
Optimization

Daniel Yamins 
Wu Tsai Neurosciences Institute
Departments of Psychology and Computer Science
Stanford Artificial Intelligence Laboratory
Stanford University 

Russ Poldrack
Department of Psychology
Stanford University 

Psych 253  
Advanced Statistical Modeling



Plan for next two class sessions

Next time: 
Creating custom 

models
Optimization

Motivation (no code)

Calculus Review Intro to Tensorflow



Plan for next two class sessions

Next time: 
Creating custom 

models
Optimization

Motivation (no code)

Calculus Review Intro to Tensorflow

these slides

these slides,
optimization code notebook

calc review slides & 
code notebook

tensorflow intro slides & 
code notebook



Why do I want to teach you about Optimization? 

Motivation



Motivation

Why do I want to teach you about Optimization? 



Motivation

Why do I want to teach you about Optimization? 



Motivation

Why do I want to teach you about Optimization? 



Motivation

Why do I want to teach you about Optimization? 



Motivation

You’ll eventually (or maybe even now) need to build 
you own estimators (models) that are not yet in

Scikit-Learn.

Why do I want to teach you about Optimization? 



Learn how to 

1) Build (high-dimensional) models of/for neural & behavioral data

2) Train such models

3) Evaluate and compare such models

output =  F[params](input) 
formulate F mathematically

on on a computer

data_slice_2 =  F[params](data_slice_1) determine params 
from pair of linked

data tensors

new_data_slice_2 =  F[params](new_data_slice_1) 

these two you’ve 
already been seeing
for several weeks
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Learn how to 

1) Build (high-dimensional) models of/for neural & behavioral data

2) Train such models

3) Evaluate and compare such models

output =  F[params](input) 
formulate F mathematically

on on a computer

data_slice_2 =  F[params](data_slice_1) determine params 
from pair of linked

data tensors

new_data_slice_2 =  F[params](new_data_slice_1) 

these two you’ve 
already been seeing
for several weeks

Motivation

except in certain special cases:

1. distance classifier (but not SVM)
2. OLS regressor (but not Lasso regression)
3. k-means clustering (but not GMM)
4. PCA (but not Factor Analysis)

This part was somehow taken 
care of for you by the package
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Motivation

You’ll eventually (or maybe even now) need to build 
you own estimators (models) that are not yet in

Scikit-Learn.

But how?  

data_slice_2 =  F[params](data_slice_1) determine params 
from pair of linked

data tensors

Key fact: Amazingly enough, there’s a generic “one-size-fits-
all” method— if sometimes suboptimal — for building and 

training models. 
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Loss Function:

For example (but not limited to):

Goal:  Find F and parameters 𝜣 such that:

L(x, y) = 0 , x u y

such that

determine params 
from pair of linked

data tensors
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option 3: follow the (negative of) the loss gradient

Ensuring (1) and getting (2) by hand is annoying.  
Tensorflow is a tool that makes it easy to do this 

procedure automatedly and generically

1) loss needs to be differentiable (or close to it) in parameters
ALSO: 

2) you actually have to compute the derivative



Optimization

1. Go to Calculus Review slides … and follow 
along with calculus review code notebook

2. then when that’s done, go to Intro to 
Tensorflow slides and related code notebook

3. … and when that’s done, come back here and 
follow the optimization code notebook
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simple solution:  take smaller steps

�✓ = �� · @[loss(✓)]
@✓

����
✓=✓0

“learning rate” < 1

Pro:  more stable Con:  if you pick LR too small, converges slowly

Main problem with gradient-based optimization: instability
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Gradient Descent

There are multiple improvements on Gradient Descent.  One is called the 
“Momentum” method

Original gradient descent: 

�✓ = �� · r✓[loss(✓)]|✓=✓0

�✓ = �� ·
⇥
r✓[loss(✓)]|✓=✓0

+ µ · grad accum
⇤

update grad_accum to this for next time step

Momentum method: 

Pros:  faster, stabler convergence. Cons: nothing (relative to not doing it).

momentum parameter



Gradient Descent

Amazing explanation of why momentum is so good:

https://distill.pub/2017/momentum/

Ours: Theirs:
� ↵

µ �

“Here’s a popular story about momentum: gradient descent is a man walking 
down a hill. He follows the steepest path downwards; his progress is slow, but 
steady. Momentum is a heavy ball rolling down the same hill. The added inertia 
acts both as a smoother and an accelerator, dampening oscillations and causing us 
to barrel through narrow valleys, small humps and local minima. ….”
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0 = f 0(x0) + f 00(x0)�x

�x = � f 0(x0)

f 00(x0)

Taylor series for function f:

Differentiate by 𝜟x:  

Set to 0 and ignore Higher Order Terms (HOT):

Solve for 𝜟x:

f(x0,�x) = f(x0) + f 0(x0)�x+
1

2
f 00(x0)�x2 + . . .
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@�x
= f 0(x0) + f 00(x0)�x+ . . .



Second-Order Methods

0 = f 0(x0) + f 00(x0)�x

Taylor series for function f:

Differentiate by 𝜟x:  

Set to 0 and ignore HOT:

Solve for 𝜟x:

�x = �f 0(x0) ·
1

f 00(x0)

�
really correct value for
learning rate 

f(x0,�x) = f(x0) + f 0(x0)�x+
1

2
f 00(x0)�x2 + . . .

@f(x0,�x)

@�x
= f 0(x0) + f 00(x0)�x+ . . .



Second-Order Methods

0 = f 0(x0) + f 00(x0)�x

Taylor series for function f:

Differentiate by 𝜟x:  

Set to 0 and ignore HOT:

Solve for 𝜟x:

�x = �f 0(x0) ·
1

f 00(x0)

�
really correct value for
learning rate 

Newton-Raphson

f(x0,�x) = f(x0) + f 0(x0)�x+
1

2
f 00(x0)�x2 + . . .

@f(x0,�x)

@�x
= f 0(x0) + f 00(x0)�x+ . . .
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Second-Order Methods

�x = � f 0(x0)

f 00(x0)
⇒

single variable: multi-variable:

Taylor series for function f(x1, … xn) of n inputs:

�~x = �(H[f ])�1 ·rf(~x0)

f(~x0,�~x) = f(~x0) +rf(~x0) ⇤�~x+
1

2
(H[F ] · ~x0) ⇤�x

2 + . . .
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f(~x0,�~x) = f(~x0) +rf(~x0) ⇤�~x+
1

2
(H[F ] · ~x0) ⇤�x

2 + . . .

⇒

single variable: multi-variable:

matrix inverse matrix-on-vector
mult

n vectornxn matrix

Taylor series for function f(x1, … xn) of n inputs:

n vector

�~x = �(H[f ])�1 ·rf(~x0)�x = � f 0(x0)

f 00(x0)
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External Optimizers

Don’t have to use optimizers just from Tensorflow, 

                                          … even if using Tensorflow to get derivatives

Really powerful general optimizer for general Python use: 



External Optimizers
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External Optimizers

def minimize(loss_func, x0, optimizer_type)

starts at x0, uses whatever specified optimizer to minimize loss_func

doesn’t use derivative info

def minimize(loss_func, x0, optimizer_type, jac=True)

loss_func must now return both loss and loss gradient:

does use derivative info

loss_val, grad = loss_func(x)
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External Optimizers

Target for learning (with 5-th order polynomial model)
y = np.cosh(2 * x) + np.sin(x + 1)

Not using derivative
info:

Using derivative:


