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Regularization

Ok, recall: 

Find w’s and b that minimize: 

averaged over training stimuli s_j

loss = max

 
0, 1� redj ⇤

"
X

i

wi · neuroni(sj) + b

#!



Regularization

Actually there are likely to be *many* hyperplanes with the same loss level:
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different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it



Regularization

Actually there are likely to be *many* hyperplanes with the same loss level:
so which one do we want??

Find w’s and b that minimize: 

averaged over training stimuli s_j

loss = max

 
0, 1� redj ⇤
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wi · neuroni(sj) + b
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different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it



Regularization

Which hyperplane do we want?  The one with the largest minimum margin. 

Minimum Margin = min(smallest red-to-boundary distance, 
                                         smallest blue-to-boundary distance)



Which hyperplane do we want?  The one with the largest minimum margin. 

Regularization

Key math FACT:   margin is well-measured by: 

components of the
slopes separating 
hyperplane

||w||22 =
1
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n�1X

i=0

w2
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Minimum Margin = min(smallest red-to-boundary distance, 
                                         smallest blue-to-boundary distance)
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Why? 

Key math FACT:   margin is well-measured by (inverse of): 

||w||22 =
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Too close here 

Needlessly far here

Bad because?
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Key math FACT:   margin is well-measured by (inverse of): 
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Still not optimal — why?

Too close here 

AND too close here
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Why? 

Key math FACT:   margin is well-measured by (inverse of): 

||w||22 =
1

n

n�1X

i=0

w2
i

Ahhh!  That’s better!

y = mx+ b

<latexit sha1_base64="dzJoSowp5z1yj32Tq1hFVAfnpj4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtmVgnoQil48VrAf2C4lm2bb0CS7JFlxWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz8VuPVGkWyXuTxtQXeCBZyAg2VnpI0RUST+gUBb1S2a24U6BF4uWkDDnqvdJXtx+RRFBpCMdadzw3Nn6GlWGE03Gxm2gaYzLCA9qxVGJBtZ9NLx6jY6v0URgpW9Kgqfp7IsNC61QEtlNgM9Tz3kT8z+skJrzwMybjxFBJZovChCMTocn7qM8UJYanlmCimL0VkSFWmBgbUtGG4M2/vEiaZxWvWrm8q5Zr13kcBTiEIzgBD86hBrdQhwYQkPAMr/DmaOfFeXc+Zq1LTj5zAH/gfP4Ak/OPkg==</latexit>
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~y = WT~x+~bT
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In this case:

W = [0, 1]; b = 0
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In this case:

W = [0, 1]; b = 0
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In this case:
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W = [0, 1]; b = 0
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<latexit sha1_base64="lDG0TWxAFAEVvDJoUGa+/14qDyE=">AAACF3icbVDJSgNBFOyJW4zbqEcvjUEQxDAjAfUgiF48RsgiZGLo6XmjTXqWdL8Rw5C/8OKvePGgiFe9+Td2Yg5uBQ1FVT1ev/JTKTQ6zodVmJqemZ0rzpcWFpeWV+zVtaZOMsWhwROZqAufaZAihgYKlHCRKmCRL6Hl905HfusGlBZJXMdBCp2IXcUiFJyhkbp2pXVZp7ddQXeoTz0JfbrrUq+fsYB6CLeYi5AqCIYmcWSsrl12Ks4Y9C9xJ6RMJqh17XcvSHgWQYxcMq3brpNiJ2cKBZcwLHmZhpTxHruCtqExi0B38vFdQ7pllICGiTIvRjpWv0/kLNJ6EPkmGTG81r+9kfif184wPOjkIk4zhJh/LQozSTGho5JoIBRwlANDGFfC/JXya6YYR1NlyZTg/j75L2nuVdxq5fC8Wj4+mdRRJBtkk2wTl+yTY3JGaqRBOLkjD+SJPFv31qP1Yr1+RQvWZGad/ID19gmj0J0i</latexit>



Why? 

Key math FACT:   margin is well-measured by (inverse of): 

||w||22 =
1

n

n�1X

i=0

w2
i

W, b

<latexit sha1_base64="O00Eq7SRBy6zfoDJwjHihb846U8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTS50LFA6qNbfuzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippX9a9Rv3moVFr3hZxlOEETuEcPLiCJtxDC3wgMIZneIU3RzgvzrvzsWgtOcXMMfyB8/kDMBqNsw==</latexit>

such that

&
Largest minimal margin

||W ||22

<latexit sha1_base64="ag7cu3qYfvB/vuB0udTS00FFy54=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktBfVW9OKxgv2Qdi3ZNNuGJtklyQql21/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Mbz1RpVkk7804pr7AA8lCRrCx0kOattK0V3ms9Iolt+zOgVaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+BOsDCOcTgvdRNMYkxEe0I6lEguq/cn84Ck6s0ofhZGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/8zqJCS/9CZNxYqgki0VhwpGJ0Ox71GeKEsPHlmCimL0VkSFWmBibUcGG4C2/vEqalbJXLV/dVUu16yyOPJzAKZyDBxdQg1uoQwMICHiGV3hzlPPivDsfi9ack80cwx84nz+VFJBI</latexit>

minimized

In this case:

equivalent to
W = [0, 1]; b = 0

<latexit sha1_base64="+juKYfP+nxofV6xHB1azLASjnoQ=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSSEFFhKIblxXsA9JQJpNJO3TycGYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89XsKZVJb1bRQWFpeWV4qrpbX1jc0tc3unKeNUENogMY9F28OSchbRhmKK03YiKA49Tlve4Hrstx6okCyO7tQwoW6IexELGMFKS11zr4XQJXKsY2S7F6hzn2IfeVqxumbZqlgToHli56QMOepd86vjxyQNaaQIx1I6tpUoN8NCMcLpqNRJJU0wGeAedTSNcEilm00+GKFDrfgoiIWuSKGJ+nsiw6GUw9DTnSFWfTnrjcX/PCdVwZmbsShJFY3IdFGQcqRiNI4D+UxQovhQE0wE07ci0scCE6VDK+kQ7NmX50nzpGJXK+e31XLtKo+jCPtwAEdgwynU4Abq0AACj/AMr/BmPBkvxrvxMW0tGPnMLvyB8fkDOFaTkQ==</latexit>

redi · (WTxi + b) � 1

<latexit sha1_base64="ucGfJUCennvCLpP6AzQRaH6HsR4=">AAACEHicbVDLSgNBEJyN7/ha9ehlMIiKEHYloN5ELx4V8oJsDLOznThk9uFMrxiWfIIXf8WLB0W8evTm3ziJe9BoQUNNVTfTXX4ihUbH+bQKU9Mzs3PzC8XFpeWVVXttva7jVHGo8VjGqukzDVJEUEOBEpqJAhb6Ehp+/2zkN25BaRFHVRwk0A5ZLxJdwRkaqWPveAh3mCkIhh1BPR7ESHcbV1V6Z5771N+jXg9uqNuxS07ZGYP+JW5OSiTHRcf+8IKYpyFEyCXTuuU6CbYzplBwCcOil2pIGO+zHrQMjVgIup2NDxrSbaMEtBsrUxHSsfpzImOh1oPQN50hw2s96Y3E/7xWit2jdiaiJEWI+PdH3VRSjOkoHRoIBRzlwBDGlTC7Un7NFONoMiyaENzJk/+S+kHZrZSPLyulk9M8jnmySbbILnHJITkh5+SC1Agn9+SRPJMX68F6sl6tt+/WgpXPbJBfsN6/AN+jmzA=</latexit>



Why? 

Key math FACT:   margin is well-measured by (inverse of): 

||w||22 =
1

n

n�1X

i=0

w2
i

W, b

<latexit sha1_base64="O00Eq7SRBy6zfoDJwjHihb846U8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTS50LFA6qNbfuzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippX9a9Rv3moVFr3hZxlOEETuEcPLiCJtxDC3wgMIZneIU3RzgvzrvzsWgtOcXMMfyB8/kDMBqNsw==</latexit>

such that

&
Largest minimal margin

||W ||22

<latexit sha1_base64="ag7cu3qYfvB/vuB0udTS00FFy54=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktBfVW9OKxgv2Qdi3ZNNuGJtklyQql21/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Mbz1RpVkk7804pr7AA8lCRrCx0kOattK0V3ms9Iolt+zOgVaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+BOsDCOcTgvdRNMYkxEe0I6lEguq/cn84Ck6s0ofhZGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/8zqJCS/9CZNxYqgki0VhwpGJ0Ox71GeKEsPHlmCimL0VkSFWmBibUcGG4C2/vEqalbJXLV/dVUu16yyOPJzAKZyDBxdQg1uoQwMICHiGV3hzlPPivDsfi9ack80cwx84nz+VFJBI</latexit>

minimized

In this case:

equivalent to
W = [0, 1]; b = 0

<latexit sha1_base64="+juKYfP+nxofV6xHB1azLASjnoQ=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSSEFFhKIblxXsA9JQJpNJO3TycGYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89XsKZVJb1bRQWFpeWV4qrpbX1jc0tc3unKeNUENogMY9F28OSchbRhmKK03YiKA49Tlve4Hrstx6okCyO7tQwoW6IexELGMFKS11zr4XQJXKsY2S7F6hzn2IfeVqxumbZqlgToHli56QMOepd86vjxyQNaaQIx1I6tpUoN8NCMcLpqNRJJU0wGeAedTSNcEilm00+GKFDrfgoiIWuSKGJ+nsiw6GUw9DTnSFWfTnrjcX/PCdVwZmbsShJFY3IdFGQcqRiNI4D+UxQovhQE0wE07ci0scCE6VDK+kQ7NmX50nzpGJXK+e31XLtKo+jCPtwAEdgwynU4Abq0AACj/AMr/BmPBkvxrvxMW0tGPnMLvyB8fkDOFaTkQ==</latexit>

redi · (WTxi + b) � 1

<latexit sha1_base64="ucGfJUCennvCLpP6AzQRaH6HsR4=">AAACEHicbVDLSgNBEJyN7/ha9ehlMIiKEHYloN5ELx4V8oJsDLOznThk9uFMrxiWfIIXf8WLB0W8evTm3ziJe9BoQUNNVTfTXX4ihUbH+bQKU9Mzs3PzC8XFpeWVVXttva7jVHGo8VjGqukzDVJEUEOBEpqJAhb6Ehp+/2zkN25BaRFHVRwk0A5ZLxJdwRkaqWPveAh3mCkIhh1BPR7ESHcbV1V6Z5771N+jXg9uqNuxS07ZGYP+JW5OSiTHRcf+8IKYpyFEyCXTuuU6CbYzplBwCcOil2pIGO+zHrQMjVgIup2NDxrSbaMEtBsrUxHSsfpzImOh1oPQN50hw2s96Y3E/7xWit2jdiaiJEWI+PdH3VRSjOkoHRoIBRzlwBDGlTC7Un7NFONoMiyaENzJk/+S+kHZrZSPLyulk9M8jnmySbbILnHJITkh5+SC1Agn9+SRPJMX68F6sl6tt+/WgpXPbJBfsN6/AN+jmzA=</latexit>

assumes linear separability



Why? 

Key math FACT:   margin is well-measured by (inverse of): 

||w||22 =
1

n

n�1X

i=0

w2
i

W, b

<latexit sha1_base64="O00Eq7SRBy6zfoDJwjHihb846U8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECuqt6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTS50LFA6qNbfuzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippX9a9Rv3moVFr3hZxlOEETuEcPLiCJtxDC3wgMIZneIU3RzgvzrvzsWgtOcXMMfyB8/kDMBqNsw==</latexit>

such that

&
Largest minimal margin

||W ||22

<latexit sha1_base64="ag7cu3qYfvB/vuB0udTS00FFy54=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktBfVW9OKxgv2Qdi3ZNNuGJtklyQql21/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Mbz1RpVkk7804pr7AA8lCRrCx0kOattK0V3ms9Iolt+zOgVaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+BOsDCOcTgvdRNMYkxEe0I6lEguq/cn84Ck6s0ofhZGyJQ2aq78nJlhoPRaB7RTYDPWyNxP/8zqJCS/9CZNxYqgki0VhwpGJ0Ox71GeKEsPHlmCimL0VkSFWmBibUcGG4C2/vEqalbJXLV/dVUu16yyOPJzAKZyDBxdQg1uoQwMICHiGV3hzlPPivDsfi9ack80cwx84nz+VFJBI</latexit>

minimized

In this case:

equivalent to
W = [0, 1]; b = 0

<latexit sha1_base64="+juKYfP+nxofV6xHB1azLASjnoQ=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSSEFFhKIblxXsA9JQJpNJO3TycGYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89XsKZVJb1bRQWFpeWV4qrpbX1jc0tc3unKeNUENogMY9F28OSchbRhmKK03YiKA49Tlve4Hrstx6okCyO7tQwoW6IexELGMFKS11zr4XQJXKsY2S7F6hzn2IfeVqxumbZqlgToHli56QMOepd86vjxyQNaaQIx1I6tpUoN8NCMcLpqNRJJU0wGeAedTSNcEilm00+GKFDrfgoiIWuSKGJ+nsiw6GUw9DTnSFWfTnrjcX/PCdVwZmbsShJFY3IdFGQcqRiNI4D+UxQovhQE0wE07ci0scCE6VDK+kQ7NmX50nzpGJXK+e31XLtKo+jCPtwAEdgwynU4Abq0AACj/AMr/BmPBkvxrvxMW0tGPnMLvyB8fkDOFaTkQ==</latexit>

redi · (WTxi + b) � 1

<latexit sha1_base64="ucGfJUCennvCLpP6AzQRaH6HsR4=">AAACEHicbVDLSgNBEJyN7/ha9ehlMIiKEHYloN5ELx4V8oJsDLOznThk9uFMrxiWfIIXf8WLB0W8evTm3ziJe9BoQUNNVTfTXX4ihUbH+bQKU9Mzs3PzC8XFpeWVVXttva7jVHGo8VjGqukzDVJEUEOBEpqJAhb6Ehp+/2zkN25BaRFHVRwk0A5ZLxJdwRkaqWPveAh3mCkIhh1BPR7ESHcbV1V6Z5771N+jXg9uqNuxS07ZGYP+JW5OSiTHRcf+8IKYpyFEyCXTuuU6CbYzplBwCcOil2pIGO+zHrQMjVgIup2NDxrSbaMEtBsrUxHSsfpzImOh1oPQN50hw2s96Y3E/7xWit2jdiaiJEWI+PdH3VRSjOkoHRoIBRzlwBDGlTC7Un7NFONoMiyaENzJk/+S+kHZrZSPLyulk9M8jnmySbbILnHJITkh5+SC1Agn9+SRPJMX68F6sl6tt+/WgpXPbJBfsN6/AN+jmzA=</latexit>

and really only speaks to the worst case

assumes linear separability
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e.g. some pack all errors onto few samples vs more evenly distributing it

.  .  . averaged over training stimuli s_j
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Regularization

New goal: find w’s and b and minimize: 

original hinge loss
small margin 

penalty

loss = max

 
0, 1� redi ⇤

"
X

i

wi · neuroni(sj) + b

#!
+ � · ||w||22

different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it

average case worst case

“L2 regularization”

… and no hard requirement for linear separability.  .  . averaged over training stimuli s_j



Regularization

different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it

Actually, scikit-learn (like most SVM libraries) uses this parameterization:

C =
1

�
with

loss = C ·max

 
0, 1� redj ⇤

"
X

i

wi · neuroni(sj) + b

#!
+ ||w||2



Regularization

[Examples motivating L2 regularization]



Regularization

Some basic examples:
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Regularization

Effect of increasing
l2-regularization
for not-separable
data

L2-regularization does matter if data isn’t nicely separable:



Regularization

different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it

“L2 regularization”Hinge-loss                    + 

loss = max

 
0, 1� redi ⇤

"
X

i

wi · neuroni(sj) + b

#!
+ � · ||w||22



Regularization

different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it

“L2 regularization”

loss = data-misfitting-penalty[W, b, data] + � · complexity-penalty[W, b]
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Regularization

different choices distribute the error differently

e.g. some pack all errors onto few samples vs more evenly distributing it

“L1 regularization”Hinge-loss                    + 

more sensitive
to equidistributed margin

loss = max

 
0, 1� redi ⇤

"
X

i

wi · neuroni(sj) + b

#!
+ � · ||w||1

loss = data-misfitting-penalty[W, b, data] + � · complexity-penalty[W, b]
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general principle:



Regularization

loss = max

 
0, 1� redi ⇤

"
X

i

wi · neuroni(sj) + b

#!
+ � · ||w||1

||w||1 =
1

n

n�1X

i=0

|wi|L1 Norm:

||w||22 =
1

n

n�1X

i=0

w2
iL2 Norm:



[IPYNB:  Regularization with real data]

Regularization



Regularization

High C ⇒ larger weight values 

Low C ⇒ smaller weight values 

. . . as expected
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Regularization

L1 regularization leads to much sparser weights.

. . . because it encourages weights to be 0 if they’re not high.  
A form of interpretable feature selection. 



Regularization

(1) training and testing are less good at very high levels of regularization (low C) than at 
very low levels of regularization (high C)

(2) training performance increases monotonically as regularization decreases, 
     converging to ceiling levels at very high values of C

(3) overfitting (gap between green and blue) increases as regularization decreases

(4) most important: there is an *optimal* level of regularization for test 
performance



Regularization

(5) performance of L1 criterion 
by itself (low C) is terrible

(6) optimal performance is little 
less good than L2 (often)

(7) overfitting is little less bad 
than for L2

(1) training and testing are less good at very high levels of regularization (low C) than at 
very low levels of regularization (high C)

(2) training performance increases monotonically as regularization decreases, 
     converging to ceiling levels at very high values of C

(3) overfitting (gap between green and blue) increases as regularization decreases

(4) most important: there is an *optimal* level of regularization for test 
performance

specific to L1:



Regularization

. . . of course when you actually do regularization you must cross validate 
your choice of C,  since it is a free parameter of the model. 

[IPYNB:  Cross-Validating your regularization parameter]
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N�1X

i=0

(yi �mxi � b)2

= number of training pointsN



Simple linear regression is case when there’s one regressor. 

Linear Regression

Find m, b that minimize sum-of-squares error:

y ⇠ mx+ b

N�1X

i=0

(yi �mxi � b)2

= number of training pointsN

m =
Cov(x, y)

V ar(x)
= corr(x, y) · �y

�x



Multivariate linear regression is very similar :

Linear Regression

… and accordingly, has a simple explicit formula solution:

Of course, actually computing the pseudo-inverse is computationally intensive. 

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points
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Multivariate linear regression is very similar :

Linear Regression

… and accordingly, has a simple explicit formula solution:

“pseudo-inverse” of X

Of course, actually computing the pseudo-inverse is computationally intensive. 

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

(XTX)�1XTY ⇠ cov(X,Y)

V ar(X)

effectively generalizing
one-d case



Multivariate linear regression is very similar :

Ridge Regression

… and accordingly, had the simple explicit formula solution:

W = (XTX)�1XT y

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

The goal was to minimize:
n�1X

i=0

(Yi � xT
i W � b)2 = ||Y �XT ·W � b||
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(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error regularization
||Y �XT ·W � b||+ ↵||W ||2
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Multivariate linear regression is very similar :

Ridge Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error
||Y �XT ·W � b||+ ↵||W ||2

Again, has a simple explicit solution:

W = (XTX+ ↵I)�1XTY

RidgeCV Regression

cross validating the 
regularization strength

(aka Tikhonov regression)



Ridge Regression

W = (XTX+ ↵I)�1XTY

effectively like adding uncorrelated noise of variance ↵ makes 0 contribution to the 
numerator term

like adding a “ridge” along the diagonal of the regressor covariance matrix — that’s why it’s called 
“ridge”



Multivariate linear regression is very similar :

Lasso Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error regularization

||Y �XT ·W � b||+ ↵||W ||



Multivariate linear regression is very similar :

Lasso Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error regularization

Does not have a simple solution. Lasso Regression

||Y �XT ·W � b||+ ↵||W ||

Lasso leads to sparse weights.  
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Lasso Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error regularization

Does not have a simple solution. Lasso Regression

||Y �XT ·W � b||+ ↵||W ||

Lasso leads to sparse weights.  
LassoCV Regression



Multivariate linear regression is very similar :

Lasso Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error regularization

Does not have a simple solution. Lasso Regression

||Y �XT ·W � b||+ ↵||W ||

Lasso leads to sparse weights.  
LassoCV Regression

which matters if you care about interpretability of 
coefficients — not so relevant in neuroscience, but 
relevant in (e.g.) psychology or economics



Multivariate linear regression is very similar :

ElasticNet Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

For reasons just like in categorization, can help prevent overfitting to minimize:

fitting error two regularization terms

Potential advantage: 
Can be as good at fitting as Ridge while
still allowing some sparse interpretability

ElasticNet regression

ElasticNetCV regression

||Y �XT ·W � b||+ ↵||W ||2 + �||W ||



Multivariate linear regression is very similar :

Kernel Ridge Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

In Ridge Regression we had:

||Y �XT ·W � b||+ ↵||W ||2



Multivariate linear regression is very similar :

Kernel Ridge Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

In Ridge Regression we had — equivalently,

d(Y,XT ·W + b) + ↵||W ||2

dwhere     = euclidean distance



Recall — Other Distances in the SVM Classifier (lecture 5)

Recall out hyperplane-based classifiers are based on 

Results only depend on matrix of pairwise similarities 
(inverse distances) between training points (s_j’s).*   

Regular SVM uses euclidean similiarity. Can actually use any similarity measure you want. 

sklearn.svm.LinearSVC      →      sklearn.svm.SVC

only works with regular
euclidean similarity

you can input any 
similarity function, even one

that’s nonlinear fn of its inputs

* matrix of pairwise similarities is sometimes called a “kernel” or a “gram matrix”

margins(sj) =
X

i

wi · neuroni(sj) + b

Most common is the “radial basis function” (RBF) similarity:

RBF�(sj , sk) = e��||sj�sk||2



Multivariate linear regression is very similar :

Kernel Ridge Regression

(n, m) (n, k)(m, k) 

Y = W ·XT + b
k = number of regressors

m = number of dimensions
to regress

n = number of data points

In Kernel Ridge Regression we have

d(Y,XT ·W + b) + ↵||W ||2

where, for example:
d�(x, y) = 1� e��||x�y||2



[IPYNB: Multivariate regression]

Linear Regression
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V4 representation

Models are linking hypotheses:

IT neural representation

1.
decoding

3.
encoding

Linking Hypotheses

x-position 
y-position 

size 
rotation 
mass 

. 

. 

.

Behavioral patterns

regressionregression

DOG

pixels

RGC LGN

V1 V2

V4 PIT

T(�) 
PITV2

V4

100ms
Visual

Presentation

V1

CIT
AIT

CIT AIT

?? ?

Linear transform?



[IPYNB: Regressing IT from V4]

Linear Regression



PLS Regression

Partial Least Squares (PLS) Regression

Y = UQTX = TPT

(n, m)(n, k)

k = number of regressors

m = number of dimensions
to regress

n = number of data points



PLS Regression

Partial Least Squares (PLS) Regression

Y = UQTX = TPT

(n, m)(n, k)

T

U

(n, L) matrix

(n, L) matrix

k = number of regressors

n = number of data points



PLS Regression

Partial Least Squares (PLS) Regression

Y = UQTX = TPT

P

Q

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

k = number of regressors

m = number of dimensions
to regress

n = number of data points



PLS Regression

Partial Least Squares (PLS) Regression

Y = UQTX = TPT

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data points



PLS Regression

Partial Least Squares (PLS) Regression

Y = UQTX = TPT

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data points

“trying to put X and Y in a common space”



PLS Regression

Partial Least Squares (PLS) Regression

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data pointsX = TPT + E

…. and minimize residuals E and F. 

Y = UQT + F

“trying to put X and Y in a common space”



PLS Regression

Partial Least Squares (PLS) Regression

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data pointsX = TPT + E

…. and minimize residuals E and F. 

Y = UQT + F

L = how many common dimensions
has to be cross-validated

“trying to put X and Y in a common space”



PLS Regression

Partial Least Squares (PLS) Regression

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data pointsX = TPT + E

…. and minimize residuals E and F. 

Y = UQT + F

L = how many common dimensions
has to be cross-validated

“trying to put X and Y in a common space”

Y ⇠ XQT (PT )�1



PLS Regression

Partial Least Squares (PLS) Regression

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data pointsX = TPT + E

…. and minimize residuals E and F. 

Y = UQT + F

L = how many common dimensions
has to be cross-validated

“trying to put X and Y in a common space”

Y ⇠ XQT (PT )�1



PLS Regression

Partial Least Squares (PLS) Regression

P

Q

corr(T, U)

(n, m)(n, k)

(k, L) orthogonal matrixT

U

(n, L) matrix

(n, L) matrix (m, L) orthogonal matrix

goal is to choose T, U, P and Q to maximimize: 

k = number of regressors

m = number of dimensions
to regress

n = number of data pointsX = TPT + E

…. and minimize residuals E and F. 

Y = UQT + F

L = how many common dimensions
has to be cross-validated

“trying to put X and Y in a common space”

Y ⇠ XQT (PT )�1

the effective regression weight 
matrix — really needs pseudo-
inverse of P^T



[IPYNB: PLS Regression]

PLS Regression


