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Regression: A motivating example

How do psychological factors relate to income!
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How do psychological factors relate to income!
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Regression: A motivating example

How do psychological factors relate to income!
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Good Things for Those Who Wait:
Predictive Modeling Highlights

Importance of Delay Discounting for
Income Attainment

William H. Hampton2*t, Nima Asadi®* and Ingrid R. Olson?

Income 1s a primary determinant of social mobility, career progression, and personal
happiness. It has been shown to vary with demographic variables like age and
education, with more oblique variables such as height, and with behaviors such as delay
discounting, 1.e., the propensity to devalue future rewards. However, the relative
contribution of each these salary-linked variables to income is not known. We found
that delay discounting 1s more predictive of income than age, ethnicity, or height.



Regression: A motivating example

How well can we predict one’s income It we know their |Q and
discounting score!

Income: measured by survey in SRO

|Q: estimated using Raven’s progressive matrices

Y BED ED

Discounting: estimated using Kirby task Would you prefer $54 today, or $55 in 117 days?

[ ] smaller reward today
[ ] larger reward 1n the specified number of days
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Regression: A motivating example
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How well can we predict one’s
income If we know their [Q and
discounting score!?

Income Is a continuous variable

40
35
30

o 25 -

S 20
15 -

10 A

- : m |
0 50000 100000 150000 200000 250000
Household income




Regression

In simple linear regression, we want to find the line:
Ui = mxx; +0b

that best relates two variables x (our “predictor’) and y (our “outcome”)

VWe define "best’ in terms of squared error |oss:



Where does “regression’” come from!?
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Regression to the mean
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Regression to the mean
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if parent was above 105,
/6% of children score lower

than their parent
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Remember that Pearson’s r(x,y) is estimated as ratio of
covariance(x,y) and the product of sx and sy

covariancey , Sy (zi — Z)(yi — )
r = =
Sz ¥ Sy (N — 1) % 54 % sy

Whereas the optimal regression slope for X is estimated as the
ratio of the covariance and s2

COVATIANCE; 4

m =
o
Using this, we can show that the regression slope Is r times the
ratio of standard deviations of y and x

. S
m=r+% —2
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The General Linear Model (GLM) in matrix form

Y =X :-b+e

matrix of outcomes to be predicted (known)

xN.

-Yisthe N samples™* "targets

- X'is the NgiesXNfeaures d€SIgN matrix containing the predictors (known)

- bis the Vg, ppresXNgreers Matrix of regression parameters (unknown)

- € isthe Nygyies¥Nigreers Matrix of errors (unknown)
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The General Linear Model (GLM) in matrix form

Y =X-.b

|2 ]

O O = o
1
=~ 0 DN =

4 x 1 4x1 1x1
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[ east squares estimation

Y =X-.b

In general, we know Y and X, but not b -
how can we estimate the value of b?

we'd like to do: which for matrices would be:

~ Y

b:_ A: _1-
X b=X Y

but X is not square -

how can we invert it?
14



Moore-Penrose pseudoinverse

X—|— _ (XT'X)_l 'XT

for the particular case where X has linearly independent
columns and more rows than columns

cov(X,Y)
var(X)

b=X".-X)"'.XT.Y ie b=
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Assumptions

We don't have to assume muc
- Theresponse Y islinearint

- Expected value of € is zero

- regardless of value of X
~ Variance of € is 6°1

- same for all observations

N for least squares:

ne predictors X

regardless of value of X

- Errors are uncorrelated across observations

- Few requirements for X:

- no columns are linear combinations of other columns

N samples > ]\G%atures

16



OLS 1s BLUE

The Gauss-Markov theorem tells us that the least squares

estimator is the Best (i.e. minimum variance) Linear Unbiased
Estimator (BLUE)

This is good if we insist on a linear and unbiased estimator

Later we will see reasons to potentially drop the desire for an
unbiased estimator...
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Inference for regression: The Gaussian error model

In order to perform inference on regression parameters, we
need to make further assumptions about the form of the error
distribution

Generally we assume that the noise is independent and

Gaussian:
e ~ N(0,0°)

This provides us with sampling distributions for the estimated
regression parameters (which allows us to do hypothesis
tests, If we wanted to...)

Note that we are not assuming that Y is normal - instead, we
are assuming that Y is normal after conditioning on X (i.e. the

residuals from the model are normal)
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