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Effects of Data Snooping: Stepwise Selection

(X,Y) ~ N(0, Ip:1) = 500 observations
X> most correlated withY = 95% ClI for slope
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Telomere Length Analysis

What We Lose With Age

As we grow older, telomeres at the end of our chromosomes
shrink. New research suggests major depression also is
linked to shorter telomeres, a sign of ‘accelerated aging.’

Chromosome

As cells divide over time...

Telomere,
—— a protective
covering

Source: WSJ research ..telomeres shorten, and eventually cell division stops. The Wall Street Journal



Case Study: Covariate Selection
nature.com Scientific Reports, 2019

WGS-based telomere length analysis in Dutch
family trios implicates stronger maternal
inheritance and a role for RRMI gene

"“The MLR models were tested by sequential\
introduction of predictors and interaction terms.

ultimately, from the three best models with similar
adjusted R squared values the simplest one was

\ghosen. )
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Recap: Classical Inference
What does classical inference guarantee?

If 100 analysts report 100 confidence intervals
from 100 studies, that is,

P9, € CI;) ~ 0.95, V 1< j< 100,

then about 95 of these confidence intervals
actually contain their respective truths.

In the absence _. A 3;
of exploration: V




But the practice is ...
e Analysts start with the regression data, say.

e Explore the data. Find M and the estimator:

Y 1 n
. - T 92
Bg = arggmn ;:1 (Y; XZ_,AO)

e Report the confidence interval for je M:

AN
U/\A

[ The selection of jand M is not systematic, in practice. }




Problem: Post-selection Inference

Following classical inference, we want to construct
a Cl based on 3., with correct coverage.

Foreach M C {1,2,...,p},
fut = argmin — Y E [(K- - X] Irrespective of
gerM TV 5T how
M and 3\6 M
are chosen.
liminf P (ﬁAA S CI > 1— a.

n—oo

Problem: Construct é\Im, such th
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C— ~0
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(2016); Tibshirani, Taylor, Lockhart and Tibshirani (2016);

; Rinaldo, Wasserman, G'Sell
and Lel (2019).



A Key Result

Simultaneous Inference Post-selection
FWER Control Inference
G inf P(ﬁmefﬁm)
P( ﬂ {,B]M c CIJ.M}> |K/I\|§k,3\eﬁ 7-M 7-M
M| <k, jeM
l{ﬂj.M c é\IJM} = mir_1 l{ﬁj.M c fﬁ]M}
|M|§1;[,’jeM M| <k,jeM
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Solution 0: Bonferroni
The classical interval for Bim is

{9 : r\/ﬁ(/B\\j-M_ey S
\ oM y
o . . . h
For simultaneity, inflate the confidence regions:
—~~Bonf \/7_7«(39 M—O) onf
Cliy = {0 ; = < K, t} :

where g3 .— 1_

=

| Q

|
( Z 1) quantile of Z = \/klog(ep/k).

IM|<k,jeM




Solution 1: PoSI

Bonferroni doesn’t account for dependence. The
smallest inflation is given by

g PoSI B...—0 A
é\Ijj\/I - {9: V(B jm—9) < KgOSI},

o
- Y2 (B — Bim
where K. := (1 — a) quantile of max ( ]M M) :

N /
PoS] In the worst case,

Bonf
Ko 2 Ko K% = \/ klog(ep/k)




Disadvantage

—~Bonf ( \/ﬁ(ﬁ j —0) onf
CLy = 40: ;j.ff < K, f},
—~~PoSI ( \/ﬁ(,gj —0) o
CLy = {0: gj;‘ < K, Sl},
If we are considering selection of size up to 20,
then
- . . h
Width for models of size 2
N\
N\

N Width for models of size 20. J




Solution 3: UPoSI
For every M C {1,2,...,p}, define

—~UPoSI*

Cly = {0 RM : [Su(By — 0)oo < Cuy + Cua 811}
where Sy :=n"1Y", X;nX],, and

d

1 & |
~ ;XY - E[X;Y]]|

< Cay,

o0

1 & -
=Y X, X] —E[X:X]]
n i

|
: §C$m> >1—a.
o0

CP(eaed) 2 1e




Key Steps in the Proof









Because

1 n
By = argmin — ZIE[ (Y; — XZTMO) | = ~ ZIE [Xi,M (Y; — XZI\,IﬂM)] =0
i—1

gcr™M T



1 n
= Z XimY; — E[X; MY

1 n )
- —’T; Z{Xi,l\/IXi]’M o [ 11\1]}61\/1
1=1



Forevery M C {1,2,...,p},
~ o~ 1 <&
SmBu = — ;XMY
~ o~ 1 <
ni(By—Pu) = = ;XMY — E[X; Y]

1
i=1

Therefore,

HEM(EM - ;8.\1)”00 < -+

1 T ;
e Z XimY: — E[X;uY;]
n 4

1 n . . .
r r dl
; E Az‘,MAiLM - E[Af,MA-i.I\'I]
=1

|| Bn||1-

0 0



Proof
Forevery M C {1,2,...,p},

1M (Bar — Br)lloe < n

(S8]

| B |1 -

1 & )
=Y " XimYi — E[X;nY]
TL i—1

1 T _

- . T r T

~ Y XXy — E[XemX]y
=1

o0

Recall
1 n 1 n _ l
P ( — ;XJ — E[X;Y]] } < Cuy, E;X.jX: ~E[X; X]] ‘ < Cm> >1—a.




Proof
Forevery M C {1,2,...,p},

¥ (.gM — Bu)llee < + | Bar 1 -

1 <~ .
—_ Z .XQ‘MYI; — E[Xi,l\.'lY;l]
ni

1 & B i
» r > .'T
; E Ai.M}H:M - E['Af,MAi,I\'I]
=1

o0 o0

Curious case of fixed covariates:

~ 1 &
[Zm(Bar = Au)lloo < ||~ > XimYi — E[X;nY]
=1

o0

1 n
<l|=) Xi¥i - EX;Y,
< n; X Y]]

o0

Hence, (ﬂ{niM@M ~ Bl < Cmy}> > 1-a



Proof
Forevery M C {1,2,...,p},

e - 1 - 1 — r T > -
1S (Bas = B)lloe < [|= D Xiaa¥s —EXin¥il| + (=) XimX]y — E[Xm Xyl [|Bulh-
i=1 00 i=1 00
1 <& 1 <&
<[|=) XY -EXY]| + ;ZXiX;r —EXGX] 1Bullr-
=1 00 1=1 o0

Hence

P (ﬂ {HiM(B\R’I - IBM)HOG S C:z:y + C:c:z:H/BM”l}) Z 1—oa.

M

T
M



Simpler Regions
For every M C {1,2,...,p},

~ o~ 1 <& 1 & B
1M Bar — Bst)lloo < ;;.X«;,.\m — E[X;nYi] } 4 ;;Xi,MX,-LM — E[X:m X[y wl?ﬂMnl.
1 <& 1 <
<|=) XY -EXY]| +|=) XX —EX:X[]| |Bulh-
ni= ~ = o
1 n 1 n ~
Y. — VY- —_ XTI X T |
< E;Xﬂ’z EIX:Yi]| + |~ ;szi EX: X ]| 118wl

Hence, if k= o(n'/?/log(p))

liminf P
n— 00 M<K

gt

”iM(EM - IBM)HOO < Ca:y + Csva’”BM”l}) > 1—a.



Solution 3: Recap
For every M C {1,2,...,p}, define

—~UPoSI*

Cly = {0 € RM : |S(By — )lloo < Coy + Cuc 61

—~UPoSI

CIM = {9 = RlMl . HiM(EM — 9)”00 S ny =+ C:va: “//B\l\le‘l} y
where

d

l

1< |
— ;XY x E[Xm”

|

; Sme)Zl_a-

oo

< C:cy>

1< .
=Y X X] - E[XX]]
% 1=1

0

~UPoST* _ —~UPoS
Eiminf P (ﬂ/\ € CIz NCIg ]) > 1-— a}

n—00 M
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Solution 3: lllustration

By
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—~~Bonf \/ﬁ(ﬂJM —0) onf
CIJM = {0: — S K(]i) t},

O'j.M
—~PoSI 3. —0 .
Cloy = {9: D) < K SI},
O'j.M

—~UPoSI

Cly = {9 e RM: ISy (By — 0)|oo < Cay + Cm\'ﬁl\.ﬂh} :
In the worst case,
Leb (Cly ) = Leb (Cly ) = (/& Tog(ep/R)/m)™
Leb (Cly ) = (+/IMTTog(p)/m) ™.




—~~Bonf \/ﬁ(ﬂ]M —0) onf
Cliy = {9: = < K, t}a

O’j.M
—DPoSI B.\—0 o
CIj-M = {9 \/ﬁ(,’B\JM ) S K(I): Sl}a
O’j.M

/\UPOSI

Cly {9 c RMI HZM(IBM 0)|lo < Cry + Céw",/B\l\le'l } :

Interestingly, for fixed covariates (C,, = 0) and

_—UPoS
Leb (CIM ) (v/log(p) /n)M!.



Computation

AUPOSI

CIM {0 = RI I HEM(,BM )Hoo < Cwy + C:ca: |'//8\1\f’1“'1} )

1 & 1 & . _ |
]P’( ;;XQK — E[X;Y;] . < Cuy, E;X‘ixi —]E[X.iXi ] ?Oo < C'm> >1—q.
A —~ —~
_________ (C$y7 wa)

— |

It 30 (XX — XX 7)o |
b=1,2,...,B. | ~ O(B,npz)

l—ao |

I

I

I

I




Conclusions
—~UPoSI M| ~ o~ ~
CIM = {9 e R . HZM (,BM — 0)”00 S Cx-y =+ Ca::c ",JM Hl } y

e The regions are computationally efficient.

e They regions are also statistically “efficient”.

e The construction is only for OLS estimators.

e Applies for random/fixed design and dependence.

e Is there a similar construction for GLMs?



Conclusions (Contd.)
—~UPoSI , ~ o~ ~
Cly = {0 RM : Sy (B — 0)lloe < Cay + Cue|Butll1 }
e There do exist statistically efficient PoSI for GLMs.
e These are based on pre-pivoting (Beran, 1988).
e They are not computationally efficient, readily.

e Randomized algorithms provide comp. efficiency.
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