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As scientists we care about understanding the underlying 
processes that give rise to our observations

“All observation is befuddled by error”

How can we understand the relations between observations 
and the constructs that underlie them?

Can we use data to test theories regarding the latent structure 
underlying our data?



Motivating example: Measurement and psychological constructs
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How do different measures 
of self-control relate to one 

another?



Motivating example: Measurement and psychological constructs

How do different measures 
of self-control relate to one 

another?
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History of SEM

Sewall Wright
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more on causality next time…



Flavors of SEM: Path analysis

Relates a set of observed variables

Revill et al., 2020



Flavors of SEM: “Confirmatory factor analysis”

relates observed measurements to latent factors

Afifi et al, 2020

observed 
measurement

latent 
factors



Kushner et al, 2013

Flavors of SEM: full structural equation model

Includes relations between both latent and observed (“manifest”) 
variables



An example: Linear regression via SEM

yx
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%%R -i simdataDf -o results

library(lavaan)

myModel <- ' # regressions
             Y ~ x
    
             # variances and covariances 
             Y ~~ Y 

             # intercepts 
             Y~ 1 
           '

fit <- lavaan(myModel, data=simdataDf)
summary(fit, standardized=TRUE)

Structural equation modeling in R using lavaan



lavaan 0.6-5 ended normally after 11 iterations

  Estimator                                         ML
  Optimization method                           NLMINB
  Number of free parameters                          3
                                                      
  Number of observations                           500
                                                      
Model Test User Model:
                                                      
  Test statistic                                 0.000
  Degrees of freedom                                 0

Parameter Estimates:

  Information                                 Expected
  Information saturated (h1) model          Structured
  Standard errors                             Standard

Regressions:
                   Estimate  Std.Err  z-value  P(>|z|)   Std.lv  Std.all
  Y ~                                                                   
    x                 0.475    0.046   10.366    0.000    0.475    0.421

Intercepts:
                   Estimate  Std.Err  z-value  P(>|z|)   Std.lv  Std.all
   .Y                 0.026    0.045    0.579    0.562    0.026    0.024

Variances:
                   Estimate  Std.Err  z-value  P(>|z|)   Std.lv  Std.all
   .Y                 1.026    0.065   15.811    0.000    1.026    0.823

Using lavaan

cf. OLS results:



Linear regression via SEM: Model-implied covariance

yx
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Basics of SEM: Loss function

Loss function: model-implied covariance vs sample covariance

How can we compare covariance matrices?

using the determinant (actually the log-determinant)

x =


a b
c d
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|vcov| = �2
x ⇤ �2

y � cov(x, y)2
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if r(x, y) = 1:

r =
covariancex,y

sx ⇤ sy
=

PN
i=1 (xi � x̄)(yi � ȳ)

(N � 1) ⇤ sx ⇤ sy

<latexit sha1_base64="BC657nt+IZcsIPciAmxZgi5YotE="></latexit>

|vcov| = 0

<latexit sha1_base64="AILxKsT8Suryk5JkMOOGss7ZSro=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQr0IRS8eK9gPbJeSTbNtaDZZkmyhbPsvvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjO7mfmtMlWZSPJpJTP0IDwQLGcHGSk/TMZHjKbpBbq9YcsvuAmideBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFboJprGmIzwgHYsFTii2k8XF8/QhVX6KJTKljBoof6eSHGk9SQKbGeEzVCvenPxP6+TmPDaT5mIE0MFWS4KE46MRPP3UZ8pSgyfWIKJYvZWRIZYYWJsSAUbgrf68jppXpW9Srn6UCnVbrM48nAG53AJHlShBvdQhwYQEPAMr/DmaOfFeXc+lq05J5s5hT9wPn8AtNqQSw==</latexit>

The determinant of the covariance matrix as a loss



Basics of SEM: Loss function

Loss function: model-implied covariance vs sample covariance

 : model-implied covariance
S: observed sample covariance
p: number of dependent variables
q: number of independent variables

⌃

<latexit sha1_base64="fBJyjx2+9O2arurBFzjsupQEL9g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKIB6DXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18GWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQa1av61VGld5HEU4gVM4hwDq0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AW6bjw0=</latexit>

log-determinant
of model-implied

covariance
matrix

log-determinant
of observed
covariance

matrix

divergence 
between observed 

and predicted 
variances

loss = log|⌃|� log|S|+ tr(S⌃�1)� (p+ q)

<latexit sha1_base64="PEcNWr0sTxduOy6Z8Mvx9WSYwTM="></latexit>



Basics of SEM: Loss function

Loss function: model-implied covariance vs sample covariance

 : model-implied covariance
S: observed sample covariance
p: number of dependent variables
q: number of independent variables

⌃

<latexit sha1_base64="fBJyjx2+9O2arurBFzjsupQEL9g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKIB6DXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18GWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQa1av61VGld5HEU4gVM4hwDq0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AW6bjw0=</latexit>

loss = log|⌃|� log|S|+ tr(S⌃�1)� (p+ q)

<latexit sha1_base64="PEcNWr0sTxduOy6Z8Mvx9WSYwTM="></latexit>

The values of the parameters (𝜭) that minimize this loss are 
those that make the implied covariance as similar as possible to 
the actual covariance, while also respecting the the constraints 

on the model (i.e. the graph)



Basics of SEM: Loss function

By computing loss for many values of the regression 
parameter, we see that the value identified with the minimum 

loss is the same as that determined using OLS
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The confirmatory factor analysis (CFA) model

CFA relates observed variables to a set of latent variables
Let’s say I wanted to test between two different models of my data:

Self-control

Brief Self 
Control

BIS-11 
Nonplanning

MPQ control

Working 
memory

Spatial reverse 
span

Raven’s 
matrices

Adaptive n-
back

Risk-taking

UPPS-P 
Sensation 
Seeking

IVS 
Venturesome-

ness

DOSPERT 
Recreational

Brief Self 
Control

BIS-11 
Nonplanning

MPQ control

Control 
Factor F

Spatial reverse 
span

Raven’s 
matrices

Adaptive n-
back

UPPS-P 
Sensation 
Seeking

IVS 
Venturesome-

ness

DOSPERT 
Recreational

3-factor model 1-factor model



The confirmatory factor analysis (CFA) model

⌘ = N(0, )

<latexit sha1_base64="CbQUYitGpbgC0iQfcSqYu0/SJYw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoICWRQr0IRS+epIL9gCaUzXbTLt1swu5EKbU/xYsHRbz6S7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrGZ28pv7+zu7duFg6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg99VsPTGkey3sYJcyPSF/ykFMCRuraBY8BwZf4tuScYa+u+WnXLjplZwa8TNyMFFGGetf+8noxTSMmgQqidcd1EvDHRAGngk3yXqpZQuiQ9FnHUEkipv3x7PQJPjFKD4exMiUBz9TfE2MSaT2KAtMZERjoRW8q/ud1Uggv/DGXSQpM0vmiMBUYYjzNAfe4YhTEyBBCFTe3YjogilAwaeVNCO7iy8ukeV52K+XqXaVYu8riyKEjdIxKyEVVVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHvHXFymYO0R9Ynz9GGpIV</latexit>

✏ = N(0,⇥)

<latexit sha1_base64="ajC3G4anbOAx96TCvMt3L1UAwZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiRTqRSh68SQV+gVNKJvttF262YTdjVBCL/4VLx4U8erP8Oa/cdvmoNUHA4/3ZpiZF8ScKe04X1ZuZXVtfSO/Wdja3tnds/cPWipKJIUmjXgkOwFRwJmApmaaQyeWQMKAQzsY38z89gNIxSLR0JMY/JAMBRswSrSRevaRB7FiPBL4Ct+VnHPsNUagyVnPLjplZw78l7gZKaIM9Z796fUjmoQgNOVEqa7rxNpPidSMcpgWvERBTOiYDKFrqCAhKD+dPzDFp0bp40EkTQmN5+rPiZSESk3CwHSGRI/UsjcT//O6iR5c+ikTcaJB0MWiQcKxjvAsDdxnEqjmE0MIlczciumISEK1yaxgQnCXX/5LWhdlt1Ku3leKtessjjw6RieohFxURTV0i+qoiSiaoif0gl6tR+vZerPeF605K5s5RL9gfXwDLAqU2w==</latexit>

where:
• y is a p x 1 vector of responses
•  is a p x m matrix of factor loadings
•  is an m x 1 vector of latent variables
•  is a p x 1 vector of errors

⇤

<latexit sha1_base64="PDiyDx3AP448JATr/7Li0Rs5c5U=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsSiGXQxsIignlAsoTZ2UkyZHZ2mbkrhCUfYWOhiK3fY+ffOEm20MQDA4dzzmXuPUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlJiKBhFK3X69zYa0kG54lbdBcg68XJSgRzNQfmrH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFujNyYZWQDGNtn0KyUH9PZDQyZhoFNhlRHJtVby7+5/VSHF77mVBJilyx5UfDVBKMyfx2EgrNGcqpJZRpYXclbEw1ZWgbKtkSvNWT10n7qurVqvWHWqVxk9dRhDM4h0vwoA4NuIMmtIDBBJ7hFd6cxHlx3p2PZbTg5DOn8AfO5w8O4Y9n</latexit>

⌘

<latexit sha1_base64="wcp78FEDahlEBq7Uv7jXWhIJhU8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWRo6C9RLNiAwF64bTu9zvPjFteKwecZawQJKx4hGnBHNpwJAMqzWv7i3grhO/IDUo0BpWvwajmKaSKaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1QRyUyQLW6duxdWGblRrG0pdBfq74mMSGNmMrSdkuDErHq5+J/XTzG6CTKukhSZostFUSpcjN38cXfENaMoZpYQqrm91aUToglFG0/FhuCvvrxOOld1/7reeLiuNW+LOMpwBudwCT40oAn30II2UJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQwejkI=</latexit>

✏

<latexit sha1_base64="tKCQHLe4BdZ/UQ8qJ8/kkrq9vX0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip28dEcxHLQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLeGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/Hky5AqZEVNLKFPc3krYmCrKjI2oZEPwVl9eJ+2rqler1u9rlcZNHkcRzuAcLsGDOjTgDprQAgYCnuEV3pxH58V5dz6WrQUnnzmFP3A+fwBQDZAq</latexit>

y = ⇤⌘ + ✏

<latexit sha1_base64="5JsJGi/cSoXhw1Tl7M/14eoymv4=">AAACA3icbVDLSsNAFJ34rPVVdaebwSIIQkmkUDdC0Y0LFxXsA5pQJpObdujkwcxECKHgxl9x40IRt/6EO//GSZuFth4YOJxzD3fucWPOpDLNb2NpeWV1bb20Ud7c2t7Zreztd2SUCAptGvFI9FwigbMQ2oopDr1YAAlcDl13fJ373QcQkkXhvUpjcAIyDJnPKFFaGlQOU3yJ7Vsd8IgNiuAzbEMsGc/Nqlkzp8CLxCpIFRVoDSpfthfRJIBQUU6k7FtmrJyMCMUoh0nZTiTEhI7JEPqahiQA6WTTGyb4RCse9iOhX6jwVP2dyEggZRq4ejIgaiTnvVz8z+snyr9wMhbGiYKQzhb5Cccqwnkh2GMCqOKpJoQKpv+K6YgIQpWuraxLsOZPXiSd85pVrzXu6tXmVVFHCR2hY3SKLNRATXSDWqiNKHpEz+gVvRlPxovxbnzMRpeMInOA/sD4/AE1rpaj</latexit>

2

6666666666664

y1
y2
y3
y4
y5
y6
y7
y8
y9

3

7777777777775

<latexit sha1_base64="QLIbClux+J0Cy0fa4VYE/1MNWO4="></latexit>

=

2

6666666666664

�11 0 0
�21 0 0
�31 0 0
0 �42 0
0 �52 0
0 �62 0
0 0 �73

0 0 �83

0 0 �93

3

7777777777775

<latexit sha1_base64="r+1aIxofHgO9bPeot7TzrKAlnKM="></latexit>

2

4
⇠1
⇠2
⇠3

3

5

<latexit sha1_base64="huyaDDLlU4HGR9cD0b9EE0D7+Rc=">AAACMHicbZDLSsNAFIYn3q23qks3g0VwVRIVdCm60KWCtUITymR60g5OJmHmRCyhj+TGR9GNgiJufQqnaQRtPTDw8Z/bnD9MpTDouq/O1PTM7Nz8wmJlaXllda26vnFtkkxzaPBEJvomZAakUNBAgRJuUg0sDiU0w9vTYb55B9qIRF1hP4UgZl0lIsEZWqldPfMlRNiifghdoXKmNesPcj6o+Pei7VHfL2DvB/YLANUpK6mvRbeHQaVdrbl1twg6CV4JNVLGRbv65HcSnsWgkEtmTMtzUwzsWBRcgt2fGUgZv2VdaFlULAYT5MXBA7pjlQ6NEm2fQlqovztyFhvTj0NbGTPsmfHcUPwv18owOgpyodIMQfHRoiiTFBM6dI92hAaOsm+BcS3sXynvMc04Wo+HJnjjJ0/C9V7dO6gfXh7Ujk9KOxbIFtkmu8Qjh+SYnJML0iCcPJBn8kbenUfnxflwPkelU07Zs0n+hPP1DWnPqJU=</latexit>

+

2

6666666666664

✏1
✏2
✏3
✏4
✏5
✏6
✏7
✏8
✏9

3

7777777777775

<latexit sha1_base64="i3gFas8hpl3wwxe8A5lqzyIEz0o="></latexit>

y = N(0, S)

<latexit sha1_base64="WtArA480TMlX79kFDAvGse5dl/I=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJJIoV6EohdPUtF+QBrKZrtpl26yYXcjhNCf4cWDIl79Nd78N27bHLT1wcDjvRlm5vkxZ0rb9re1srq2vrFZ2Cpu7+zu7ZcODttKJJLQFhFcyK6PFeUsoi3NNKfdWFIc+px2/PHN1O88UamYiB51GlMvxMOIBYxgbSQ3RVformKfo4ezfqlsV+0Z0DJxclKGHM1+6as3ECQJaaQJx0q5jh1rL8NSM8LppNhLFI0xGeMhdQ2NcEiVl81OnqBTowxQIKSpSKOZ+nsiw6FSaeibzhDrkVr0puJ/npvo4NLLWBQnmkZkvihIONICTf9HAyYp0Tw1BBPJzK2IjLDERJuUiiYEZ/HlZdK+qDq1av2+Vm5c53EU4BhOoAIO1KEBt9CEFhAQ8Ayv8GZp68V6tz7mrStWPnMEf2B9/gBRx49W</latexit>

<latexit sha1_base64="VPZpasRfKfmIV8MjBEwuPIe1QVs=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4CrsiKp6CXjxGNA9IQpiddMyQ2ZllpjcYlpy8+CtePCji1W/w5t84eRw0WtBQVHXT3RXGUlj0/S9vbn5hcWk5s5JdXVvf2MxtbVesTgyHMtdSm1rILEihoIwCJdRiAywKJVTD3uXIr/bBWKHVLQ5iaEbsTomO4Ayd1Mrt3ZzTBsI9pjq0YPrQplz3mRFMcRi2cnm/4I9B/5JgSvJkilIr99loa55EoJBLZm098GNspsyg4BKG2UZiIWa8x+6g7qhiEdhmOn5jSA+c0qYdbVwppGP150TKImsHUeg6I4ZdO+uNxP+8eoKds2YqVJwgKD5Z1EkkRU1HmdC2MMBRDhxh3Ah3K+VdZhhHl1zWhRDMvvyXVI4KwUnh6Po4X7yYxpEhu2SfHJKAnJIiuSIlUiacPJAn8kJevUfv2Xvz3ietc950Zof8gvfxDYgqmS8=</latexit>

S : observed covariance
<latexit sha1_base64="FrESFE+DT+i9jkvVb75+JAWeQl8=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIjGxwl1i1FgRbSwxkUfCEjI7zMKE2Z3NzF0i2VDY+Cs2Fhpj60fY+TcOsIWCpzo5597ce44fC67Bcb6t3Mrq2vpGfrOwtb2zu2fvHzS0TBRldSqFVC2faCZ4xOrAQbBWrBgJfcGa/vBm6jdHTGkuo3sYx6wTkn7EA04JGKlrF72a5lfYA/YAaUAoSIVHRJ1SOZp07ZJTdmbAy8TNSAllqHXtL68naRKyCKggWrddJ4ZOShRwKtik4CWaxYQOSZ+1DY1IyHQnnYWY4GOj9HBg7gcyAjxTf2+kJNR6HPpmMiQw0IveVPzPaycQXHZSHsUJsIjODwWJwCDxtBHc44pREGNDCFXc/IrpgCjThemtYEpwFyMvk0al7J6XK3dnpep1VkceFdEROkEuukBVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr8AaHMmBo=</latexit>

 : factor var/cov
<latexit sha1_base64="LaQoYsEg89tGs9M+Mw7f0769RtU=">AAACB3icbVDLSgNBEJz1bXxFPQoyGARPYVdExZPoxaOCiUISQu+kNxkyO7vM9AbDkpsXf8WLB0W8+gve/Bsnj4OvOhVV3XR1hamSlnz/05uanpmdm19YLCwtr6yuFdc3qjbJjMCKSFRibkOwqKTGCklSeJsahDhUeBN2z4f+TQ+NlYm+pn6KjRjaWkZSADmpWdyuX3eQ4ITXCe8oR2MSw3tgJGiBdtAslvyyPwL/S4IJKbEJLpvFj3orEVmMmoQCa2uBn1IjB0NSKBwU6pnFFEQX2lhzVEOMtpGP/hjwXae0eOQSRIkmPlK/b+QQW9uPQzcZA3Xsb28o/ufVMoqOG7nUaUaoxfhQlClOCR+WwlvSoCDVdwSEkS4rFx0wIMhVV3AlBL9f/kuq++XgsLx/dVA6PZvUscC22A7bYwE7Yqfsgl2yChPsnj2yZ/biPXhP3qv3Nh6d8iY7m+wHvPcvY2WZqQ==</latexit>

⇥ : error variances



The confirmatory factor analysis (CFA) model

⌘ = N(0, )

<latexit sha1_base64="CbQUYitGpbgC0iQfcSqYu0/SJYw=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoICWRQr0IRS+epIL9gCaUzXbTLt1swu5EKbU/xYsHRbz6S7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrGZ28pv7+zu7duFg6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg99VsPTGkey3sYJcyPSF/ykFMCRuraBY8BwZf4tuScYa+u+WnXLjplZwa8TNyMFFGGetf+8noxTSMmgQqidcd1EvDHRAGngk3yXqpZQuiQ9FnHUEkipv3x7PQJPjFKD4exMiUBz9TfE2MSaT2KAtMZERjoRW8q/ud1Uggv/DGXSQpM0vmiMBUYYjzNAfe4YhTEyBBCFTe3YjogilAwaeVNCO7iy8ukeV52K+XqXaVYu8riyKEjdIxKyEVVVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHvHXFymYO0R9Ynz9GGpIV</latexit>

✏ = N(0,⇥)

<latexit sha1_base64="ajC3G4anbOAx96TCvMt3L1UAwZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiRTqRSh68SQV+gVNKJvttF262YTdjVBCL/4VLx4U8erP8Oa/cdvmoNUHA4/3ZpiZF8ScKe04X1ZuZXVtfSO/Wdja3tnds/cPWipKJIUmjXgkOwFRwJmApmaaQyeWQMKAQzsY38z89gNIxSLR0JMY/JAMBRswSrSRevaRB7FiPBL4Ct+VnHPsNUagyVnPLjplZw78l7gZKaIM9Z796fUjmoQgNOVEqa7rxNpPidSMcpgWvERBTOiYDKFrqCAhKD+dPzDFp0bp40EkTQmN5+rPiZSESk3CwHSGRI/UsjcT//O6iR5c+ikTcaJB0MWiQcKxjvAsDdxnEqjmE0MIlczciumISEK1yaxgQnCXX/5LWhdlt1Ku3leKtessjjw6RieohFxURTV0i+qoiSiaoif0gl6tR+vZerPeF605K5s5RL9gfXwDLAqU2w==</latexit>

where:
• y is a p x 1 vector of responses
•  is a p x m matrix of factor loadings
•  is an m x 1 vector of latent variables
•  is a p x 1 vector of errors

⇤

<latexit sha1_base64="PDiyDx3AP448JATr/7Li0Rs5c5U=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsSiGXQxsIignlAsoTZ2UkyZHZ2mbkrhCUfYWOhiK3fY+ffOEm20MQDA4dzzmXuPUEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO/c4T10bE6hGnCfcjOlJiKBhFK3X69zYa0kG54lbdBcg68XJSgRzNQfmrH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFujNyYZWQDGNtn0KyUH9PZDQyZhoFNhlRHJtVby7+5/VSHF77mVBJilyx5UfDVBKMyfx2EgrNGcqpJZRpYXclbEw1ZWgbKtkSvNWT10n7qurVqvWHWqVxk9dRhDM4h0vwoA4NuIMmtIDBBJ7hFd6cxHlx3p2PZbTg5DOn8AfO5w8O4Y9n</latexit>

⌘

<latexit sha1_base64="wcp78FEDahlEBq7Uv7jXWhIJhU8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWRo6C9RLNiAwF64bTu9zvPjFteKwecZawQJKx4hGnBHNpwJAMqzWv7i3grhO/IDUo0BpWvwajmKaSKaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1QRyUyQLW6duxdWGblRrG0pdBfq74mMSGNmMrSdkuDErHq5+J/XTzG6CTKukhSZostFUSpcjN38cXfENaMoZpYQqrm91aUToglFG0/FhuCvvrxOOld1/7reeLiuNW+LOMpwBudwCT40oAn30II2UJjAM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AQwejkI=</latexit>

✏

<latexit sha1_base64="tKCQHLe4BdZ/UQ8qJ8/kkrq9vX0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip28dEcxHLQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLeGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/Hky5AqZEVNLKFPc3krYmCrKjI2oZEPwVl9eJ+2rqler1u9rlcZNHkcRzuAcLsGDOjTgDprQAgYCnuEV3pxH58V5dz6WrQUnnzmFP3A+fwBQDZAq</latexit>

y = ⇤⌘ + ✏

<latexit sha1_base64="5JsJGi/cSoXhw1Tl7M/14eoymv4=">AAACA3icbVDLSsNAFJ34rPVVdaebwSIIQkmkUDdC0Y0LFxXsA5pQJpObdujkwcxECKHgxl9x40IRt/6EO//GSZuFth4YOJxzD3fucWPOpDLNb2NpeWV1bb20Ud7c2t7Zreztd2SUCAptGvFI9FwigbMQ2oopDr1YAAlcDl13fJ373QcQkkXhvUpjcAIyDJnPKFFaGlQOU3yJ7Vsd8IgNiuAzbEMsGc/Nqlkzp8CLxCpIFRVoDSpfthfRJIBQUU6k7FtmrJyMCMUoh0nZTiTEhI7JEPqahiQA6WTTGyb4RCse9iOhX6jwVP2dyEggZRq4ejIgaiTnvVz8z+snyr9wMhbGiYKQzhb5Cccqwnkh2GMCqOKpJoQKpv+K6YgIQpWuraxLsOZPXiSd85pVrzXu6tXmVVFHCR2hY3SKLNRATXSDWqiNKHpEz+gVvRlPxovxbnzMRpeMInOA/sD4/AE1rpaj</latexit>

y = N(0, S)

<latexit sha1_base64="WtArA480TMlX79kFDAvGse5dl/I=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJJIoV6EohdPUtF+QBrKZrtpl26yYXcjhNCf4cWDIl79Nd78N27bHLT1wcDjvRlm5vkxZ0rb9re1srq2vrFZ2Cpu7+zu7ZcODttKJJLQFhFcyK6PFeUsoi3NNKfdWFIc+px2/PHN1O88UamYiB51GlMvxMOIBYxgbSQ3RVformKfo4ezfqlsV+0Z0DJxclKGHM1+6as3ECQJaaQJx0q5jh1rL8NSM8LppNhLFI0xGeMhdQ2NcEiVl81OnqBTowxQIKSpSKOZ+nsiw6FSaeibzhDrkVr0puJ/npvo4NLLWBQnmkZkvihIONICTf9HAyYp0Tw1BBPJzK2IjLDERJuUiiYEZ/HlZdK+qDq1av2+Vm5c53EU4BhOoAIO1KEBt9CEFhAQ8Ayv8GZp68V6tz7mrStWPnMEf2B9/gBRx49W</latexit>

Goal:
Identify model parameters that minimize the loss

core goal is to make the implied covariance as close to the 
observed covariance given the model constraints 

(i.e. the graph)



%%R -i cfadata

cfa.model <- ‘SC =~ mpq_control_survey.control + 
                 bis11_survey.Nonplanning + 
                 brief_self_control_survey.self_control
              WM =~ adaptive_n_back.mean_load + 
                     ravens.score + 
                     spatial_span.reverse_span
              RT =~  dospert_rt_survey.recreational +
               impulsive_venture_survey.venturesomeness +
               upps_impulsivity_survey.sensation_seeking
'

fit <- cfa(cfa.model, data=cfadata)
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CFA: Implied covariance

⌃ = ⇤ ⇤0 +⇥

<latexit sha1_base64="MPIagDFYQovl9MtUgyzH5ifFtNk=">AAACD3icbVC7SgNBFJ2NrxhfUUubweADhLArgdgIQRsLi4h5QTaEu7OzyZDZ2WVmVgghf2Djr9hYKGJra+ffOEm20MQDA4dz7uHOPV7MmdK2/W1llpZXVtey67mNza3tnfzuXkNFiSS0TiIeyZYHinImaF0zzWkrlhRCj9OmN7ie+M0HKhWLRE0PY9oJoSdYwAhoI3Xzx+4964WAL7F7a1I+uFXFUnqCz7Bb61MNuW6+YBftKfAicVJSQCmq3fyX60ckCanQhINSbceOdWcEUjPC6TjnJorGQAbQo21DBYRUdUbTe8b4yCg+DiJpntB4qv5OjCBUahh6ZjIE3Vfz3kT8z2snOrjojJiIE00FmS0KEo51hCflYJ9JSjQfGgJEMvNXTPoggWhT4aQEZ/7kRdI4LzqlYvmuVKhcpXVk0QE6RKfIQWVUQTeoiuqIoEf0jF7Rm/VkvVjv1sdsNGOlmX30B9bnD+BSmqs=</latexit>

⇤

<latexit sha1_base64="B4hYEoQF3Ex9uLDUTe2WGc71ljM=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWZEqMuiGxcuKtgHtEPJZDJtaCYzJhmhDP0JNy4UcevvuPNvzLSz0NYDgcM555J7j58Iro3jfKPS2vrG5lZ5u7Kzu7d/UD086ug4VZS1aSxi1fOJZoJL1jbcCNZLFCORL1jXn9zkfveJKc1j+WCmCfMiMpI85JQYK/UGdzYakMqwWnPqzhx4lbgFqUGB1rD6NQhimkZMGiqI1n3XSYyXEWU4FWxWGaSaJYROyIj1LZUkYtrL5vvO8JlVAhzGyj5p8Fz9PZGRSOtp5NtkRMxYL3u5+J/XT0145WVcJqlhki4+ClOBTYzz43HAFaNGTC0hVHG7K6Zjogg1tqK8BHf55FXSuai7l/XG/WWteV3UUYYTOIVzcKEBTbiFFrSBgoBneIU39Ihe0Dv6WERLqJg5hj9Anz9Flo97</latexit>

 

<latexit sha1_base64="0RZn3aV3K3+vfOtnEEML2av7PkA=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKUI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBi3Dh9WaV/cWwOvEL0gNCrSG1a/BKKapZMpSQYzp+15ig4xoy6lg88ogNSwhdErGrO+oIpKZIFvcOscXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109tdBNkXCWpZYouF0WpwDbG+eN4xDWjVswcIVRzdyumE6IJtS6eigvBX315nXSu6v51vfFwXWveFnGU4QzO4RJ8aEAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnD/asjjQ=</latexit>

⇥

<latexit sha1_base64="NrjMj6mc/ktkoYdAFM4Pmt07Tlw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r9AvaUDbbbbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMviKUw6LrfTmFre2d3r7hfOjg8Oj4pn551TJRoxtsskpHuBdRwKRRvo0DJe7HmNAwk7waz+8zvPnFtRKRaOI+5H9KJEmPBKFqpO2hNOdLSsFxxq+4SZJN4OalAjuaw/DUYRSwJuUImqTF9z43RT6lGwSRflAaJ4TFlMzrhfUsVDbnx0+W5C3JllREZR9qWQrJUf0+kNDRmHga2M6Q4NeteJv7n9RMc3/qpUHGCXLHVonEiCUYk+52MhOYM5dwSyrSwtxI2pZoytAllIXjrL2+Szk3Vq1Xrj7VK4y6PowgXcAnX4EEdGvAATWgDgxk8wyu8ObHz4rw7H6vWgpPPnMMfOJ8/rJuPJg==</latexit>

mapping of 
measures to 

factors

variance/
covariance of 

factors

error variances 
for observed 

measures

Goal: find parameters that minimize loss…



FML(✓) = log|⌃|+ tr(S⌃�1)� log|S|� (p+ q)

<latexit sha1_base64="p7Pe0pNRo8fQerhUs23lFiMHRJo=">AAACP3icbVDPSxtBGJ3VamNabdSjl6GhkCCGXRHiRQgK4qFCJE0iJDHMTr5NBmd/OPOtGDb7n3nxX/DWay89WIpXb84mgfqjDwYe772Pb77nRlJotO2f1sLih6Xlj7mV/KfPq2tfCusbLR3GikOThzJU5y7TIEUATRQo4TxSwHxXQtu9PMr89jUoLcLgB44j6PlsGAhPcIZG6hdax/3k9Hta6uIIkJXpAZXhkE66DTH02 YRuU1TGgxt0vaSRzuSLZMdJy3Qni07+mROjlCIzclXO9wtFu2JPQd8TZ06KZI56v3DfHYQ89iFALpnWHceOsJcwhYJLSPPdWEPE+CUbQsfQgPmge8n0/pR+M8qAeqEyL0A6VV9OJMzXeuy7JukzHOm3Xib+z+vE6O33EhFEMULAZ4u8WFIMaVYmHQgFHOXYEMaVMH+lfMQU42gqz0pw3p78nrR2K85epXq2V6wdzuvIkS3ylZSIQ6qkRk5InTQJJ7fkF3kgf6w767f113qcRRes+cwmeQXr6RnNX6z0</latexit>

loss

<latexit sha1_base64="6PsIfIxfthyFL0aFfbukWUwfshs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSqMeiF48V7AekoWy223bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3I2KY4JK1kKNg3UQzEkeCdaLJ7dzvPDJtuJIPOE1YGJOR5ENOCVop6CF7wkwoY2b9csWregu468TPSQVyNPvlr95A0TRmEqkgxgS+l2CYEY2cCjYr9VLDEkInZMQCSyWJmQmzxckz98IqA3eotC2J7kL9PZGR2JhpHNnOmODYrHpz8T8vSHF4HWZcJikySZeLhqlwUbnz/90B14yimFpCqOb2VpeOiSYUbUolG4K/+vI6aV9V/Vq1fl+rNG7yOIpwBudwCT7UoQF30IQWUFDwDK/w5qDz4rw7H8vWgpPPnMIfOJ8/F1eRzA==</latexit>

loss = -3.979 + 9.017 - -4.134 - 9 = 0.172

CFA: Computing the loss



CFA: Fitted model and residuals



Model fit assessment



Bifactor (hierarchical) model
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Model comparison
%%R -i cfadata

bifactor.model <- ‘SC =~ mpq_control_survey.control + 
                    bis11_survey.Nonplanning + 
                    brief_self_control_survey.self_control
               WM =~ adaptive_n_back.mean_load + 
                    ravens.score + 
                    spatial_span.reverse_span
               RT =~  dospert_rt_survey.recreational +
                    impulsive_venture_survey.venturesomeness +
                    upps_impulsivity_survey.sensation_seeking
            
               F =~ mpq_control_survey.control + 
                    bis11_survey.Nonplanning + 
                    brief_self_control_survey.self_control + 
                    adaptive_n_back.mean_load + 
                    ravens.score + 
                    spatial_span.reverse_span + 
                    dospert_rt_survey.recreational +
                    impulsive_venture_survey.venturesomeness +
                    upps_impulsivity_survey.sensation_seeking
                    
                # fix correlation bw general and specific factors to zero
                F         ~~ 0*WM
                F         ~~ 0*IMP
                F         ~~ 0*RT
                   '
bifactor_fit <- cfa(bifactor.model, data=cfadata)



Model comparison

We want to compare the fit of two models.

Why can’t we just choose the model with the best fit to the 
data?

               srmr
bifactor_fit   .022†
fit_3factor    .053 

“SRMR”: standardized 
root mean square 

residual



Model selection criteria

We want to compare the fit of two models.

Why can’t we just choose the model with the best fit to the 
data?



Model comparison: Standard approaches

compareFit(fit_3factor, bifactor_fit)

################### Nested Model Comparison #########################
Chi-Squared Difference Test

             Df   AIC   BIC  Chisq Chisq diff Df diff Pr(>Chisq)    
bifactor_fit 15 10860 10986 19.994                                  
fit_3factor  24 10909 10998 87.004     67.009       9  5.857e-11 ***
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

####################### Model Fit Indices ###########################
               chisq df pvalue    cfi   tli        aic        bic rmsea  srmr
bifactor_fit 19.994† 15   .172 0.998† .994† 10859.872† 10986.549† .026† .022†
fit_3factor  87.004  24   .000  .969  .954  10908.881  10997.555  .072  .053 

################## Differences in Fit Indices #######################
                           df    cfi   tli    aic    bic rmsea  srmr
fit_3factor - bifactor_fit  9 -0.028 -0.04 49.009 11.006 0.046 0.031



Model comparison: Information criteria

We need to balance model fit with model complexity

Information criteria:

Akaike information criterion (AIC):

Bayesian information criterion (BIC):

AIC = �2 log L+ 2p

<latexit sha1_base64="rmIAaAIvb2d/xeXlqDovj5sOWrw=">AAACCXicbVDLSgMxFM34rPU16tJNsAiCWGZKoW6EajcKLirYB3SGkkkzbWgmGZKMUIZu3fgrblwo4tY/cOffmGm70NYDFw7n3Mu99wQxo0o7zre1tLyyurae28hvbm3v7Np7+00lEolJAwsmZDtAijDKSUNTzUg7lgRFASOtYFjL/NYDkYoKfq9HMfEj1Oc0pBhpI3VteHlTgxfwrORBJvoe9CKkBxix9HYMT2EJxl274BSdCeAicWekAGaod+0vrydwEhGuMUNKdVwn1n6KpKaYkXHeSxSJER6iPukYylFElJ9OPhnDY6P0YCikKa7hRP09kaJIqVEUmM7sUDXvZeJ/XifR4bmfUh4nmnA8XRQmDGoBs1hgj0qCNRsZgrCk5laIB0girE14eROCO//yImmWim65WLkrF6pXszhy4BAcgRPgggqogmtQBw2AwSN4Bq/gzXqyXqx362PaumTNZg7AH1ifPy0Sl38=</latexit>

BIC penalizes more than AIC whenever n > e2 (~7)

BIC = �2 log L+ p log(n)

<latexit sha1_base64="GhTqY1FvNcbxfAycY3vxCCeX/vQ=">AAACD3icbVDLSsNAFJ3UV62vqks3g0WpiCUphboRSrtRcFHBPqAJZTKdtEMnkzAzEUroH7jxV9y4UMStW3f+jdM0C209cOFwzr3ce48bMiqVaX4bmZXVtfWN7GZua3tndy+/f9CWQSQwaeGABaLrIkkY5aSlqGKkGwqCfJeRjjtuzPzOAxGSBvxeTULi+GjIqUcxUlrq50/rNw14BS/KNmTB0Ia2j9QIIxbfTuE5DBO1yM/6+YJZMhPAZWKlpABSNPv5L3sQ4MgnXGGGpOxZZqicGAlFMSPTnB1JEiI8RkPS05Qjn0gnTv6ZwhOtDKAXCF1cwUT9PREjX8qJ7+rO2bly0ZuJ/3m9SHmXTkx5GCnC8XyRFzGoAjgLBw6oIFixiSYIC6pvhXiEBMJKR5jTIViLLy+TdrlkVUrVu0qhVk/jyIIjcAyKwAJVUAPXoAlaAINH8AxewZvxZLwY78bHvDVjpDOH4A+Mzx+Ygpnn</latexit>



Model comparison: Crossvalidation

- Split data
- Estimate model on training data
- Compute loss on held-out data

Asymptotically,  AIC is equivalent to cross-validation
- assuming we properly specify the number of parameters

Crossvalidation requires fewer assumptions 
(we don’t have to explicitly measure model complexity)



Estimating indirect effects: “Causal mediation analysis”

It is common in psychology to use “mediation analysis” to 
assess whether the effect of one variable on another variable 

occurs through an indirect path via a third variable.

Testing of indirect effects is usually done via a set of individual 
regression analyses, but using SEM is preferred solution



Estimating indirect effects: “Causal mediation analysis”

%%R -i mediationDf

mediation_formula <- ' # regressions
             M ~ a * X
             Y ~ c * X + b * M
             
              # direct effect
              direct := c

              # indirect effect
              indirect := a*b

              # total effect
              total := c + (a*b)
        
             # variances and covariances 
             X ~~ X 
             Y ~~ Y
             M ~~ M
            
             # intercepts 
             X ~ 1 
             Y ~ 1
             M ~ 1
           '

# use bootstrap to obtain standard errors
model_sem = sem(mediation_formula, data=mediationDf, se='boot', bootstrap=500)
summary(model_sem, rsq=T) 


