqcECVm85On6JjowyRH0pTQqOZ+nsixYFSSeCZzgDrsVr0MvE/rxdr/9JNmYhiTQWZL/JjjnSIshzQkElKNE8MwUQycysiYywx0SatkgnBWXx5mbTrNee8Vr87qzau8ziKcAhHcAIOXEADbqEJLSDwCM/wCm/Wk/VivVsf89aClc8cwB9Ynz9fjpLN</latexit>

y = Xb+ ✏
<latexit sha1_base64="KIsocPPrpkWJOjuokhJSIX4562k=">AAAB+HicbVBNSwMxEM36WetHVz16CRahXspuEfUiFEXwWMF+QLuUbDrbhmaTJckKtfSXePGgiFd/ijf/jWm7B219MPB4b4aZeWHCmTae9+2srK6tb2zmtvLbO7t7BXf/oKFlqijUqeRStUKigTMBdcMMh1aigMQhh2Y4vJn6zUdQmknxYEYJBDHpCxYxSoyVum7httSBRDMuxSm+wl7XLXplbwa8TPyMFFGGWtf96vQkTWMQhnKiddv3EhOMiTKMcpjkO6mGhNAh6UPbUkFi0MF4dvgEn1ilhyOpbAmDZ+rviTGJtR7Foe2MiRnoRW8q/ue1UxNdBmMmktSAoPNFUcqxkXiaAu4xBdTwkSWEKmZvxXRAFKHGZpW3IfiLLy+TRqXsn5cr92fF6nUWRw4doWNUQj66QFV0h2qojihK0TN6RW/Ok/PivDsf89YVJ5s5RH/gfP4Ay2uR4Q==</latexit>

E(✏) = 0
<latexit sha1_base64="QhISrMhMWK2m4wYslzS96NkwatU=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1k2ZKaJuhKIILivYC3SGkkkzbWgmGZKMUIau3Pgqblwo4tZncOfbmLaDaOsPgY//nMPJ+YOYUaUd58vKLSwuLa/kVwtr6xubW/b2TkOJRGJSx4IJ2QqQIoxyUtdUM9KKJUFRwEgzGFyN6817IhUV/E4PY+JHqMdpSDHSxurY+9clj8SKMsHhDxwdwwvo1fq0YxedsjMRnAc3gyLIVOvYn15X4CQiXGOGlGq7Tqz9FElNMSOjgpcoEiM8QD3SNshRRJSfTs4YwUPjdGEopHlcw4n7eyJFkVLDKDCdEdJ9NVsbm//V2okOz/2U8jjRhOPpojBhUAs4zgR2qSRYs6EBhCU1f4W4jyTC2iRXMCG4syfPQ6NSdk/LlduTYvUyiyMP9sABKAEXnIEquAE1UAcYPIAn8AJerUfr2Xqz3qetOSub2QV/ZH18A+Gdl3c=</latexit>

E(✏✏0) = �

<latexit sha1_base64="vZFOmu4GKNcN8VTz3aPolGloFMw=">AAACBHicbVC7SgNBFJ31GeNr1TLNYJDEwrAbRG2EoI1lBJMsJDHMTmaTIbMPZu4Ky7KFjb9iY6GIrR9h5984eRSaeODC4Zx7ufceNxJcgWV9G0vLK6tr67mN/ObW9s6uubffVGEsKWvQUITScYliggesARwEcyLJiO8K1nJH12O/9cCk4mFwB0nEuj4ZBNzjlICWemahMySQdlwGJMOXuOyUnOP79MTOnFLSM4tWxZoALxJ7RopohnrP/Or0Qxr7LAAqiFJt24qgmxIJnAqW5TuxYhGhIzJgbU0D4jPVTSdPZPhIK33shVJXAHii/p5Iia9U4ru60ycwVPPeWPzPa8fgXXRTHkQxsIBOF3mxwBDicSK4zyWjIBJNCJVc34rpkEhCQeeW1yHY8y8vkma1Yp9VqrenxdrVLI4cKqBDVEY2Okc1dIPqqIEoekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzB1Nxlpo=</latexit>

�̂ = (X 0X)�1X 0y
<latexit sha1_base64="afga/zo7yjneRqCgAxTLwj6TgcY=">AAACGHicbVDJSgNBEO1xjXGLevTSGMR4MM6IqBch6MVjBBMHMmOo6fSYxp6F7hohDPkML/6KFw+KeM3Nv7GzgOuDgsd7VVTVC1IpNNr2hzU1PTM7N19YKC4uLa+sltbWmzrJFOMNlshEuQFoLkXMGyhQcjdVHKJA8uvg7nzoX99zpUUSX2Ev5X4Et7EIBQM0Uru03wRV8bqAuRdwhP4uPaUVd8fdvcn3nL6749W7grpfSrtUtqv2CPQvcSakTCaot0sDr5OwLOIxMglatxw7RT8HhYJJ3i96meYpsDu45S1DY4i49vPRY326bZQODRNlKkY6Ur9P5BBp3YsC0xkBdvVvbyj+57UyDE/8XMRphjxm40VhJikmdJgS7QjFGcqeIcCUMLdS1gUFDE2WRROC8/vlv6R5UHWOqgeXh+Xa2SSOAtkkW6RCHHJMauSC1EmDMPJAnsgLebUerWfrzXoft05Zk5kN8gPW4BP2h500</latexit>

V ar(�̂) = (X 0X)�1X 0�X(X 0X)�1

When errors are independent  
but not equal:

<latexit sha1_base64="pDaly6EysVA0eaxYVNdHeN8IO6Q=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwVJIi6kUoevFY0X5AE8pmu2mWbjZhdyOUUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZF6ScKe0439bK6tr6xmZpq7y9s7u3bx8ctlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjG6mfueRSsUS8aDHKfVjPBQsZARrI/XtiteMGLpCXoR17t2zYYwnfbvq1JwZ0DJxC1KFAs2+/eUNEpLFVGjCsVI910m1n2OpGeF0UvYyRVNMRnhIe4YKHFPl57PjJ+jEKAMUJtKU0Gim/p7IcazUOA5MZ4x1pBa9qfif18t0eOnnTKSZpoLMF4UZRzpB0yTQgElKNB8bgolk5lZEIiwx0SavsgnBXXx5mbTrNfe8Vr87qzauizhKcATHcAouXEADbqEJLSAwhmd4hTfryXqx3q2PeeuKVcxU4A+szx/dPpRI</latexit>

� = ⌃̂

<latexit sha1_base64="vGf3QxqPxe8gNddM1WtyBXVHnis=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWME88BkDbOT2WTIPJaZWSEs+QsvHhTx6t9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkPXcMGAj9We0GvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+j/pMU2L52BFMNHO3IjLEGhPrQiq6EILFl5dJs1oJLirVu/Ny7TqPowDHcAJnEMAl1OAW6tAAAhKe4RXePOO9eO/ex7x1xctnjuAPvM8f8pyQcg==</latexit>

�2
1

<latexit sha1_base64="p3kMiMMRgJNaN7MpvpNy8sqJqAo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ldpHosevFYwX5gu5Zsmm1Dk+ySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDPz209UaRbLezNJaCDwULKIEWys9NDTbCjwo9/3++WKW3XnQKvEy0kFcjT65a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdLyq16t6t9dVOrXeRxFOIFTOAcPLqEOt9CAJhCQ8Ayv8OZo58V5dz4WrQUnnzmGP3A+fwD0IJBz</latexit>

�2
2

<latexit sha1_base64="XcriHEBMOAM5Rkayqzig2bZmGFE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtoh6LXjxWsB/YriWbZtvQJLskWaEs/RdePCji1X/jzX9jut2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57SeqNIvkvZnE1Bd4KFnICDZWeuhpNhT4sdY/65crbtXNgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfppdPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeOWnTMaJoZLMF4UJRyZCs/fRgClKDJ9Ygoli9lZERlhhYmxIJRuCt/jyMmnVqt5FtXZ3Xqlf53EU4QiO4RQ8uIQ63EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AH1pJB0</latexit>

�2
3

<latexit sha1_base64="jtjct0qgCGJEcqQOBElf1mqZhqI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+wXUs2zbahSXZJskJZ+i+8eFDEq//Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpP5nSeqNIvkvZnG1Bd4JFnICDZWeuhrNhL4sTaoD8oVt+rOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjq/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8MpPmYwTQyVZLAoTjkyEsvfRkClKDJ9agoli9lZExlhhYmxIJRuCt/zyKmnXqt5FtXZXrzSu8ziKcAKncA4eXEIDbqEJLSAg4Rle4c3Rzovz7nwsWgtOPnMMf+B8/gD3KJB1</latexit>

�2
4

<latexit sha1_base64="OxOIWr3xSmA/+21Xu1eHJeqfMKY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3TjZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57SeqNIvkvZnE1Bd4KFnICDZWeuhpNhT4sdY/75crbtXNgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfppdPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeOWnTMaJoZLMF4UJRyZCs/fRgClKDJ9Ygoli9lZERlhhYmxIJRuCt/jyMmnVqt5FtXZ3Vqlf53EU4QiO4RQ8uIQ63EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AH4rJB2</latexit>

�2
5

<latexit sha1_base64="je2yamN3R7z2EnQ6uMMj2ZQeGvc=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSgx6JXjxi4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38z89hNVmsXy3kwSGgg8lCxiBBsrPfQ0Gwr8WOvX++WKW3XnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJtfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CrImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEb/nlVdKqVb16tXZ3UWlc53EU4QRO4Rw8uIQG3EITfCAg4Rle4c3Rzovz7nwsWgtOPnMMf+B8/gD6MJB3</latexit>

�2
6

0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0(i.e. diagonal with unequal elements)

<latexit sha1_base64="Ppz4SxV1adKTOdFnvn0w7/9dKW4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdgNojZC0MYyorlANi6zk5NkyOyFmbNqWPIKNr6KjYUitnZ2vo2TS6GJPwx8/Occzpzfj6XQaNvf1sLi0vLKamYtu76xubWd29mt6ShRHKo8kpFq+EyDFCFUUaCERqyABb6Eut+/GNXrd6C0iMIbHMTQClg3FB3BGRrLyxVchAdM73uggA7dHsPUvRbdgA09Qc+oq0d8W/KEl8vbRXssOg/OFPJkqoqX+3LbEU8CCJFLpnXTsWNspUyh4BKGWTfREDPeZ11oGgxZALqVji8a0kPjtGknUuaFSMfu74mUBVoPAt90Bgx7erY2Mv+rNRPsnLZSEcYJQsgnizqJpBjRUTy0LRRwlAMDjCth/kp5jynG0YSYNSE4syfPQ61UdI6LpaujfPl8GkeG7JMDUiAOOSFlckkqpEo4eSTP5JW8WU/Wi/VufUxaF6zpzB75I+vzB6BYnX4=</latexit>

where ⌃̂i = �2
i



Cluster-robust standard errors

<latexit sha1_base64="mz+hZG61f8sN2ShriB0srJ31Cd4=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCIJSkiHoRil48VrAf0Iay2W7apZtN2N0oIfanePGgiFd/iTf/jZs2B219MPB4b4aZeV7EmdK2/W0VVlbX1jeKm6Wt7Z3dvXJlv63CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KT+Z0HKhULxb1OIuoGeCSYzwjWRhqUKwm6Ql0PnaI+jRTjmVa1a/YMaJk4OalCjuag/NUfhiQOqNCEY6V6jh1pN8VSM8LptNSPFY0wmeAR7RkqcECVm85On6JjowyRH0pTQqOZ+nsixYFSSeCZzgDrsVr0MvE/rxdr/9JNmYhiTQWZL/JjjnSIshzQkElKNE8MwUQycysiYywx0SatkgnBWXx5mbTrNee8Vr87qzau8ziKcAhHcAIOXEADbqEJLSDwCM/wCm/Wk/VivVsf89aClc8cwB9Ynz9fjpLN</latexit>

y = Xb+ ✏
<latexit sha1_base64="KIsocPPrpkWJOjuokhJSIX4562k=">AAAB+HicbVBNSwMxEM36WetHVz16CRahXspuEfUiFEXwWMF+QLuUbDrbhmaTJckKtfSXePGgiFd/ijf/jWm7B219MPB4b4aZeWHCmTae9+2srK6tb2zmtvLbO7t7BXf/oKFlqijUqeRStUKigTMBdcMMh1aigMQhh2Y4vJn6zUdQmknxYEYJBDHpCxYxSoyVum7httSBRDMuxSm+wl7XLXplbwa8TPyMFFGGWtf96vQkTWMQhnKiddv3EhOMiTKMcpjkO6mGhNAh6UPbUkFi0MF4dvgEn1ilhyOpbAmDZ+rviTGJtR7Foe2MiRnoRW8q/ue1UxNdBmMmktSAoPNFUcqxkXiaAu4xBdTwkSWEKmZvxXRAFKHGZpW3IfiLLy+TRqXsn5cr92fF6nUWRw4doWNUQj66QFV0h2qojihK0TN6RW/Ok/PivDsf89YVJ5s5RH/gfP4Ay2uR4Q==</latexit>

E(✏) = 0
<latexit sha1_base64="QhISrMhMWK2m4wYslzS96NkwatU=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1k2ZKaJuhKIILivYC3SGkkkzbWgmGZKMUIau3Pgqblwo4tZncOfbmLaDaOsPgY//nMPJ+YOYUaUd58vKLSwuLa/kVwtr6xubW/b2TkOJRGJSx4IJ2QqQIoxyUtdUM9KKJUFRwEgzGFyN6817IhUV/E4PY+JHqMdpSDHSxurY+9clj8SKMsHhDxwdwwvo1fq0YxedsjMRnAc3gyLIVOvYn15X4CQiXGOGlGq7Tqz9FElNMSOjgpcoEiM8QD3SNshRRJSfTs4YwUPjdGEopHlcw4n7eyJFkVLDKDCdEdJ9NVsbm//V2okOz/2U8jjRhOPpojBhUAs4zgR2qSRYs6EBhCU1f4W4jyTC2iRXMCG4syfPQ6NSdk/LlduTYvUyiyMP9sABKAEXnIEquAE1UAcYPIAn8AJerUfr2Xqz3qetOSub2QV/ZH18A+Gdl3c=</latexit>

E(✏✏0) = �

<latexit sha1_base64="vZFOmu4GKNcN8VTz3aPolGloFMw=">AAACBHicbVC7SgNBFJ31GeNr1TLNYJDEwrAbRG2EoI1lBJMsJDHMTmaTIbMPZu4Ky7KFjb9iY6GIrR9h5984eRSaeODC4Zx7ufceNxJcgWV9G0vLK6tr67mN/ObW9s6uubffVGEsKWvQUITScYliggesARwEcyLJiO8K1nJH12O/9cCk4mFwB0nEuj4ZBNzjlICWemahMySQdlwGJMOXuOyUnOP79MTOnFLSM4tWxZoALxJ7RopohnrP/Or0Qxr7LAAqiFJt24qgmxIJnAqW5TuxYhGhIzJgbU0D4jPVTSdPZPhIK33shVJXAHii/p5Iia9U4ru60ycwVPPeWPzPa8fgXXRTHkQxsIBOF3mxwBDicSK4zyWjIBJNCJVc34rpkEhCQeeW1yHY8y8vkma1Yp9VqrenxdrVLI4cKqBDVEY2Okc1dIPqqIEoekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzB1Nxlpo=</latexit>

�̂ = (X 0X)�1X 0y
<latexit sha1_base64="afga/zo7yjneRqCgAxTLwj6TgcY=">AAACGHicbVDJSgNBEO1xjXGLevTSGMR4MM6IqBch6MVjBBMHMmOo6fSYxp6F7hohDPkML/6KFw+KeM3Nv7GzgOuDgsd7VVTVC1IpNNr2hzU1PTM7N19YKC4uLa+sltbWmzrJFOMNlshEuQFoLkXMGyhQcjdVHKJA8uvg7nzoX99zpUUSX2Ev5X4Et7EIBQM0Uru03wRV8bqAuRdwhP4uPaUVd8fdvcn3nL6749W7grpfSrtUtqv2CPQvcSakTCaot0sDr5OwLOIxMglatxw7RT8HhYJJ3i96meYpsDu45S1DY4i49vPRY326bZQODRNlKkY6Ur9P5BBp3YsC0xkBdvVvbyj+57UyDE/8XMRphjxm40VhJikmdJgS7QjFGcqeIcCUMLdS1gUFDE2WRROC8/vlv6R5UHWOqgeXh+Xa2SSOAtkkW6RCHHJMauSC1EmDMPJAnsgLebUerWfrzXoft05Zk5kN8gPW4BP2h500</latexit>

V ar(�̂) = (X 0X)�1X 0�X(X 0X)�1

When errors are clustered:
<latexit sha1_base64="pDaly6EysVA0eaxYVNdHeN8IO6Q=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwVJIi6kUoevFY0X5AE8pmu2mWbjZhdyOUUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZF6ScKe0439bK6tr6xmZpq7y9s7u3bx8ctlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjG6mfueRSsUS8aDHKfVjPBQsZARrI/XtiteMGLpCXoR17t2zYYwnfbvq1JwZ0DJxC1KFAs2+/eUNEpLFVGjCsVI910m1n2OpGeF0UvYyRVNMRnhIe4YKHFPl57PjJ+jEKAMUJtKU0Gim/p7IcazUOA5MZ4x1pBa9qfif18t0eOnnTKSZpoLMF4UZRzpB0yTQgElKNB8bgolk5lZEIiwx0SavsgnBXXx5mbTrNfe8Vr87qzauizhKcATHcAouXEADbqEJLSAwhmd4hTfryXqx3q2PeeuKVcxU4A+szx/dPpRI</latexit>

� = ⌃̂
<latexit sha1_base64="OKVLqUtaTXM0IyOuoxjHDMKcPoY=">AAACKnicbVDLTgJBEJz1ifhCPXqZSIyeyC4x6sUE9eJRo4AJS8js0MDA7CMzvSrZ7Pd48Ve8eNAQr36IA+xBxUomqVRVp6fLi6TQaNsja25+YXFpObeSX11b39gsbG3XdBgrDlUeylDde0yDFAFUUaCE+0gB8z0JdW9wOfbrD6C0CIM7HEbQ9Fk3EB3BGRqpVTh3EZ4weeyBAppSt8cwcW9F12dpq0/PMgEiLaSJ99MZ4aBVKNolewI6S5yMFEmG61bhzW2HPPYhQC6Z1g3HjrCZMIWCS0jzbqwhYnzAutAwNGA+6GYyOTWl+0Zp006ozAuQTtSfEwnztR76nkn6DHv6rzcW//MaMXZOm4kIohgh4NNFnVhSDOm4N9oWCjjKoSGMK2H+SnmPKcbRtJs3JTh/T54ltXLJOS6Vb46KlYusjhzZJXvkkDjkhFTIFbkmVcLJM3kl7+TDerHerJH1OY3OWdnMDvkF6+sbZnqoew==</latexit>

where ⌃̂j = ✏̂j ✏̂j
0

<latexit sha1_base64="BvwkQj2w3mUepfT/oVQwDfouELc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApOf1yhW36s6Al4mXkwrK0eiVv/x+TFJBpSEctO56bmKCDJRhhNNJyU81TYCMYEC7lkoQVAfZ7OoJPrFKH0exsiUNnqm/JzIQWo9FaDsFmKFe9Kbif143NdFlkDGZpIZKMl8UpRybGE8jwH2mKDF8bAkQxeytmAxBATE2qJINwVt8eZm0alXvvFq7PavUr/I4iugIHaNT5KELVEc3qIGaiCCFntErenOenBfn3fmYtxacfOYQ/YHz+QNygZJ7</latexit>

⌃̂1

<latexit sha1_base64="BvwkQj2w3mUepfT/oVQwDfouELc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApOf1yhW36s6Al4mXkwrK0eiVv/x+TFJBpSEctO56bmKCDJRhhNNJyU81TYCMYEC7lkoQVAfZ7OoJPrFKH0exsiUNnqm/JzIQWo9FaDsFmKFe9Kbif143NdFlkDGZpIZKMl8UpRybGE8jwH2mKDF8bAkQxeytmAxBATE2qJINwVt8eZm0alXvvFq7PavUr/I4iugIHaNT5KELVEc3qIGaiCCFntErenOenBfn3fmYtxacfOYQ/YHz+QNygZJ7</latexit>

⌃̂1
<latexit sha1_base64="BvwkQj2w3mUepfT/oVQwDfouELc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApOf1yhW36s6Al4mXkwrK0eiVv/x+TFJBpSEctO56bmKCDJRhhNNJyU81TYCMYEC7lkoQVAfZ7OoJPrFKH0exsiUNnqm/JzIQWo9FaDsFmKFe9Kbif143NdFlkDGZpIZKMl8UpRybGE8jwH2mKDF8bAkQxeytmAxBATE2qJINwVt8eZm0alXvvFq7PavUr/I4iugIHaNT5KELVEc3qIGaiCCFntErenOenBfn3fmYtxacfOYQ/YHz+QNygZJ7</latexit>

⌃̂1

<latexit sha1_base64="BvwkQj2w3mUepfT/oVQwDfouELc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApOf1yhW36s6Al4mXkwrK0eiVv/x+TFJBpSEctO56bmKCDJRhhNNJyU81TYCMYEC7lkoQVAfZ7OoJPrFKH0exsiUNnqm/JzIQWo9FaDsFmKFe9Kbif143NdFlkDGZpIZKMl8UpRybGE8jwH2mKDF8bAkQxeytmAxBATE2qJINwVt8eZm0alXvvFq7PavUr/I4iugIHaNT5KELVEc3qIGaiCCFntErenOenBfn3fmYtxacfOYQ/YHz+QNygZJ7</latexit>

⌃̂1
<latexit sha1_base64="La3/wbl/UqgD/YZvkyWjakmzeHo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApFfrlStu1Z0BLxMvJxWUo9Erf/n9mKSCSkM4aN313MQEGSjDCKeTkp9qmgAZwYB2LZUgqA6y2dUTfGKVPo5iZUsaPFN/T2QgtB6L0HYKMEO96E3F/7xuaqLLIGMySQ2VZL4oSjk2MZ5GgPtMUWL42BIgitlbMRmCAmJsUCUbgrf48jJp1areebV2e1apX+VxFNEROkanyEMXqI5uUAM1EUEKPaNX9OY8OS/Ou/Mxby04+cwh+gPn8wd0BZJ8</latexit>

⌃̂2

<latexit sha1_base64="La3/wbl/UqgD/YZvkyWjakmzeHo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApFfrlStu1Z0BLxMvJxWUo9Erf/n9mKSCSkM4aN313MQEGSjDCKeTkp9qmgAZwYB2LZUgqA6y2dUTfGKVPo5iZUsaPFN/T2QgtB6L0HYKMEO96E3F/7xuaqLLIGMySQ2VZL4oSjk2MZ5GgPtMUWL42BIgitlbMRmCAmJsUCUbgrf48jJp1areebV2e1apX+VxFNEROkanyEMXqI5uUAM1EUEKPaNX9OY8OS/Ou/Mxby04+cwh+gPn8wd0BZJ8</latexit>

⌃̂2
<latexit sha1_base64="La3/wbl/UqgD/YZvkyWjakmzeHo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApFfrlStu1Z0BLxMvJxWUo9Erf/n9mKSCSkM4aN313MQEGSjDCKeTkp9qmgAZwYB2LZUgqA6y2dUTfGKVPo5iZUsaPFN/T2QgtB6L0HYKMEO96E3F/7xuaqLLIGMySQ2VZL4oSjk2MZ5GgPtMUWL42BIgitlbMRmCAmJsUCUbgrf48jJp1areebV2e1apX+VxFNEROkanyEMXqI5uUAM1EUEKPaNX9OY8OS/Ou/Mxby04+cwh+gPn8wd0BZJ8</latexit>

⌃̂2

<latexit sha1_base64="La3/wbl/UqgD/YZvkyWjakmzeHo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx4r2g/ormU2zbahSXZJskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJwRNOZO0aZjhtJMoCiLktB2Orqd++5EqzWJ5b8YJDQQMJIsYAWOlB38IJvPv2EDApFfrlStu1Z0BLxMvJxWUo9Erf/n9mKSCSkM4aN313MQEGSjDCKeTkp9qmgAZwYB2LZUgqA6y2dUTfGKVPo5iZUsaPFN/T2QgtB6L0HYKMEO96E3F/7xuaqLLIGMySQ2VZL4oSjk2MZ5GgPtMUWL42BIgitlbMRmCAmJsUCUbgrf48jJp1areebV2e1apX+VxFNEROkanyEMXqI5uUAM1EUEKPaNX9OY8OS/Ou/Mxby04+cwh+gPn8wd0BZJ8</latexit>

⌃̂2
<latexit sha1_base64="LjhsXPnsZG2Na/DzV+MGlI++DvA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV1GPRi8eK9gO6a8mm2TY0yS5JVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryd+65EqzWJ5b0YJDQTuSxYxgo2VHvwBNpl/x/oCj7un3VLZrbhToEXi5aQMOerd0pffi0kqqDSEY607npuYIMPKMMLpuOinmiaYDHGfdiyVWFAdZNOrx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXQYZk0lqqCSzRVHKkYnRJALUY4oSw0eWYKKYvRWRAVaYGBtU0Ybgzb+8SJrVindeqd6elWtXeRwFOIQjOAEPLqAGN1CHBhBQ8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wd1iZJ9</latexit>

⌃̂3

<latexit sha1_base64="LjhsXPnsZG2Na/DzV+MGlI++DvA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV1GPRi8eK9gO6a8mm2TY0yS5JVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryd+65EqzWJ5b0YJDQTuSxYxgo2VHvwBNpl/x/oCj7un3VLZrbhToEXi5aQMOerd0pffi0kqqDSEY607npuYIMPKMMLpuOinmiaYDHGfdiyVWFAdZNOrx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXQYZk0lqqCSzRVHKkYnRJALUY4oSw0eWYKKYvRWRAVaYGBtU0Ybgzb+8SJrVindeqd6elWtXeRwFOIQjOAEPLqAGN1CHBhBQ8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wd1iZJ9</latexit>

⌃̂3
<latexit sha1_base64="LjhsXPnsZG2Na/DzV+MGlI++DvA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV1GPRi8eK9gO6a8mm2TY0yS5JVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryd+65EqzWJ5b0YJDQTuSxYxgo2VHvwBNpl/x/oCj7un3VLZrbhToEXi5aQMOerd0pffi0kqqDSEY607npuYIMPKMMLpuOinmiaYDHGfdiyVWFAdZNOrx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXQYZk0lqqCSzRVHKkYnRJALUY4oSw0eWYKKYvRWRAVaYGBtU0Ybgzb+8SJrVindeqd6elWtXeRwFOIQjOAEPLqAGN1CHBhBQ8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wd1iZJ9</latexit>

⌃̂3

<latexit sha1_base64="LjhsXPnsZG2Na/DzV+MGlI++DvA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV1GPRi8eK9gO6a8mm2TY0yS5JVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJpxp47rfztLyyuraemGjuLm1vbNb2ttv6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBUOryd+65EqzWJ5b0YJDQTuSxYxgo2VHvwBNpl/x/oCj7un3VLZrbhToEXi5aQMOerd0pffi0kqqDSEY607npuYIMPKMMLpuOinmiaYDHGfdiyVWFAdZNOrx+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ndVITXQYZk0lqqCSzRVHKkYnRJALUY4oSw0eWYKKYvRWRAVaYGBtU0Ybgzb+8SJrVindeqd6elWtXeRwFOIQjOAEPLqAGN1CHBhBQ8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wd1iZJ9</latexit>

⌃̂3

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0(i.e. block diagonal with j clusters)



Cluster-robust standard errors

     OLS Regression Results                            
==============================================================================
Dep. Variable:                      y   R-squared:                       0.002
Model:                            OLS   Adj. R-squared:                 -0.000
Method:                 Least Squares   F-statistic:                     7.035
Date:                Thu, 15 Apr 2021   Prob (F-statistic):             0.0142
Time:                        20:47:49   Log-Likelihood:                -2291.5
No. Observations:                 480   AIC:                             4587.
Df Residuals:                     478   BIC:                             4595.
Df Model:                           1                                         
Covariance Type:              cluster                                         
==============================================================================
                 coef    std err          t      P>|t|      [0.025      0.975]
------------------------------------------------------------------------------
Intercept    800.2692      5.873    136.263      0.000     788.120     812.418
X              2.4716      0.932      2.652      0.014       0.544       4.399
==============================================================================
Omnibus:                       29.086   Durbin-Watson:                   0.180
Prob(Omnibus):                  0.000   Jarque-Bera (JB):               31.936
Skew:                          -0.609   Prob(JB):                     1.16e-07
Kurtosis:                       2.667   Cond. No.                         2.62
==============================================================================

Warnings:
[1] Standard Errors are robust to cluster correlation (cluster)



The mixed effects model

y: observed data
X: design matrix for fixed effects (known)
β: vector of fixed effect parameters (unknown)
Z: design matrix for random effects (known)
u: unknown vector of random effect parameters

Y = X� + Zu+ ✏

<latexit sha1_base64="k+8QwXT7/lam9GE9GRGxhhN3L8U=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIQpmRQt0IRTcuK9iHdkrJpHfa0MyD5I5Yhn6AG3/FjQtF3PoB7vwb08dCWw8ETs45l+QeL5ZCo21/W5ml5ZXVtex6bmNza3snv7tX11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wOfYb96C0iMIbHMbQDlgvFL7gDI3UyRdu6Tltuh4goyf0zkV4QM9Pk5G5uRBrIScpu2hPQBeJMyMFMkO1k/9yuxFPAgiRS6Z1y7FjbKdMoeASRjk30RAzPmA9aBkasgB0O50sM6JHRulSP1LmhEgn6u+JlAVaDwPPJAOGfT3vjcX/vFaC/lk7FWGcIIR8+pCfSIoRHTdDu0IBRzk0hHElzF8p7zPFOJr+cqYEZ37lRVI/LTqlYvm6VKhczOrIkgNySI6JQ8qkQq5IldQIJ4/kmbySN+vJerHerY9pNGPNZvbJH1ifP4pKmhU=</latexit>

Goal: Model the structure of the data 
so that errors become IID

Note: the values of u are not directly estimated, only 
their variance!



Mixed model formula syntax

<latexit sha1_base64="LwVUmLg4yTfaUSfq0QCqNoe3oGE=">AAACHnicbVDJSgNBEO1xjXGLevTSJAgRIcwEt4sQ9OIxglkgM4SeTidp0j0zdNeEhDFf4sVf8eJBEcGT/o2d5aCJDwoe71VRVc+PBNdg29/W0vLK6tp6aiO9ubW9s5vZ26/qMFaUVWgoQlX3iWaCB6wCHASrR4oR6QtW83s3Y7/WZ0rzMLiHYcQ8SToBb3NKwEjNzJkLbABJO1QyFmSEr3B2iF3NJXbwCR6YyjsP056OCuOoT9ToONvM5OyCPQFeJM6M5NAM5Wbm022FNJYsACqI1g3HjsBLiAJOBRul3ViziNAe6bCGoQGRTHvJ5L0RPjJKC5sTTQWAJ+rviYRIrYfSN52SQFfPe2PxP68RQ/vSS3gQxcACOl3UjgWGEI+zwi2uGAUxNIRQxc2tmHaJIhRMomkTgjP/8iKpFgvOeaF4d5orXc/iSKFDlEV55KALVEK3qIwqiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wvn4AucSg/g==</latexit>

formula = ”y ⇠ 1 + x+ (1|groupvar)”



outcome

<latexit sha1_base64="LwVUmLg4yTfaUSfq0QCqNoe3oGE=">AAACHnicbVDJSgNBEO1xjXGLevTSJAgRIcwEt4sQ9OIxglkgM4SeTidp0j0zdNeEhDFf4sVf8eJBEcGT/o2d5aCJDwoe71VRVc+PBNdg29/W0vLK6tp6aiO9ubW9s5vZ26/qMFaUVWgoQlX3iWaCB6wCHASrR4oR6QtW83s3Y7/WZ0rzMLiHYcQ8SToBb3NKwEjNzJkLbABJO1QyFmSEr3B2iF3NJXbwCR6YyjsP056OCuOoT9ToONvM5OyCPQFeJM6M5NAM5Wbm022FNJYsACqI1g3HjsBLiAJOBRul3ViziNAe6bCGoQGRTHvJ5L0RPjJKC5sTTQWAJ+rviYRIrYfSN52SQFfPe2PxP68RQ/vSS3gQxcACOl3UjgWGEI+zwi2uGAUxNIRQxc2tmHaJIhRMomkTgjP/8iKpFgvOeaF4d5orXc/iSKFDlEV55KALVEK3qIwqiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wvn4AucSg/g==</latexit>

formula = ”y ⇠ 1 + x+ (1|groupvar)”

Mixed model formula syntax



intercept
}fixed effects

<latexit sha1_base64="LwVUmLg4yTfaUSfq0QCqNoe3oGE=">AAACHnicbVDJSgNBEO1xjXGLevTSJAgRIcwEt4sQ9OIxglkgM4SeTidp0j0zdNeEhDFf4sVf8eJBEcGT/o2d5aCJDwoe71VRVc+PBNdg29/W0vLK6tp6aiO9ubW9s5vZ26/qMFaUVWgoQlX3iWaCB6wCHASrR4oR6QtW83s3Y7/WZ0rzMLiHYcQ8SToBb3NKwEjNzJkLbABJO1QyFmSEr3B2iF3NJXbwCR6YyjsP056OCuOoT9ToONvM5OyCPQFeJM6M5NAM5Wbm022FNJYsACqI1g3HjsBLiAJOBRul3ViziNAe6bCGoQGRTHvJ5L0RPjJKC5sTTQWAJ+rviYRIrYfSN52SQFfPe2PxP68RQ/vSS3gQxcACOl3UjgWGEI+zwi2uGAUxNIRQxc2tmHaJIhRMomkTgjP/8iKpFgvOeaF4d5orXc/iSKFDlEV55KALVEK3qIwqiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wvn4AucSg/g==</latexit>

formula = ”y ⇠ 1 + x+ (1|groupvar)”

Mixed model formula syntax



predictor
}fixed effects

<latexit sha1_base64="LwVUmLg4yTfaUSfq0QCqNoe3oGE=">AAACHnicbVDJSgNBEO1xjXGLevTSJAgRIcwEt4sQ9OIxglkgM4SeTidp0j0zdNeEhDFf4sVf8eJBEcGT/o2d5aCJDwoe71VRVc+PBNdg29/W0vLK6tp6aiO9ubW9s5vZ26/qMFaUVWgoQlX3iWaCB6wCHASrR4oR6QtW83s3Y7/WZ0rzMLiHYcQ8SToBb3NKwEjNzJkLbABJO1QyFmSEr3B2iF3NJXbwCR6YyjsP056OCuOoT9ToONvM5OyCPQFeJM6M5NAM5Wbm022FNJYsACqI1g3HjsBLiAJOBRul3ViziNAe6bCGoQGRTHvJ5L0RPjJKC5sTTQWAJ+rviYRIrYfSN52SQFfPe2PxP68RQ/vSS3gQxcACOl3UjgWGEI+zwi2uGAUxNIRQxc2tmHaJIhRMomkTgjP/8iKpFgvOeaF4d5orXc/iSKFDlEV55KALVEK3qIwqiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wvn4AucSg/g==</latexit>

formula = ”y ⇠ 1 + x+ (1|groupvar)”

Mixed model formula syntax



random intercept

}random effects

<latexit sha1_base64="LwVUmLg4yTfaUSfq0QCqNoe3oGE=">AAACHnicbVDJSgNBEO1xjXGLevTSJAgRIcwEt4sQ9OIxglkgM4SeTidp0j0zdNeEhDFf4sVf8eJBEcGT/o2d5aCJDwoe71VRVc+PBNdg29/W0vLK6tp6aiO9ubW9s5vZ26/qMFaUVWgoQlX3iWaCB6wCHASrR4oR6QtW83s3Y7/WZ0rzMLiHYcQ8SToBb3NKwEjNzJkLbABJO1QyFmSEr3B2iF3NJXbwCR6YyjsP056OCuOoT9ToONvM5OyCPQFeJM6M5NAM5Wbm022FNJYsACqI1g3HjsBLiAJOBRul3ViziNAe6bCGoQGRTHvJ5L0RPjJKC5sTTQWAJ+rviYRIrYfSN52SQFfPe2PxP68RQ/vSS3gQxcACOl3UjgWGEI+zwi2uGAUxNIRQxc2tmHaJIhRMomkTgjP/8iKpFgvOeaF4d5orXc/iSKFDlEV55KALVEK3qIwqiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wvn4AucSg/g==</latexit>

formula = ”y ⇠ 1 + x+ (1|groupvar)”

Mixed model formula syntax



}random effects

random slope and intercept

<latexit sha1_base64="E4sa9jFKPAa2dyGchPSCFoK6TlI=">AAACInicbVDLSgNBEJz1GeMr6tHLkCBEhLAbxMdBCHrxGME8IAlhdjKbDJnZXWZ6Q8Kab/Hir3jxoKgnwY9xkuxBEwsaiqpuurvcUHANtv1lLS2vrK6tpzbSm1vbO7uZvf2qDiJFWYUGIlB1l2gmuM8qwEGweqgYka5gNbd/M/FrA6Y0D/x7GIWsJUnX5x6nBIzUzlw2gQ0h9gIlI0HG+ApnR7ipucQOPsFDU/kpeZj1dVUQhQOixsfZdiZnF+wp8CJxEpJDCcrtzEezE9BIMh+oIFo3HDuEVkwUcCrYON2MNAsJ7ZMuaxjqE8l0K56+OMZHRulgc6YpH/BU/T0RE6n1SLqmUxLo6XlvIv7nNSLwLlox98MImE9ni7xIYAjwJC/c4YpRECNDCFXc3IppjyhCwaSaNiE48y8vkmqx4JwVinenudJ1EkcKHaIsyiMHnaMSukVlVEEUPaJn9IrerCfrxXq3PmetS1Yyc4D+wPr+AeQCogk=</latexit>

formula = ”y ⇠ 1 + x+ (1 + x|groupvar)”

Mixed model formula syntax



   Mixed Linear Model Regression Results
========================================================
Model:            MixedLM Dependent Variable: y         
No. Observations: 480     Method:             REML      
No. Groups:       24      Scale:              31.2306   
Min. group size:  20      Likelihood:         -1578.3310
Max. group size:  20      Converged:          Yes       
Mean group size:  20.0                                  
--------------------------------------------------------
           Coef.  Std.Err.    z    P>|z|  [0.025  0.975]
--------------------------------------------------------
Intercept 800.269    5.869 136.353 0.000 788.766 811.772
X           2.472    0.510   4.845 0.000   1.472   3.471
Group Var 823.587   44.619                              
========================================================

Random intercept model

md = smf.mixedlm("y ~ X", data_df, groups=data_df["subid"])
mdf = md.fit(method=["lbfgs"])
print(mdf.summary())



md = smf.mixedlm("y ~ X", data_df, groups=data_df["subid"], re_formula='~X')
mdf = md.fit(method=["lbfgs"])
print(mdf.summary())

Random intercept/slope model

 Mixed Linear Model Regression Results
============================================================
Model:              MixedLM  Dependent Variable:  y         
No. Observations:   480      Method:              REML      
No. Groups:         24       Scale:               27.3563   
Min. group size:    20       Likelihood:          -1563.5472
Max. group size:    20       Converged:           Yes       
Mean group size:    20.0                                    
------------------------------------------------------------
               Coef.  Std.Err.    z    P>|z|  [0.025  0.975]
------------------------------------------------------------
Intercept     800.269    5.868 136.387 0.000 788.769 811.770
X               2.472    0.931   2.655 0.008   0.647   4.296
Group Var     823.559   47.823                              
Group x X Cov  -3.239    5.233                              
X Var          15.327    1.204                              
============================================================



Interpretation of mixed vs. marginal models

Standard (“marginal”) model interpretation: 
What is effect of factor X on average across 

all observations? 

Mixed model interpretation: 
What is the average effect of factor X across 

all combinations of grouping variables?



An example: Simpson’s paradox

Test score vs 
finishing time: 

The best 
students 

usually finish 
fastest 

But for any 
individual, more 

test time will 
lead to a better 

score 



OLS Regression Results                            
==============================================================================
                coef    std err          t      P>|t|      [0.025      0.975]
------------------------------------------------------------------------------
Intercept    210.6811      5.463     38.563      0.000     199.903     221.460
finishtime    -1.5422      0.077    -19.955      0.000      -1.695      -1.390

     Mixed Linear Model Regression Results
=======================================================
           Coef.  Std.Err.    z    P>|z| [0.025 0.975]
-------------------------------------------------------
Intercept   73.823    3.664  20.150 0.000 66.643 81.004
finishtime   0.402    0.002 187.797 0.000  0.398  0.407
Group Var  227.801  901.263                            
=======================================================

The two analyses give opposite results! 
Neither is “wrong” but they are relevant to 

different questions



The “stimulus as fixed effect” fallacy (Clark, 1973)

Our statistical model determines the scope of possible 
generalization from our results: 

Only when we treat something as a random effect are we 
licensed to generalize beyond the specifics of our study 

Clark, 1973: 
- most researchers treat stimuli as a fixed effect 
- Treating them as a random effect allow generalization 

beyond the specific stimulus set used in the study 
- But it will generally increase the uncertainty of our 

estimates (and thus increase p-values)

formula = ”y ⇠ 1 + condition+ (1 + condition|subject) + (1|item)”

<latexit sha1_base64="SkzkQFeAZrG5vKSXmgOh3Rmn9T8="></latexit>



What effects should I include?
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a b s t r a c t

Linear mixed-effects models (LMEMs) have become increasingly prominent in psycholin-
guistics and related areas. However, many researchers do not seem to appreciate how ran-
dom effects structures affect the generalizability of an analysis. Here, we argue that
researchers using LMEMs for confirmatory hypothesis testing should minimally adhere
to the standards that have been in place for many decades. Through theoretical arguments
and Monte Carlo simulation, we show that LMEMs generalize best when they include the
maximal random effects structure justified by the design. The generalization performance of
LMEMs including data-driven random effects structures strongly depends upon modeling
criteria and sample size, yielding reasonable results on moderately-sized samples when
conservative criteria are used, but with little or no power advantage over maximal models.
Finally, random-intercepts-only LMEMs used on within-subjects and/or within-items data
from populations where subjects and/or items vary in their sensitivity to experimental
manipulations always generalize worse than separate F1 and F2 tests, and in many cases,
even worse than F1 alone. Maximal LMEMs should be the ‘gold standard’ for confirmatory
hypothesis testing in psycholinguistics and beyond.

! 2012 Elsevier Inc. All rights reserved.

‘‘I see no real alternative, in most confirmatory studies, to
having a single main question—in which a question is
specified by ALL of design, collection, monitoring, AND
ANALYSIS.’’

Tukey (1980), ‘‘We Need Both Exploratory and Confir-
matory’’ (p. 24, emphasis in original).

Introduction

The notion of independent evidence plays no less impor-
tant a role in the assessment of scientific hypotheses than

it does in everyday reasoning. Consider a pet-food manu-
facturer determining which of two new gourmet cat-food
recipes to bring to market. The manufacturer has every
interest in choosing the recipe that the average cat will
eat the most of. Thus every day for a month (28 days) their
expert, Dr. Nyan, feeds one recipe to a cat in the morning
and the other recipe to a cat in the evening, counterbalanc-
ing which recipe is fed when and carefully measuring how
much was eaten at each meal. At the end of the month Dr.
Nyan calculates that recipes 1 and 2 were consumed to the
tune of 92.9 ± 5.6 and 107.2 ± 6.1 (means ± SDs) grams per
meal respectively. How confident can we be that recipe 2 is
the better choice to bring to market? Without further
information you might hazard the guess ‘‘somewhat confi-
dent’’, considering that one of the first statistical hypothe-
sis tests typically taught, the unpaired t-test, gives p = 0.09
against the null hypothesis that choice of recipe does not
matter. But now we tell you that only seven cats partici-
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LMEMs generalize best when they 
include the maximal random effects 
structure justified by the design 
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Summary. The analysis of experimental data with mixed-effects models requires deci-

sions about the specification of the appropriate random-effects structure. Recently, Barr,

Levy, Scheepers, and Tily 2013 recommended fitting ‘maximal’ models with all possible

random effect components included. Estimation of maximal models, however, may not

converge. We show that failure to converge typically is not due to a suboptimal estima-

tion algorithm, but is a consequence of attempting to fit a model that is too complex to

be properly supported by the data, irrespective of whether estimation is based on maxi-

mum likelihood or on Bayesian hierarchical modeling with uninformative or weakly infor-

mative priors. Importantly, even under convergence, overparameterization may lead to

uninterpretable models. We provide diagnostic tools for detecting overparameterization

and guiding model simplification.

Keywords: linear mixed models, model selection, crossed random effects, model

simplicity

1. Introduction

During the last ten years, there has been a significant change in how psycholinguistic
experiments are analyzed when both subjects and items are included as random factors,
specifically a change from analyses of variance to linear mixed models (LMMs), with
Baayen et al. (2008) providing a first major introduction. Although hierarchical linear
models have been in existence for decades, their adoption in areas like psychology and
linguistics became more widespread in areas like linguistics and psychology after Pinheiro
and Bates (2000) appeared (Vasishth, 2003; Vasishth and Lewis, 2006; Baayen et al.,
2008; Oberauer and Kliegl, 2006; Kliegl et al., 2007; Kliegl, 2007). Recently, the use of
LMMs has spread to other areas of psychology, such as personality and social psychology
(Judd et al., 2012; Westfall et al., 2014). There are a number of reasons for this change.
One particularly attractive feature has been that, with LMMs, statistical inference about
experimental e↵ects and interactions no longer needs separate analyses of variance, one

ar
X

iv
:1

50
6.

04
96

7v
2 

 [s
ta

t.M
E]

  2
6 

M
ay

 2
01

8

https://arxiv.org/pdf/1506.04967.pdf

https://arxiv.org/pdf/1506.04967.pdf


McNeish et al., 2017

Assumptions of  
hierarchical linear 

modeling

“Exogeneity”



When exogeneity fails: Omitted variable bias

Ice cream 
Sales

1

2

…

36

3

Salespeople

$5.25

$7.10

$6.00

$9.50

Price

r=.08, p=.006



smf.mixedlm('sales ~  price_scaled', ic_df, 
groups=ic_df["salesperson"]) 

   Mixed Linear Model Regression Results
==============================================================
Model:              MixedLM  Dependent Variable:  sales       
No. Observations:   1080     Method:              REML        
No. Groups:         36       Scale:               3929321.8695
Min. group size:    30       Likelihood:          -9730.0794  
Max. group size:    30       Converged:           Yes         
Mean group size:    30.0                                      
--------------------------------------------------------------
               Coef.   Std.Err.   z    P>|z|  [0.025   0.975] 
--------------------------------------------------------------
Intercept     7262.475   79.253 91.637 0.000 7107.142 7417.807
price_scaled   148.609   77.358  1.921 0.055   -3.010  300.228
Group Var    95138.920   28.240                               
==============================================================



Why exogeneity matters

Ice cream 
Sales

1

2

…

36

3

Salespeople

$5.25

$7.10

$6.00

$9.50

Price

Temps: Monthly avg high, Austin TX 
Each salesperson works only one month

<latexit sha1_base64="fXiSFcpqmtWSSjOqsyPslgXfMLc="></latexit>

sales ⇠ �temp ⇤ tempi + �price ⇤ pricei +N(0,�2
sales)

<latexit sha1_base64="YZ36wdoW10bOVCF4Msd1AMlv3OQ=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoWMpMEXVZdONKKtgHtHXIpLdtaDIzJBmhDP0JN/6KGxeKuBXc+Tdm2i609UDgcM653NzjR5wp7TjfVmZpeWV1Lbue29jc2t6xd/fqKowlhRoNeSibPlHAWQA1zTSHZiSBCJ9Dwx9epX7jAaRiYXCnRxF0BOkHrMco0Uby7GIkGQWP4bZiAmsQkeEn+KbgFFOpL8h92UsmofGxZ+edkjMBXiTujOTRDFXP/mp3QxoLCDTlRKmW60S6kxCpGeUwzrVjBRGhQ9KHlqEBEaA6yeSqMT4yShf3QmleoPFE/T2REKHUSPgmKYgeqHkvFf/zWrHuXXQSFkSxhoBOF/VijnWI04pwl0mgmo8MIVQy81dMB0QSqk2ROVOCO3/yIqmXS+5ZqXx7mq9czurIogN0iArIReeogq5RFdUQRY/oGb2iN+vJerHerY9pNGPNZvbRH1ifPy4RnZU=</latexit>

pricei ⇠ tempi +N(0,�2
price)

<latexit sha1_base64="n7LATcqhtK1JEvVzeoV09MVAc3c=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhhYbZ4K0RgjaWCuYCSQizk5NkcPbCzFkhLHkFG1/FxkIRWzs738bZuIUm/jDw851zOHN+L1LSIGNfztz8wuLScm4lv7q2vrFZ2NqumzDWAmoiVKFuetyAkgHUUKKCZqSB+56Chnd3mdYb96CNDINbHEXQ8fkgkH0pOFrULZTaHiDvJgh+NKbn9JixA5qxSEsBKTysMNYtFFmZTURnjZuZIsl03S18tnuhiH0IUChuTMtlEXYSrlEKBeN8OzYQcXHHB9CyNuA+mE4yuWhM9y3p0X6o7QuQTujviYT7xox8z3b6HIdmupbC/2qtGPtnnUQGUYwQiJ9F/VhRDGkaD+1JDQLVyBoutLR/pWLINRdoQ8zbENzpk2dNvVJ2T8qVm6Ni9SKLI0d2yR4pEZeckiq5ItekRgR5IE/khbw6j86z8+a8/7TOOdnMDvkj5+MbGO2bQw==</latexit>

�temp = 500,�price = �200



r(u, e) 0.67

r(u, temp [omitted]): 0.076
r(u, price): -0.028



     Mixed Linear Model Regression Results
===============================================================
Model:               MixedLM  Dependent Variable:  sales       
No. Observations:    1080     Method:              REML        
No. Groups:          36       Scale:               3919345.8437
Min. group size:     30       Likelihood:          -9715.2805  
Max. group size:     30       Converged:           Yes         
Mean group size:     30.0                                      
---------------------------------------------------------------
               Coef.   Std.Err.    z    P>|z|  [0.025   0.975] 
---------------------------------------------------------------
Intercept     7262.475   63.794 113.842 0.000 7137.440 7387.509
price_scaled  -228.107  107.025  -2.131 0.033 -437.873  -18.341
temp_scaled    491.591  107.361   4.579 0.000  281.166  702.016
Group Var    15864.385   18.772                                
===============================================================



Mixed models are not the only game in town

You should decide on your question and then find the right 
method to ask it, rather than letting the methodological tail wag 

the conceptual dog




