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What is a graph?

• A formal description of a set of things (“nodes”) and their 
relationships (“edges”)



What are the nodes and edges?



What are the nodes and edges?

https://neurotree.org/neurotree/tree.php?pid=4016



Describing a graph

• G = (V,E) 
• V: a set of vertices (i.e. nodes) 
• E: a set of edges (i.e. connections) 

• e = (a,b) where a and b are vertices in V



V: (‘RP’, 'AW', 'RB', 'MR', 'OS')

E = [(‘RP', 'AW'), ('RP', 'MR'), ('RP', 'OS'), 
('AW', 'RB'), (‘AW’, 'MR'), ('RB', 'MR'), 
(‘MR', 'OS')]

Co-publication data



Types of graphs

• Directed vs undirected 
• Does the edge have a direction? (i.e. arrow or arrowless?) 

• Weighted vs. unweighted 
• Do the edges differ in their strength, or are they binary (present/

absent)? 
• Examples 

• Directed/unweighted: parenthood 
• Undirected/unweighted: social network friendship 
• Directed/weighted: airline connections (weighted by # of flights) 
• Undirected/weighted: co-publication (weighted by # of 

publications)



Traversing a graph

• A walk is a set of alternating 
vertices and edges that 
define a traversal through 
the graph 
• A walk is closed if the 

starting vertex is the same 
as the ending vertex, 
otherwise it is open  

• A path is a particular type of 
open walk that that has no 
repeated edges or vertices Path: (RB,AW,RP,OS)



Subgraphs and components
• A subgraph is a subset of 

vertices/edges in a graph 
• A component is a subgraph 

in which each pair of vertices 
is connected by a path

comp = nx.connected_component_subgraphs(G_2comp)
for i, c in enumerate(comp):
    print(i, c.nodes)

0 [1, 2, 3, 4, 5]
1 [8, 9, 6, 7]



Giant component

• In many real-world 
networks there is one 
main component and 
then many smaller ones 

• The main component is 
referred to as the “giant 
component”



Describing a graph:  Node features

• Degree: how many edges does a node have?



Describing a graph as a matrix

• Adjacency matrix A (for an undirected graph) 
• A symmetric N x N matrix (where N is the number of vertices) 

• Can also be weighted:

Ai,j =

⇢
1 if (i, j) or (j, i) in E
0 if (i, j) and (j, i) not in E
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Ai,j =

⇢
wi,j if (i, j) or (j, i) in E
0 if (i, j) and (j, i) not in E
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V: (‘RP’, 'AW', 'RB', 'MR', 'OS')

E = [(‘RP', 'AW'), ('RP', 'MR'), ('RP', 'OS'), 
('AW', 'RB'), (‘AW’, 'MR'), ('RB', 'MR'), 
(‘MR', 'OS')]

Co-publication data

Binary
RP AW RB MR OS

RP 0 1 0 1 1
AW 1 0 1 1 0
RB 0 1 0 1 0
MR 1 1 1 0 1
OS 1 0 0 1 0

Weighted
RP AW RB MR OS

RP 0 7 0 2 1
AW 7 0 6 2 0
RB 0 6 0 22 0
MR 2 2 22 0 2
OS 1 0 0 2 0



V: (‘RP’, 'AW', 'RB', 'MR', 'OS')

E = [(‘RP', 'AW'), ('RP', 'MR'), ('RP', 'OS'), 
('AW', 'RB'), (‘AW’, 'MR'), ('RB', 'MR'), 
(‘MR', 'OS')]

Co-publication data

Weighted Binary



Computing graph degree

• Sum binarized adjacency matrix across rows 
(or columns)

RP AW RB MR OS degree
RP 0 1 0 1 1 3
AW 1 0 1 1 0 3
RB 0 1 0 1 0 2
MR 1 1 1 0 1 4
OS 1 0 0 1 0 2



Finding paths in a graph

• What is the shortest path 
between RB and OS? 
• Easy by eye with a small 

graph 
• Polynomial time in 

general 
• Dijkstra’s algorithm 

(best-first search) is 
O(V2)



Average shortest path length

• How easy is it for nodes to communicate?



Centrality

• What are the most important nodes in the graph? 
• Quantified by measures of centrality 

• Two dimensions along with centrality measures vary (Borgatti 
& Everett, 2006) 
• How is the node involved? 

• Radial: focused on paths that start or end at a given node 
• Medial: focused on paths that traverse a given node 

• What is the quantity being assessed? 
• volume: how many paths? 
• length: how long are the paths?



Degree centrality

• How many walks of length 1 (i.e. 
edges) are there from a given node?

RP AW RB MR OS degree
RP 0 1 0 1 1 3
AW 1 0 1 1 0 3
RB 0 1 0 1 0 2
MR 1 1 1 0 1 4
OS 1 0 0 1 0 2

Radial

Volume



Betweenness centrality

• The number of shortest paths that 
traverse a given node

Medial

Volume



Closeness centrality

• Total distance from any 
vertex to all other vertices via 
shortest paths

Radial

Length



Eigenvector centrality
• How many walks (of all lengths) 

are there from a given node? 
• Like degree centrality, but 

weights by how connected the 
adjacent nodes are 

• Idea underlying Google’s 
PageRank algorithm 
• A web page can have lots of 

links, but if they are all from 
web pages that are not 
highly linked, then its 
Pagerank value will be low

Radial

Volume



Beyond individual nodes: Clustering

• A cluster is a set of nodes that are more heavily connected to each 
other than they are to other nodes around the network 
• Clustering coefficient:  what proportion of a node’s neighbors 

are connected to one another?



Visualizing graphs

• Project network onto a 2-d space 
• How do we position the nodes in 2-d?

Circular Random



Force-directed graph embedding

• Nodes repel one another 
• Edges attract by a spring-like force 
• Algorithm minimizes total energy in the system



Tools for graph visualization

• NetworkX 
• Limited set of built-in 

visualization method 
• Production-level tools 

• Cytoscape 
• Very powerful 

open-source tool 
• Can 

import .graphml 
files saved by 
NetworkX http://cytoscape.org/
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Network science

• Emerged from early 
studies of social networks 

• Grew quickly starting in 
the 1990’s as physicists 
and mathematicians 
became involved 

• Focused on the features 
of complex real-world 
networks



Community structure

• In most complex networks, there are sets of nodes that 
are more densely connected with each other than with 
other nodes
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Fig. 3. A zoo of complex networks. In this qualitative space, three relevant character-
istics are included: randomness, heterogeneity and modularity. The first introduces the
amount of randomness involved in the process of network’s building. The second mea-
sures how diverse is the link distribution and the third would measure how modular is
the architecture. The position of different examples are only a visual guide. The domain
of highly heterogeneous, random hierarchical networks appears much more occupied
than others. Scale-free like networks belong to this domain.

plex networks. One particularly interesting is network asortativeness [16]. Some
networks show assortative mixing (AM): high degree vertices tend to attach to
other high-degree vertices. At the other extreme there are graphs displaying dis-
sortative mixing (DM), thus involving anticorrelation. The later are common in
most biological nets, whereas the former are common in social and collaboration
networks. It has been suggested that the presence and sign of assortativeness in
this nets can have deep implications to their resilience under node removal or
disease propagation.

Following a previous analysis [16] we will be interested here not in the degree
distribution Pk but instead in the remaining degree: the number of edges leaving
the vertex other than the one we arrived along (Fig. 4). This new distribution
q(k) is obtained from:

q(k) =
(k + 1)Pk+1

〈k〉 (1)

where 〈k〉 =
∑

k kPk. In a network with no assortative (or disassortative) mixing
qc(j, k) takes the value q(j)q(k). If there is assortative mixing, qc(j, k) will differ
from this value and the amount of assortative mixing can be quantified by the

Sola & Valverde, 2004



Protein-protein interactions

• Inferred 
interactions by 
homology to 
known interacting 
proteins, and 
scored based on 
supporting data 

• Community 
detection 
identified known 
functional 
pathways

Jonsson et al., 2006



Scientific collaboration

• Vertices: 118 
scientists at Santa Fe 
Institute 

• Edges: coauthorship 
• Community 

detection identifies 
researchers working 
on different topics 

• Most communities 
revolve around a 
central member

Girvan & Newman, 2002



What is community structure?

• Connectivity within communities is stronger than 
connectivity between communities 

• Similar to clustering methods 
• E.g. Ward’s method minimizes within-cluster variance



Why is community structure important?

• Herb Simon (1962) 
• Makes it easier to build a 

complex system  
• The modules can be 

built independently and 
then assembled into a 
larger whole 

• Makes it easier to 
describe a system (if we 
find the correct 
representation)

THE ARCHITECTURE OF COMPLEXITY 

HERBERT A. SIMON* 
Professor of Administration, Carnegie Institute of Technology 

(Read Apri l  26, 1962) 

A NUMBER of proposals have been advanced in 
recent years for the development of "general sys- 
tems theory" which, abstracting from properties 
peculiar to physical, biological, or social systems, 
would be applicable to all of them.l IVe might 
well feel that, while the goal is laudable, systems 
of such diverse kinds could hardly be expected to 
have any nontrivial properties in common. Meta-
phor and analogy can be helpful, or they can be 
misleading. All depends on whether the simi-
larities the metaphor captures are significant or 
superficial. 

I t  may not be entirely vain, however, to search 
for common properties anlong diverse kinds of 
complex systems. The ideas that go by the name 
of cybernetics constitute, if not a theory, at least 
a point of view that has been proving fruitful over 
a wide range of application^.^ I t  has been useful 
to look at the behavior of adaptive systems in 
terins of the concepts of feedback and homeostasis, 

* T h e  ideas in this paper have been the topic of many 
conversations with my colleague, Allen Xewell. George 
\V. Corner suggested important improvements in biologi- 
cal content as well as editorial form. I am also 
indebted, for valuable comments on the manuscript, to 
Richard H. Meier, John R. Platt, and Warren Weaver. 
Some of the conjectures about the nearly decomposable 
structure of the nucleus-atom-molecule hierarchy were 
checked against the available quantitative data by Andrew 
Schoene and William Wise. My \vork in this area has 
been supported by a Ford Foundation grant for research 
in organizations and a Carnegie Corporation grant for 
research on cognitive processes. T o  all of the above, my 
warm thanks, and the usual absolution. 

See especially the yearbooks of the Society for Gen- 
eral Systems Research. Prominent among the exponents 
of general systems theory are L. von Bertalanffy, K. 
Boulding, R. W. Gerard, and J. G. Miller. For a more 
skeptical view-perhaps too skeptical in the light of the 
present discussion-see H. A. Simon and A. Newell, 
Models : their uses and limitations, in L. D. White, ed., 
T h e  state of  the social sciences, 66-83, Chicago, Univ. of 
Chicago Press, 1956. 

2 N. Wiener, Cybernetics, New E'ork, John Wiley & 
Sons, 1948. For an imaginative forerunner, see A. J. 
Lotka, Elelnetits of nzathelnatical Oio log~~,New York, 
Dover Publications, 1951, first published in 1924 as Ele-
wzents of  Physical biology. 

and to analyze adaptiveness in terms of the theory 
of selective i n f ~ r m a t i o n . ~  The ideas of feedback 
and information provide a frame of reference for 
viewing a wide range of situations, just as do the 
ideas of evolution, of relativism, of axiomatic 
method, and of operationalism. 

In  this paper I should like to report on some 
things we have been learning about particular 
kinds of complex systems encountered in the be- 
havioral sciences. The develooments I shall dis- 
cuss arose in the context of specific phenomena, 
but the theoretical formulations themselves make 
little reference to details of structure. Instead 
they refer primarily to the complexity of the sys- 
tems under view without specifying the exact 
content of that complexity. Because of their 
abstractness, the theories may have relevance-
application would be too strong a term-to other 
kinds of complex systems that are observed in 
the social, biological, and physical sciences. 

In  recounting these developments, I shall avoid 
technical detail, which can generally be found 
elsewhere. I shall describe each theory in the 
particular context in which it arose. Then, I shall 
cite some examples of complex systems, from 
areas of science other than the initial application, 
to which the theoretical framework appears rele- 
vant. In  doing so, I shall make reference to areas 
of knowledge where I an1 not expert-perhaps 
not even literate. I feel quite comfortable in doing 
so before the members of this society, representing 
as it does the whole span of the scientific and 
scholarly endeavor. Collectively you 11-ill have 
little difficulty, I am sure, in distinguishing in-
stances based on idle fancy or sheer ignorance 
from instances that cast some light oil the ways 
in which complexity exhibits itself wherever it 
is found in nature. I shall leave to you the final 
judgment of relevance in your respective fields. 

I shall not undertake a formal definition of 

C. Shannon and W .  Weaver, T h e  rnathematicnl theory 
o f  commttnicatioti, Urbana, Univ. of Illinois Press, 1949 ; 
W. R. Ashby, Dcsigtz for a brain, Kew York, John Wiley 
& Sons, 1952. 



Defining communities based on vertex similarity

• Use similarity/distance of vertices based on some 
property (e.g. topological distance) 
• Many techniques 

• Cluster methods discussed earlier in the course



Defining communities based on null models

• Focused on the entire graph 
• How does the structure of the graph relate to a null 

model on some feature of interest? 
• Example null model: 

• random graph with same degree distribution or 
degree sequence



Defining a “good” community partition

• Modularity (Girvan & Newman, 2004)

�(Ci, Cj) =

⇢
1 if Ci = Cj

0 if Ci 6= Cj
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Q =
1

2m

X

ij

(Aij � Pij)�(Ci, Cj)
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m: # of edges 
A: binary adjacency matrix 
P: expected probability of 
edges under null model 
C: partition assignment

Pij =
kikj
2m

<latexit sha1_base64="9/iZGKGzME4cZ/v3BjWV3PhCz7M=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AG8JkOmmnnZmEmYlQQhZu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gepP73QciFY3EvZ7FxONoJGhIMdJG8u1qy0/pJINXcBBKhNOpT6f+JEsbPKv4ds2pO3PAVeIWpAYKtHz7azCMcMKJ0JghpfquE2svRVJTzEhWGSSKxAhP0Yj0DRWIE+Wl8ycyeGqUIQwjaUpoOFd/T6SIKzXjgenkSI/VspeL/3n9RIeXXkpFnGgi8GJRmDCoI5gnAodUEqzZzBCEJTW3QjxGJgxtcstDcJdfXiWdRt116u7dea15XcRRBlVwAs6ACy5AE9yCFmgDDB7BM3gFb9aT9WK9Wx+L1pJVzByDP7A+fwD7iZeo</latexit><latexit sha1_base64="9/iZGKGzME4cZ/v3BjWV3PhCz7M=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AG8JkOmmnnZmEmYlQQhZu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gepP73QciFY3EvZ7FxONoJGhIMdJG8u1qy0/pJINXcBBKhNOpT6f+JEsbPKv4ds2pO3PAVeIWpAYKtHz7azCMcMKJ0JghpfquE2svRVJTzEhWGSSKxAhP0Yj0DRWIE+Wl8ycyeGqUIQwjaUpoOFd/T6SIKzXjgenkSI/VspeL/3n9RIeXXkpFnGgi8GJRmDCoI5gnAodUEqzZzBCEJTW3QjxGJgxtcstDcJdfXiWdRt116u7dea15XcRRBlVwAs6ACy5AE9yCFmgDDB7BM3gFb9aT9WK9Wx+L1pJVzByDP7A+fwD7iZeo</latexit><latexit sha1_base64="9/iZGKGzME4cZ/v3BjWV3PhCz7M=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AG8JkOmmnnZmEmYlQQhZu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gepP73QciFY3EvZ7FxONoJGhIMdJG8u1qy0/pJINXcBBKhNOpT6f+JEsbPKv4ds2pO3PAVeIWpAYKtHz7azCMcMKJ0JghpfquE2svRVJTzEhWGSSKxAhP0Yj0DRWIE+Wl8ycyeGqUIQwjaUpoOFd/T6SIKzXjgenkSI/VspeL/3n9RIeXXkpFnGgi8GJRmDCoI5gnAodUEqzZzBCEJTW3QjxGJgxtcstDcJdfXiWdRt116u7dea15XcRRBlVwAs6ACy5AE9yCFmgDDB7BM3gFb9aT9WK9Wx+L1pJVzByDP7A+fwD7iZeo</latexit><latexit sha1_base64="9/iZGKGzME4cZ/v3BjWV3PhCz7M=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AG8JkOmmnnZmEmYlQQhZu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gepP73QciFY3EvZ7FxONoJGhIMdJG8u1qy0/pJINXcBBKhNOpT6f+JEsbPKv4ds2pO3PAVeIWpAYKtHz7azCMcMKJ0JghpfquE2svRVJTzEhWGSSKxAhP0Yj0DRWIE+Wl8ycyeGqUIQwjaUpoOFd/T6SIKzXjgenkSI/VspeL/3n9RIeXXkpFnGgi8GJRmDCoI5gnAodUEqzZzBCEJTW3QjxGJgxtcstDcJdfXiWdRt116u7dea15XcRRBlVwAs6ACy5AE9yCFmgDDB7BM3gFb9aT9WK9Wx+L1pJVzByDP7A+fwD7iZeo</latexit>

Null model with no 
community structure 

but same degree  
sequence (on average)



Identifying community structure

• General idea 
• Minimize some particular loss function to optimize 

“good” community structure



Heuristic solutions for community detection

• Community detection is in general a hard problem 
• Many are NP-hard - unlikely to have a solution in 

polynomial time 
• Most common algorithms are approximate 

• Can sometimes prove that they approximate the best 
solution 

• But they work much faster



Common assumptions

• Sparse graph 
• In general, # edges should be ≤ # of potential edges 

• Unique partition 
• Each node is a member of only a single community 

• Type of graph 
• We will focus on undirected binary (unweighted) graphs 
• Many techniques can be extended to directed or 

weighted graphs



Modularity maximization

• It’s not possible to exhaustively test all possible partitions, 
even for a small network 

• Most common algorithms use a greedy search 
• Start with each vertex in its own community 
• Find the next pairing that most increases modularity 
• Continue until no further increases are possible



Modularity maximization: Louvain algorithm 30

FIG. 12 Hierarchical optimization of modularity by Blondel et al. (Blondel et al., 2008). The diagram shows two iterations of
the method, starting from the graph on the left. Each iteration consists of a step, in which every vertex is assigned to the (local)
cluster that produces the largest modularity increase, followed by a successive transformation of the clusters into vertices of a
smaller (weighted) graph, representing the next higher hierarchical level. Reprinted figure with permission from Ref. (Blondel
et al., 2008). c�2008 by IOP Publishing and SISSA.

dividing the local modularity of the vertex by its degree,
as in this case the measure does not depend on the degree
of the vertex and is suitably normalized. One starts from
a random partition of the graph in two groups with the
same number of vertices. At each iteration, the vertex
with the lowest fitness is shifted to the other cluster. The
move changes the partition, so the local fitnesses of many
vertices need to be recalculated. The process continues
until the global modularity Q cannot be improved any
more by the procedure. This technique reminds one of
the Kernighan-Lin (Kernighan and Lin, 1970) algorithm
for graph partitioning (Section IV.A), but here the sizes
of the communities are determined by the process itself,
whereas in graph partitioning they are fixed from the be-
ginning. After the bipartition, each cluster is considered
as a graph on its own and the procedure is repeated, as
long as Q increases for the partitions found. The pro-
cedure, as described, proceeds deterministically from the
given initial partition, as one shifts systematically the
vertex with lowest fitness, and is likely to get trapped
in local optima. Better results can be obtained if one
introduces a probabilistic selection, in which vertices are
ranked based on their fitness values and one picks the
vertex of rank q with the probability P (q) ⇠ q�⌧ (⌧ -EO,

(Boettcher and Percus, 2001)). The algorithm finds very
good estimates of the modularity maximum, and per-
forms very well on the benchmark of Girvan and New-
man (Girvan and Newman, 2002) (Section XV.A) . Rank-
ing the fitness values has a cost O(n log n), which can be
reduced to O(n) if heap data structures are used. Choos-
ing the vertex to be shifted can be done with a binary
search, which amounts to an additional factor O(log n).
Finally, the number of steps needed to verify whether
the running modularity maximum can be improved or
not is also O(n). The total complexity of the method
is then O(n2 log n). We conclude that EO represents a
good tradeo↵ between accuracy and speed, although the
use of recursive bisectioning may lead to poor results on
large networks with many communities.

4. Spectral optimization

Modularity can be optimized using the eigenvalues and
eigenvectors of a special matrix, the modularity matrix
B, whose elements are

Bij = Aij �
kikj
2m

. (28)

from Fortunato, 2010

1. Each node assigned to its own community 
2. For each node, assess change in modularity 

for changing the its community to each 
possible community of its neighbors 

3. Combine each community into a single node, 
and do again at second level 

4. Repeat until modularity does not improve



Problems with modularity maximization

• Modularity landscapes can be relatively 
flat 
• i.e. there can be a large number of 

possible partitions with roughly 
equivalent modularity  

•

41

within the clusters have di↵erent null models, as they de-
pend on the cluster sizes, so they are inconsistent with
each other; 2) one needs to define a criterion to decide
when one has to stop partitioning a cluster, but there is
no obvious prescription, so any choice is necessarily based
on arbitrary assumptions13.

Resolution limits arise as well in the more general for-
mulation of community detection by Reichardt and Born-
holt (Kumpula et al., 2007b). Here the limit scale for the
undetectable clusters is

p
�m. We remind that � weighs

the contribution of the null model term in the quality
function. For � = 1 one recovers the resolution limit of
modularity. By tuning the parameter � it is possible to
arbitrarily vary the resolution scale of the corresponding
quality function. This in principle solves the problem of
the resolution limit, as one could adjust the resolution of
the method to the actual scale of the communities to de-
tect. The problem is that usually one has no information
about the community sizes, so it is not possible to decide
a priori the proper value(s) of � for a specific graph. In
the most recent literature on graph clustering quite a few
multiresolution methods have been introduced, address-
ing this problem in several ways. We will discuss them
in some detail in Section XII.

The resolution limit can be easily extended to the case
of weighted graphs. In a recent paper (Berry et al.,
2009), Berry et al. have considered the special case in
which intracluster edges have weight 1, whereas inter-
cluster edges have weight ✏. By repeating the same pro-
cedure as in Ref. (Fortunato and Barthélemy, 2007), they
conclude that clusters with internal strength (i. e. sum
of all weights of internal edges) ws may remain unde-
tected if ws <

p
W ✏/2� ✏, where W is the total strength

of the graph. So, the resolution limit decreases when
✏ decreases. Berry et al. use this result to show that,
by properly weighting the edges of a given unweighted
graph, it becomes possible to detect clusters with very
high resolution by still using modularity optimization.

Very recently, Good et al. (Good et al., 2009) have
made a careful analysis of modularity and its perfor-
mance. They discovered that the modularity landscape
is characterized by an exponential number of distinct
states/partitions, whose modularity values are very close
to the global maximum (Fig. 16). This problem is partic-
ularly dramatic if a graph has a hierarchical community
structure, like most real networks. Such enormous num-

13 Ruan and Zhang (Ruan and Zhang, 2008) propose a stopping
criterion based on the statistical significance of the maximum
modularity values of the subgraph. The maximum modularity
of a subgraph is compared with the expected maximum modu-
larity for a random graph with the same size and expected de-
gree sequence of the subgraph. If the corresponding z-score is
su�ciently high, the subgraph is supposed to have community
structure and one accepts the partition in smaller pieces. The
procedure stops when none of the subgraphs of the running parti-
tions has significant community structure, based on modularity.

FIG. 16 Low-dimensional visualization of the modularity
landscape for the metabolic network of the spirochete Tre-
ponema pallidum. The big degeneracy of suboptimal high-
modularity partitions is revealed by the plateau (whose shape
is detailed in the inset), which is large and very irregular.
Modularity values in the plateau are very close to the absolute
maximum, although they may correspond to quite di↵erent
partitions. Reprinted figure with permission from Ref. (Good
et al., 2009).

ber of solutions explains why many heuristics are able to
come very close to modularity’s global maximum, but it
also implies that the global maximum is basically impos-
sible to find. In addition, high-modularity partitions are
not necessarily similar to each other, despite the proxim-
ity of their modularity scores. The optimal partition from
a topological point of view, which usually does not corre-
spond to the modularity maximum due to the resolution
limit, may however have a large modularity score. There-
fore the optimal partition is basically indistinguishable
from a huge number of high-modularity partitions, which
are in general structurally dissimilar from it. The large
structural inhomogeneity of the high-modularity parti-
tions implies that one cannot rely on any of them, at
least in principle, in the absence of additional informa-
tion on the particular system at hand and its structure.

VII. SPECTRAL ALGORITHMS

In Sections IV.A and IV.D we have learned that spec-
tral properties of graph matrices are frequently used
to find partitions. A paradigmatic example is spectral
graph clustering, which makes use of the eigenvectors of
Laplacian matrices (Section IV.D). We have also seen
that Newman-Girvan modularity can be optimized by
using the eigenvectors of the modularity matrix (Sec-
tion VI.A.4). Most spectral methods have been intro-
duced and developed in computer science and generally
focus on data clustering, although applications to graphs
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Problems with modularity maximization

• Modularity landscapes can be relatively 
flat 
• i.e. there can be a large number of 

possible partitions with roughly 
equivalent modularity  

• Resolution limit 
• Find the partition with maximum 

modularity 
• Below some limit, it is not possible to 

say whether the clusters are single 
communities or whether they are 
combinations of smaller communities 

• i.e. modularity optimization is biased 
towards finding larger communities
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FIG. 15 Resolution limit of modularity optimization. The
natural community structure of the graph, represented by the
individual cliques (circles), is not recognized by optimizing
modularity, if the cliques are smaller than a scale depending
on the size of the graph. In this case, the maximum modu-
larity corresponds to a partition whose clusters include two
or more cliques (like the groups indicated by the dashed con-
tours). Reprinted figure with permission from Ref. (Fortunato
and Barthélemy, 2007). c�2007 from the National Academy
of Science of the USA.

even the weakest possible connection (a single edge) suf-
fices to keep the subgraphs together. Interestingly, this
result holds independently of the structure of the sub-
graphs. In particular it remains true if the subgraphs are
cliques, which are the subgraphs with the largest possi-
ble density of internal edges, and represent the strongest
possible communities. In Fig. 15 a graph is made out of
nc identical cliques, with l vertices each, connected by
single edges. It is intuitive to think that the clusters of
the best partition are the individual cliques: instead, if
nc is larger than about l2, modularity would be higher
for partitions in which the clusters are groups of cliques
(like the clique pairs indicated by the dashed lines in the
figure).

The conclusion is striking: modularity optimization
has a resolution limit that may prevent it from detecting
clusters which are comparatively small with respect to
the graph as a whole, even when they are well defined
communities like cliques. So, if the partition with maxi-
mummodularity includes clusters with total degree of the
order of

p
m or smaller, one cannot know a priori whether

the clusters are single communities or combinations of
smaller weakly interconnected communities. This resolu-
tion problem has a large impact in practical applications.

Real graphs with community structure usually contain
communities which are very diverse in size (Clauset et al.,
2004; Danon et al., 2005; Guimerà et al., 2003; Palla
et al., 2005), so many (small) communities may remain
undetected. Besides, modularity is extremely sensitive to
even individual connections. Many real graphs, in biol-
ogy and in the social sciences, are reconstructed through
experiments and surveys, so edges may occasionally be
false positives: if two small subgraphs happen to be con-
nected by a few false edges, modularity will put them in
the same cluster, inferring a relationship between entities
that in reality may have nothing to do with each other.

The resolution limit comes from the very definition of
modularity, in particular from its null model. The weak
point of the null model is the implicit assumption that
each vertex can interact with every other vertex, which
implies that each part of the graph knows about every-
thing else. This is however questionable, and certainly
wrong for large systems like, e.g., the Web graph. It
is certainly more reasonable to assume that each vertex
has a limited horizon within the graph, and interacts just
with a portion of it. However, nobody knows yet how to
define such local territories for the graph vertices. The
null model of the localized modularity of Mu↵ et al. (Sec-
tion VI.B) is a possibility, since it limits the horizon of
a vertex to a local neighborhood, comprising the cluster
of the vertex and the clusters linked to it by at least one
edge (neighboring clusters). However, there are many
other possible choices. In this respect, the null model
of Girvan and Newman, though unrealistic, is the sim-
plest one can think of, which partly explains its success.
Quality functions that, like modularity, are based on a
null model such that the horizon of vertices is of the or-
der of the size of the whole graph, are likely to be a↵ected
by a resolution limit (Fortunato, 2007). The problem is
more general, though. For instance, Li et al. (Li et al.,
2008b) have introduced a quality function, called modu-
larity density, which consists in the sum over the clusters
of the ratio between the di↵erence of the internal and
external degrees of the cluster and the cluster size. The
modularity density does not require a null model, and de-
livers better results than modularity optimization (e. g.
it correctly recovers the natural partition of the graph in
Fig. 15 for any number/size of the cliques). However, it
is still a↵ected by a resolution limit. To avoid that, Li et
al. proposed a more general definition of their measure,
including a tunable parameter that allows to explore the
graph at di↵erent resolutions, in the spirit of the methods
of Section XII.

A way to go around the resolution limit problem could
be to perform further subdivisions of the clusters ob-
tained from modularity optimization, in order to elim-
inate possible artificial mergers of communities. For
instance, one could recursively optimize modularity for
each single cluster, taking the cluster as a separate en-
tity (Fortunato and Barthélemy, 2007; Ruan and Zhang,
2008). However, this is not a reliable procedure, for two
reasons: 1) the local modularities used to find partitions




