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RAD229:  Final Exam – 2015/2016 - SOLUTIONS 
You will have 3 hours to complete this Exam 

 

Name:  ________________________________ 

Student ID:  ____________________________ 

 

General Instructions: 
1. There are 11 questions and 9 pages total.   

2. You may use notes including lectures, homework, solutions or Matlab script text on the course website, 
and you may use an electronic device only for reading such material. 

3. You may not use Matlab or the Internet, or other calculating devices of any sort. 

4. Please answer questions on the exam, and show your final answer clearly, with appropriate units.   

5. You may request more paper if needed.  If you use the back of pages, make it clear what question you 
are answering please! 

6. Show your reasoning and work, as this will often earn you partial points. 

7. For this exam, please a gyromagnetic ratio value γ/2π = 40.0 MHz/T 

8. The following plot, which we have used repeatedly, is given for the above γ value and gradients with 
maximum amplitude 50mT/m and maximum slew rate 200mT/m/ms: 

 

 

Please do not proceed to the next page until the exam begins. 
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Short Answer Questions (25% of Points) 
 

1. For a 50mT/m constant gradient, used as a readout gradient, with 1mm resolution and 20cm FOV, what 
is (i) the readout bandwidth, (ii) the bandwidth per pixel and (iii) the readout duration. 
 
 

 
 
γ/2π G = 2000 kHz/m = 20 kHz/cm.    
(i) BW = 400 kHz or +/- 200 kHz.   
(ii) BW/pixel = 400kHz (1mm/200mm) = 2kHz/pixel. 
(iii) 1/400kHz = 2.5μs sample spacing x 200 = 500ms. 

 
2. What are two methods to efficiently acquire an image with T2 weighting, using a 3D acquisition?  Some 

T1 weighting is okay, but the contrast should be predominantly T2-weighted.  Briefly explain the 
advantages and disadvantages of your two methods with respect to each other. 
 
 

3D T2-weighted FSE, with a modulated flip angle train.  The flip angle train will introduce 
some T1 weighting, but the sequence is very immune to off-resonance. 
 
T2-prepared bSSFP, sampling with a centric weighting.  Some contrast will be lost at higher k-
space and there is more sensitivity to off-resonance but this approach is probably faster than 3D 
FSE. 
 
Variations may include other T2-prepped sequences.  Other T2*-weighted or less-specific 
answers were given, and accepted with minimal penalty. 

3. EPG is formulated using the assumption that the magnetization across a voxel behaves uniformly, and 
that the voxel has a rectangular profile rect(x/δx) where δx is the resolution.  Under these assumptions, 
the signal using EPG is assumed to be that in the F+0 state.  Explain how, given all EPG states (that is  
F+n , F-n , and Zn ), you can calculate the signal if the voxel shape is p(x) instead of rect(x/δx). 

 

 

 

The transformation from EPG to Mxy can provide this solution – after generating Mxy(x), you 
can simply calculate the convolution of Mxy * p(x) evaluated at x=0.  Alternatively, the Mxy(x) 
distribution is weighted by p(x) and integrated over x. 
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4. Consider the signal s1 from a CPMG sequence (90 π/2 – α0 – α0 – α0 ) and s2 from an ‘anti-CPMG’ 
sequence (900 – α0 – α0 – α0 ) where α = 120° and the subscripts represent the phase of the RF pulses.  
Both sequences have appropriate crusher pulses and the time from 90 to first α is half that of the time 
between α pulses.  A researcher argues that for the sequence (90φ – α0 – α0 – α0 ), that the signal sφ can be 
written as a simple linear combination of s1. and s2.  Is he or she correct?  Explain clearly.     

Yes.  The key is to recall that for crushed CPMG, no magnetization that is not transverse after 
the excitation will contribute to signal.  Considering EPG, this implies that, considering Mxy 
after the excitation as the input, the system is linear.  Therefore s1 and s2 are the responses for 
inputs mx and my. Since any transverse magnetization after the excitation (such as sφ) can be 
written as a sum of mx and my it follows that the signal response is the same linear sum of s1 
and s2.  
 
 
 
 
 

 
 
 
 

5. At the Ernst angle (αe), consider a balanced SSFP and perfectly spoiled sequence.  Immediately after the 
excitation, what are the relative values of (i) |Mxy| and (ii) Mz between these sequences. 
 
 

(i)  We know that the signals are identical.   
(ii) Note that the angle between Mz and the magnetization direction is αe/2 for bSSFP and is αe for the 
perfectly spoiled case.  Therefore Mz’ tan (αe) = Mz tan (αe/2), so bSSFP has a larger Mz, by a factor  
tan (αe)/ tan (αe/2). 
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Medium Answer Questions (30% of Points)   
 

6. Diffusion and CPMG:  A researcher decides to use a CPMG spin-echo train for diffusion-weighted 
imaging, but simply stretches out all the crusher gradients so that they have width 10ms, and separation 
13.33ms.  This brings the echo spacing up to 30ms.  The gradients have amplitude 50mT/m, and 
infinitely fast slew rates. 
 

a. What is the b value for the signal on the first spin echo, assuming 180º refocusing pulses? 
 
The b-value equation is   b = (γ G δ )2 (Δ – δ/3), where here δ=10ms, Δ=13.33ms, G=50mT/m. 

 (2π*40 kHz/mT*50mT/m*10ms)2 (13.33-3.33ms) = 36(4000000 s/m2) ~ 144 s/mm2 (152 s/mm2) 

 
b. What is the b value for the signal on the second spin echo, assuming 180º refocusing pulses? 

 

This is just double (a) since the signal should be attenuated twice ~ 288 s/mm2  (305 s/mm2) 

c. Draw an EPG phase coherence pathway diagram showing the 90º excitation, refocusing pulses 
with arbitrary refocusing flip-angles αº, and the first 2 echoes.  Label the EPG states shown in 
the diagram. 
 
The diagram is just like what we have in the notes, since for any non-180º α the states are the 
same (though the populations differ).  

 

d. If the refocusing pulse amplitudes are reduced, explain what happens to the signal sensitivity to 
diffusion in cases (a) and (b). 
 

The sensitivity in (a) is unchanged, since only the spin-echo pathway exists. 
 
For (b) there is now a stimulated echo contribution, which will have gradient separation Δ of 
13.33+30ms, or 43.33, and therefore higher diffusion weighting than the primary spin-echo 
pathway.  The signal will be a weighted sum of 2 exponential weightings, so no longer 
exponential, and more attenuated by diffusion. 
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7. Sequence Limits & Efficiency:  A 90º-180º-180º-180º spin-echo-train sequence has 16 echoes with 
6ms inter-echo spacing.  
 

a. What is the duration to play the pulses, rounded to the nearest 10ms, if the RF pulses last 1.5ms? 

 
16 * 6 = 96ms.  Add 0.75ms for the first half of the 90 pulse and about 2ms for the second half of 
the last readout, and you get about 100ms. 
 
 
 
 

b. At 3T, an additional 100ms of “dead time” is required because the RF power (heating / SAR) is 
at the limit.  If we can reduce the main (B0) magnetic field (and RF modulation frequency) and 
keep everything else constant, what is the maximum B0 that will allow us to play the pulses 
without the need for any dead time?  

  
Need half the energy rate (power) so (3T)/sqrt(2) or ~2.1T 
 
 
 
 

c. Assuming polarization is proportional to magnetic field strength to the 0.9 power i.e. (B0)0.9, 
write an expression for the SNR efficiency vs. B0. 
 
 

Below 2.1T,   η = k (B0)0.9 /10ms(1/2)    (not at SAR limit) 
 
Above 2.1T,   Tscan = (B0/2.1)2 x 100ms.   
η = k B00.9  / sqrt(Tscan) 
   =  k B0-0.1 / 21ms(1/2) 

 
 

d. What B0 maximizes the SNR efficiency? (Explain) 
 
 
 

2.1T.  Below this it increases.  Above this, the SNR efficiency is monotonically decreasing. 
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8. Balanced SSFP:  The signal vs. frequency profiles below are from a balanced SSFP sequence with 
constant parameters, but at different flip angles. 

 
 

 
a. What is the repetition time (TR) in ms? 

  

1/(null-to-null spacing) = 1/300Hz = 3.33ms 

b. What is the echo time (TE) in ms?    
 

TR/2 (flat phase) = 1.67ms 

 
c. What is the approximate ratio T2/T1?   

 

Max signal = M0/2 sqrt(T2/T1) = 0.5, so 1.0 

 
d. What is the flip angle for profile (i)?   

 

Peaks at 0.5 at 0Hz, so 90º 

 
e. What is the flip angle for profile (ii)?   

 

Peak at φ=120º, cos (φ/2)=0.5, α = 2 atan(0.5)  
(This is approximately 53º but you don’t need to do the math!) 
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Long Answer Questions (45% of Points)   
 

9. Circular sampling:  Assume that you have infinite 
maximum gradient amplitude and slew rate, but can sample 
with a maximum rate of 250,000 samples / second (4μs 
sample period).  You would like to fully sample k-space on 
circular trajectories as shown (arbitrary scale) to achieve a 
resolution of 0.5mm, and FOV of 20cm.  Ignore 
prewinder/rewinder gradients in this problem. 
 

a. How many circular trajectories are required?   

200. 

 
b. What is the approximate readout duration for the 

outermost trajectory?    
 

2π (200) 4μs ~ 4.8ms 

 
c. Write expressions for, and draw gradient 

waveforms to sample this outermost circular 
trajectory? 

k = (1mm-1) exp(2πi t/4.8ms) 
Gx = (2π/γ) real{dk/dt} = -A sin[(2π/4.8ms) t] 
Gy = (2π/γ) imag{dk/dt} = A cos[(2π/4.8ms) t] 
A = (2π/γ) (2π/4.8ms)(1mm-1)  ~ 36 / (40kHz/mT) / 4.8ms (1000 mm/m) ~ 32mT/m 

 
d. For the trajectory with half the diameter of that in (c), repeat part (c) assuming you minimize the 

trajectory duration. 

Rotate twice as fast, with same gradient amplitude.   
Gx = A cos[(4π/4.8ms) t] 
Gy = A sin[(4π/4.8ms) t] 
 
 

e. What is the approximate efficiency (η) of the 
overall sampling trajectory compared to that of a Cartesian trajectory?  Explain your answer. 

Efficiency is about 1.0.  This can be seen because the density is approximately uniform, and we 
are sampling at the highest rate.  Thus the numerator and denominator of equation are equal.  
 
Another point is that the sampling time is 2π (20,000) 4μs, and we sample an area π/4 times that 
of normal Cartesian sampling.  So A/T = 1/640000. 
For 400 lines of k-space, each taking 400*4μs, this will also give A/T = 1/640000.  
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10. Interleaved EPI:  An interleaved EPI sequence with 4 
interleaves (shown) is used to image an object with signal s(x,y), 
with perfect correction for delays and odd/even line phase 
effects, and FOV of F in both x and y.  Ignore initial phase-
encode and readout dephaser gradients throughout this 
question – just follow the trajectory shown. 
 

a. Assuming ramp sampling, 40x40cm FOV and 2x2 mm 
resolution, what is the duration of each EPI interleaf? 

0.5ms for each readout, and 50 lines so 25ms duration. 
The assumption of ramp sampling usually includes no 
space between readout lobes for blips, though no points 
were deducted if space was put in. 

 
b. Draw the readout (Gx) gradient for the 

first 5 k-space lines, labeling widths and 
heights.  
 
   

c. What is the displacement of fat (in mm) with respect to water at 3.0T? 

(0.025ms) (440Hz) =  11cycles of phase over acquisition, leading to 11 pixels or 22mm. 
Alternatively, (0.5ms)(0.440kHz)(400mm / 4) = 22mm  

 
d. In terms of s(x,y), what are the images reconstructed from each interleaf (1,2,3, and 4) separately 

(to within a linear phase in y)? 
 

The image is FOV/4, and if interleaf 1 samples symmetrically, then the PSF should be real-
valued, so the image is SUMj=0,1,2,3   s(x,y+jFOV/4) /4. 
 
Accordingly, the image from the kth interleaf is    SUMj=0,1,2,3   s(x,y+jFOV/4)/4 exp(π j(k-1) /2) . 

 
e. If a contrast injection happens exactly halfway through the scan and instantly doubles the signal 

across the whole object, quantitatively describe the overall image if the interleaves are acquired 
in order 1, 3, 2, 4 in the diagram above. 

Consider 1,3 and 2,4 to be both half-FOV images.  The resulting image is therefore  
1.5s(x,y) + 0.5s(x,y+FOV/2) 

f. Repeat (e) if the interleaves are acquired in order 1, 2, 3, 4.   

The ‘artifact’ comes from the portion of the image after contrast that was not sampled before. 
 
Considering 1,2 and 3,4… in 3,4, the N/2 ghost actually is cancelled.  The N/4 and 3N/4 ghosts 
add in quadrature between acquisitions so you get sqrt(2)/4 times the magnitude in those ghosts.  
Therefore the resulting image is 1.5s(x,y) + 0.35i s(x,y+FOV/4) + 0.35i s(x,y-FOV/4) 
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11. Spiral Imaging.  Consider the Archimedean spiral-in / spiral-out trajectory shown below, with 
k = B θ(t)ei|θ(t)|+iφ, where θ(t) = At, φ is the angle of each interleaf, A and B are proportionality 
constants, kx = real{k} and ky=imag{k}.  An image is acquired with N interleaves using this trajectory, 
using φ = [0,1,2,…N-1] x (π/N). 
 

a. What are constants A and B?  

A = 2π   rad/ms 
B = 1/(2π) cm-1 

 
 
 

b. What are the resolution and field-of-view (FOV), for N=5? 

Resolution is 1/4cm-1 = 2.5mm 
FOV = 8*5*2.5 = 10cm 

 
 
 

c. Draw the k-space trajectory for one interleaf, labeling 
distances/locations appropriately.  
 

2 rotations for spiral-in and spiral-out, to/from 2 cm-1 

d. Assuming adequate reconstruction, sketch the point-spread 
function resulting from this trajectory, labeling relevant 
distances/locations (including FWHM) appropriately. 

FWHM ~ 2.5mm. 
Ring at 10cm radius (FOV) 
Swirl outside that (optional!) 

 
e. Is the PSF real-valued or 

complex valued?  Explain. 

PSF is real-valued because the trajectory is symmetric about the k-space origin, easily seen 
since it is spiral-in, spiral out. 

 
f. Explain how the PSF changes for 250Hz off-resonance, and does that change the answer to (e)? 

The PSF will blur to about 2-3x the width, since you have 1 cycle of phase across k-space.  There 
will be ripples due to the phase discontinuities from the in/out as well.  It remains real-valued 
because any phase is conjugated at the opposite k-space point. 

  


