Lecture #10
Product Operator Formalism 1

* Topics
— Coherence space
— The three basic rotations
— Examples
 Handouts and Reading assignments
— van de Ven: Chapter 2.3 and 2.6

— Sorenson, et al, “Product Operator Formalism for the

Description of NMR Pulse Experiments’, Progress in
NMR Spectroscopy, 16:163-192, 1983.



The Spin Density Operator

Spin density operator, G(¢), completely describes the state

of the system and the expectation ot an observable: < A> = Tr{éfl}.

Time evolution of 6(7):

Hence, if H is piecewise constant:
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Single-Spin Coherence Space

“vector” in a 4D

e O for a one-spin system can be expressed as: Liguville space callod
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The Master Equation

e Starting with the identity we derived for cyclically commuting

operators: Rotation about 4 ax
otation abou axis
e’QAB Bcos6 + i[A,B]sin6 = inéx[A B plane

* Noting that 7, I, and I cyclically commute. .

Then, 1ignoring relaxation, all possible rotations of & during a
typical MR experiment can be fully described by the following

equation:
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_RF Excitation

o A _ o A _ A
000, H =-w,] 90°, H=-o],
w,t=7/2 w,t=7/2
T P notation in van de Ven -
;s Lo g 5 _Lob 5
Z / y < y Z X
Typical N T (m A A r o A
X X X Z
Iy 1,(%) >—1]. Iy_x% )
 In general, just use the master equation:
g J A A
IZ IZ

Note, Sorenson uses a
different sign convention

((UO = -yB, ).
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Free Precession

e Using the Master Equation and f = _Q}é

AT QA A, A o A A
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(axis of rotation not
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A Spin Echo

I 1800, Coherence Space
90°,

v

5(0) -2 5(0) L (1) s 5(14) 2 5(27)
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I (Q1)
> I cos Q2T + I SIn Q2T I thought we really cared not about the
i) operators themselves but the physical
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Two-spin Coherence Space

Product operators form an orthonormal basis in coherence space.

6=Y0,C, TrC,C)=0,, C,€{EI.S.I1.5,...21S}
J

16 terms for a two-spin system

Remembering that for any physical quantity € = <é> = Tr(éfj)

1
U A <I > “vector” in a 16-D coherence
A X / . .
O = E<C i >C i N Y (Liouville) space
Coefficients are the expected values T\
of the corresponding operators! <21 ZSZ>

MR 1s all about rotations of & 1n coherence space.

Given that coherence space 1s 16-D for a 2-spin system, life can
get pretty complicated (not to mention higher-order spin systems).

Fortunately, we’ 11 only need to deal with sequential rotations in
3-D subspaces.



The Master Equation, revisited

* Once again, we start with our favorite relation for cyclically
commuting operators:

¢ B = BcosO + i[A,B]sin6

e Examination of the Appendix listing two-spin product operator
commutators (see end of lecture) reveals that the commutators
for all two-spin product operators are cyclical!

A AN
A A AN e\

i e.1n superoperator notation: AAB =B

* Hence, 1ignoring relaxation, all possible rotations of & can be fully
described by the following equation:

ép C,0)

if [C,.C,1=0
cos0-i[C,,C,1sin if [C,,C,]1=0

C,
G,

where C and C_ are any pair of product operators.




The 3 Basic Rotations:

RF Excitation

e Rotation axes the same as before for both the I/ and S spins.

For an x pulse: H

rotation axes

(note [1.,S ]=0)

e Examples

I/\
=-w, [ -

S/\
(1)1 Sx

-S.

In what subspace does
this rotation take place?

18 2578 L

Z Z
A A S"x(ﬂz) fy(%) A A
18 >1.8,
A A )i S
1S, ) ) I S

‘/ Does the order of the RF pulses matter?
What if the RF pulses are simultaneous?

10



The 3 Basic Rotations: Chemical Shift

é A A A A A A A )

A A A Note: [/,,5.]1=0 [I,I.5.1=0 [S_,I.5.]1=0
*H = _QI / z QS 5 . T 2nJ1 zS z | ...hence, rotations can be treated independently
f/v ) 0

: P A+B A B B A
rotation axes K@%lf[fx,g]=0thene T =e"e” =e"e P

. {1, I Jand {S_,S S .} behave as expected:
f strong coupling?
~ g of strong coupling?>—="
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* Product operators, such as 1 S_,behave similarly.

X)C’

For example, under H = -Q, ]Z, IxSp rotates inthe /.S , I S plane
where p 1s x, y, or z. i
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AA S (Q f) A . ( et
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The Three Basic Rotations: J coupling

*H=-Q1 -QS. +27JL8§.
rotation axis/

e Using the Master Equation:

= 2] S (7tJt)
Ix

2 2IS 7]
Iy (7tJt)

FID (with finite T»)
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L Ml\v,
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1.51=0 [L,

151=0 [S.,15.]1=0 }

|
[ ...hence, rotations can be treated independently.

I cos:ﬂt+2l S sinJt/t

I cosmtJt — ZIS SinJt/t

-2/yS

Alternative notation (axis of
Vs rotation not explicitly given)

I.—2>] cosaJt +21,S, sinlt

Under J-coupling, transverse
j\ [l magnetization oscillates between in-
phase/anti-phase coherences (plot
shown with chemical shift €2;)

21,8, 21,S,
mJt mJt
= ) 3-2/,( S,
.,
'x 21,8,

Much easier than direct
matrix computations
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Sign Conventions

Given: &(r)=e™50) and H=-QI -Q.S +2mJL8S.
RF excitation Chemical shift J coupling
2218,

I)C
Left-handed Left-handed Right-handed
rotation rotation rotation

(or left-handed rotation with
frequency —J/2)
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Example 1: 90-acquire

H(9OOX)IS o(0) - >0(1)

fen S 205 @

t > 6—(0) fx(”/z) > Sx(n/z) S
* Starting with the / spin...
i [,(%) i S, (%) I I,(Q1)

>0(t)

i cos <2, t+? sin€2, ¢

\I cos 2, t+I sin€2, ¢

215, ) /(I cosQ t+I sin€2,t)cosm/t +(21 S, st t —21 S cos €2 t)smn]t
“in- phase coherence” “anti- phase coherence
“observable” “unobservable”

. Slmllarly for the S spin..
LI ‘(S cos €2 t—S sin €2 t)cosn:lt+(2IS sIn €2 t—2IS cos2.7)sins/t

* With all the constants, the recorded spectrum would look like:

2 Spectrum
MI ,» PI"B T

= S 2 ,Oh2

8kT \/\]\ J]U\/M =7s RkT
(A

I
B —

—Q/2n —Qy2n  Hz 14




Example 2: Spin Echo
O s

H: T > < T

e Continuing from Example 1, the / spin term prior to the 180 is:
(;y cos2, T+ }x sinQ2,T)cosm/T + (Z}yS’Z sinQ2, T - 2?XS’Z cos€2,7)sins/T

i >

I,o) (iy cosQ,T - ix sin$2,7)cosm/T + (2@3’Z sin Q2,7 + Z?X§Z cosQ2,T)sins/T

[,(Qr) _ 21,5 (wt) _ SOme 7 7o - The S spin term yields
i ,@ Iy COS27/T — 2IXSZ sin2st/t an analogous equation.

/

We' 1l clean this
up next lecture.

— Chemical shift 1s refocused.

— J-coupling continues to evolve
over the entire 2t time period.
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Summary

* The three basic rotations define a set of algebraic rules for product
operators (weakly coupled spin 1/2 systems).

— Step 1: Write down the Hamiltonian

VaN

RF excitation: H = —a)ll ix — a)ls Sx (x pulse)
Free precession: H = -Q, I - QS +2mJ1 S,

— Step 2: Compute the product operator rotations.

e If you want, you can now forget all about quantum mechanics,
kets, bras, operators, etc...and just systematically following these
algebraic rules to find out what happens in any number of MR
pulse sequences. Then use the orthogonal expansion property of &
to write down M, M, and M,
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Next Lecture: Product Operator
Formalism 11
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Appendix

2-spin Product Operator Commutators

Lo LS, S S oS, oS, 2SS, | 2S, |28 LS,
Lo [ A0 0 0 0 0 | 0 QS |i2lS 208 | -i2lS
Io| -l | 0 | i, 0 0 | 0 |-, <208 -2S. 0 0 | 0 28
L] il | Al 0 0 0 0 |08, | 208, 28, | <208, -i20S, 208, 0
S0 0 |0 |0 s S, 0 S -20S,| 0 S 28| 0
S0 0 |0 -S| 0 S, -2LS. 0 1S, <28, 0 | i2lS, -2l
S0 0 0 S, -S| 0 LS, 208 | 0 IS <208 0 IS
AS, | 0 | 2LS, <20, 0 LS, <218, 0 S &S, il | 0 0 il
AS,| 0 LS, <208, -2lS. 0 i2lS, | 4S.  0 | i, | 0 il | 0 | 0
US| 0| i2lS. -2lS. LS, <208, 0 | i, -S| 0 0 0 il | 0
AS, |28, 0 2L, | 0 LS, -S| Al 0 0 0 s S,
US| -20S, | 0 LS, -2S 0 [R1s | 0 Al 0 | 4S. 0 s | 0
AS, [-20S, | 0 LS, LS, -2dS, 0 | 0 0 Al iS4, 0 | 0
S, |28, <208, 0 | 0 LS -S| i, 0 0 <l 0 0 | 0
S, |8, 208, 0 -2lS 0 |2ls, | 0 i, 0 | 0 | -l 0 | -
S, |08, 208, 0 | LS, -2, o0 0 0 | 0 | -l S




