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Abstract

This dissertation investigates the use of ordinary differential equations (ODEs) to

determine a search path to find a solution of an unconstrained optimization problem.

Two strategies, linesearch and trust-region, are the basis of current optimization

algorithms. They are affected either by the definiteness of the Hessian matrix at

any iteration or by the scaling of the optimization problem. A third strategy to

solve unconstrained optimization problems is the method of gradients. It was orig-

inally proposed in 1941 by Courant as a variational method for numerically solving

partial differential equations (PDEs) arising in problems of equilibrium and vibra-

tions. While historically much of the motivation for the method of gradients and the

mathematical analysis behind it came from the desire to solve PDEs, the function it

seeks to minimize need not come from a PDE. Indeed, the method of gradients is a

general-purpose method to solve unconstrained optimization problems. Its conver-

gence theory requires knowledge of the objective function at a continuum of points.

The method has not found general acceptance because of the difficulties inherent

in solving a system of nonlinear ODEs. Recently, Behrman proposed a method of

gradients based upon the solution of a system of n linear ODEs, where n denotes

the number of independent variables of the objective function. Here we propose a

method similar in spirit to the original method of gradients, but one that requires the

solution of a system of only two linear ODEs. These equations are definable and solv-

able regardless of the nature of the Hessian matrix, and their solutions are unaffected

by poor scaling. We show that the new algorithm converges to a point satisfying the

first and second-order necessary conditions for local unconstrained optimality. This

approach is also efficient for large-scale problems. Numerical testing was performed

on a Silicon Graphics Origin 2000 running IRIX64 release 6.5.6m.
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Chapter 1

INTRODUCTION

Usually the solution of a difficult problem in analysis proceeds according to a general

scheme: the given problem P with the solution S is replaced by a related problem Pn
so simple that its solution Sn can be found with comparative ease. Then by improving

the approximation Pn to P we may expect, or we may assume, or we may prove, that

Sn tends to the desired solution S of P . The essential point in an individual case is

to choose the sequence Pn in a suitable manner (Richard Courant [19]).

1.1 Unconstrained optimization

We consider the nonlinear unconstrained optimization problem

minimize
x∈D

F (x), (1)

where F (x) is a twice-continuously differentiable real-valued function defined on an

open set D ⊆ Rn. By Schwarz’s Theorem, the Hessian matrix ∇2F (x) is symmetric

for all x ∈ D. All algorithms for unconstrained minimization require the user to

supply or to generate randomly a starting point, which is usually denoted by x0.

Beginning at x0 ∈ D, the aim is to generate a sequence (xk)
+∞
k=0 of iterates in D that

converges to a point x∗ ∈ D satisfying the first and second-order necessary conditions

for a local multivariate unconstrained minimum, that is, ∇F (x∗) = 0 and ∇2F (x∗)

positive semidefinite.

1



Chapter 1. Introduction 2

Problem (1) has been extensively studied and various methods for its solution

have been proposed, methods that use first and second partial derivatives of function

F . Algorithms for the solution of (1) are usually descent methods . A descent method

imposes the descent condition that F (xk+1) < F (xk) for all k ∈ {0, 1, . . .}. Therefore,
descent methods decrease the value of the objective function F at every step. There

exist nondescent methods that do not insist on a decrease in the value of F at every

step, but even these methods require the value of F to be decreased after some

prescribed number of iterations.

There are three fundamental strategies for moving from the current point xk to

a new iterate xk+1: the linesearch method, the trust-region method and the method

of gradients . Both the linesearch method and the trust-region method rely on the

quadratic approximation

mk(xk + p) = F (xk) +∇F (xk)Tp+
1

2
pTBkp

of F at the current point xk, where (Bk)
+∞
k=0 is a sequence of appropriate symmetric

matrices. Algorithms based on setting Bk = ∇2F (xk) for all k ∈ {0, 1, . . .} are called
Newton methods .

Although both the linesearch method and the trust-region method generate steps

with the help of a quadratic model of the objective function, they use this model in

different ways. Linesearch methods use it to generate, at each iterate xk, a search

direction pk. Assuming that Bk is positive definite, we obtain the search direction pk

as the unique minimizer of the quadratic model function mk(xk+p). The distance αk

to move along pk can be found by approximately solving the following one-dimensional

minimization problem:

minimize
α∈ ]0,+∞[

F (xk + α pk). (2)

By solving (2) exactly, we would derive the maximum benefit from the direction pk,

but an exact minimization is computationally expensive and unnecessary. Instead,

a linesearch algorithm generates a limited number of trial step-lengths until it finds

one that loosely approximates the solution of (2). Thus we set xk+1 = xk +αkpk and

the process is repeated.
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Instead, trust-region methods start by fixing at each iterate xk a maximum dis-

tance, the trust-region radius ∆k, and then seek a direction pk that is an approximate

minimizer of the quadratic model function mk(xk + p), subject to the distance con-

straint ‖p‖2 ≤ ∆k. If this step proves not to improve satisfactorily the value of

the objective function, we reduce the distance measure ∆k and try again. When a

suitable pk is found, we set xk+1 = xk + pk.

In a sense, the linesearch and the trust-region approaches differ in the order in

which they choose the direction and the length of the move to the next iterate, as

it can be noted from Figure 1.1 on the following page. In a linesearch method the

search direction is chosen but then left fixed while the step-length is computed. In a

trust-region method the choice of the trust-region radius affects both the length and

the direction of the step.

Newton methods are the basis of current unconstrained optimization algorithms.

In a linesearch implementation, at each iterate xk, Newton’s method search direction

is given by pk = −∇2F (xk)
−1∇F (xk). Close to a minimizer of F with a positive

definite Hessian matrix, there is a neighborhood where Newton’s method works very

well, converging quadratically to a solution of (1). However, outside this neighbor-

hood several important issues arise. Indeed, the Hessian matrix ∇2F (xk) need not be

positive definite. First, if ∇2F (xk) is singular, the Newton step is not even defined.

Second, even if ∇2F (xk) is not singular but has a negative eigenvalue, the Newton

step may not decrease the value of the objective function F , the quadratic model

function is unbounded below and the choice of the step-length varies. In particular,

when ∇2F (xk) is not positive semidefinite but F is bounded below, a conflict exists

between the quadratic model function F (xk) + ∇F (xk)Tp + 1
2
pT∇2F (xk)p and the

original nonlinear function F , since the model function indicates that an infinite step

should be taken from xk. Thus, in contrast to the positive-definite case, there is no

natural choice of the step-length in the nonpositive-definite case. Consequently, if it

is required that we generate a sequence of points whose corresponding values of the

objective function are strictly decreasing, some modifications of the algorithm are

necessary.

Most methods that use second partial derivatives can be viewed as extensions of
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1.1 Unconstrained optimization 5

Newton’s method. One approach consists in modifying the Hessian matrix ∇2F (xk)

so that it becomes sufficiently positive definite. This is called the modified Newton

method . The choice of Hessian modification is crucial to the effectiveness of the

method. Different implementations have been proposed most notably by Fiacco and

McCormick [23], Fletcher and Freeman [24], Forsgren, Gill and Murray [25], Gill and

Murray [27], Kaniel and Dax [34] and by Mukai and Polak [43].

Unlike linesearch implementations of Newton’s method, trust-region methods do

not require the Hessian matrix to be positive definite. Because of the trust-region

restriction ‖p‖2 ≤ ∆k, there is no need to do anything special when ∇2F (xk) is not

positive definite, since the constrained minimization of the quadratic model func-

tion mk(xk + p) within a sphere centered at the current point xk is guaranteed to

have a solution pk, even when the quadratic model function is unbounded below.

However, trust-region methods are highly sensitive to poor scaling, while linesearch

implementations of Newton’s method are unaffected by it.

The unconstrained optimization problem (1) is said to be poorly scaled if changes

to the variable x in a certain direction produce much larger variations in the value of

the objective function F than do changes to x in another direction. Topologically, a

symptom of poor scaling is that the minimizer lies in a narrow valley, so that the level

curves of the objective function F near the minimizer tend towards highly eccentric

ellipsoids.

It is easy to see that a spherical trust region is not appropriate to the case of poorly

scaled problems. In fact, we can trust our model mk to be reasonably accurate only

for short distances along the highly sensitive directions, while it is reliable for longer

distances along the less sensitive directions. Since the shape of our trust region should

be such that our confidence in the model is more or less the same at all points on

the boundary of the region, we are led naturally to consider ellipsoidal trust regions

in which the axes are short in the sensitive directions and longer in the less sensitive

directions.

Figure 1.2 on the next page shows the good performance of a standard trust-region
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method on the well scaled problem

minimize
x∈R2

(

x2
1 + x2

2

)2 − 4x1 + 3 .

On the other hand, Figure 1.3 on the preceding page shows the poor performance of

a spherical trust-region method on the two-dimensional Rosenbrock problem

minimize
x∈R2

100
(

x2 − x2
1

)2
+ (1− x1)

2 . (3)

The objective function of (3) has a unique minimum at the point (1, 1) which lies at

the base of a banana-shaped valley where the level curves of F are highly eccentric

quasi-ellipses. If at xk = (0, 0) we had used the spherical trust region that is depicted

in the figure, then we would have had xk + pk parallel to the x1-axis and pointing

towards the minimizer of the model functionmk. However, such a step would not have

decreased the value of the objective function. Indeed, in order to get a decreasing step

we should have halved the radius of the trust region twice and, consequently, solved

two more trust-region subproblems. Instead, it is clear that it is more appropriate to

use an elliptical trust region with the semimajor axis along the elongated curves of

the banana-shaped valley.

Another drawback of trust-region methods is that they are not second order sta-

tionary point convergent when they are extended to constrained optimization prob-

lems, even though they incorporate second order information. However, different im-

plementations of trust-region methods have been proposed over the years. Moré [40]

summarizes developments in trust-region algorithms and software before 1982, paying

particular attention to the importance of using a scaled trust-region norm. Moré and

Sorenson [42] discuss methods that use nearly exact solutions to the constrained sub-

problem, while Shultz, Schnabel and Byrd [51] provide a general theory for inexact

trust-region methods.
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1.2 The method of gradients

On May 3rd, 1941 Richard Courant [19] delivered an address before the meeting of

the American Mathematical Society in Washington, DC, by invitation of the Pro-

gram Committee. He proposed three variational methods for numerical calculation

of the solution of partial differential equations arising in problems of equilibrium

and vibrations: the Rayleigh-Ritz method, the method of finite differences and the

method of gradients. The first two methods went into widespread use; in particular,

the Rayleigh-Ritz method has evolved into what today is known as the method of

finite elements. On the contrary, the method of gradients was not pursued as much

because difficulties in convergence theory were encountered and because the size of

computer memory placed severe constraints on the size of programs for numerical

algorithms.

The idea behind the method of gradients is very old. Courant himself states

that it goes back to a paper published by Jacques Hadamard in 1908. Problems of

equilibrium and vibrations lead to linear partial differential equations for an unknown

function u(x1, x2) in a bounded subset B of R2, or rather to equivalent variational

problems for the kinetic and potential energies of the system. In order to proceed

in our discussion, we now need to recall a few definitions and theorems of functional

analysis. For an extensive presentation of this material we refer to Zeidler [58], [59],

[60], [61] and [62].

Definition 1.1 Let T : U ⊆ V → Y be a transformation from a subset U of a linear

vector space V to a normed linear vector space Y . If for fixed u ∈ U such that

u + tv ∈ U for all v ∈ V and all real numbers t in some neighborhood of zero, the

limit

lim
t→0

T (u+ tv)− T (u)

t

exists for all v ∈ V , then the transformation T is said to be Gâteaux differentiable at

u. Such a limit is called the Gâteaux differential of T at u with increment v and is

denoted by δT (u; v). If T is Gâteaux differentiable at every point u in a subset X of

U , then the transformation T is said to be Gâteaux differentiable on X.
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The Gâteaux differential generalizes the concept of directional derivative that is

familiar in finite-dimension analysis. However, the existence of the Gâteaux differen-

tial is a rather weak requirement, since its definition needs no norm on V . Therefore,

properties of the Gâteaux differential are not easily related to continuity. When V is

normed, a more satisfactory definition is given by the Fréchet differential.

Definition 1.2 Let T : U ⊆ V → Y be a transformation from an open subset U of

a normed linear vector space V to a normed linear vector space Y . If for fixed u ∈ U
and for all v ∈ V there exists a dT (u; v) ∈ Y , which is linear and continuous with

respect to v, such that

lim
‖v‖V→0

‖T (u+ v)− T (u)− dT (u; v)‖V
‖v‖V

= 0,

then the transformation T is said to be Fréchet differentiable at u, and dT (u; v) is said

to be the Fréchet differential of T at u with increment v. If T is Fréchet differentiable

at u, the Fréchet derivative of T at u, which we denote either by T ′(u) or by DT (u),

is defined by dT (u; v) = T ′(u)v. If T is Fréchet differentiable at every point u in a

subset X of U , then the transformation T is said to be Fréchet differentiable on X.

The transformation DT : u ∈ X ⊆ V → DT (u) ∈ B(X,Y ), defined as u varies over

X, where B(X,Y ) is the normed vector space of all bounded linear transformations

from X into Y, is called the Fréchet derivative of T on X.

We now state a few basic and useful properties of a transformation that is Fréchet

differentiable.

Proposition 1.3 Let T : U ⊆ V → Y be a transformation from an open subset U

of a normed linear vector space V to a normed linear vector space Y .

i) If the transformation T has a Fréchet derivative on a subset X of U , it is unique.

ii) If the transformation T is Fréchet differentiable at u ∈ U , then T is continuous

at u.
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iii) If the transformation T is Fréchet differentiable at u ∈ U , then the T is Gâteaux

differentiable at u and, for all v ∈ V , the Gâteaux differential of T at u with

increment v is equal to the Fréchet differential of T at u with increment v.

By far the most frequent application of Definitions 1.1 and 1.2 is in the case where

the normed linear vector space Y is the real field R and hence the transformation

T reduces to a real-valued functional E : U ⊆ V → R. Moreover, if the linear

vector space V is a normed space, then we can define the normed dual V ∗ of V and

the duality pairing 〈·, ·〉 : V × V ∗ → R. In these conditions, for each fixed u ∈ U

the Fréchet derivative of E at u is an element of V ∗ and we can write dE(u; v) =

〈v, E ′(u)〉. Finally, assume the real-valued functional E is defined on an open subset

U of an Hilbert space H with scalar product (·, ·) : U × U ⊆ H × H → R and

induced norm ‖·‖H : U ⊆ H → R. Then we can define a gradient vector field

∇E : U ⊆ H → H, as in the finite-dimensional case, by letting ∇E(u) at any

u ∈ U be the unique vector in H such that (∇E(u), v) = 〈v, E ′(u)〉 for all v ∈ H,

or equivalently characterized by ‖∇E(u)‖H = ‖DE(u)‖H . The vector ∇E(u) is

naturally called the gradient of E at u.

A particular class of functional equations F (u) = 0, for u belonging to some

Banach space V , is the class of Euler-Lagrange equations

DE(u) = 0

for a functional E on V which is Fréchet differentiable with derivative DE. Such

equations are called of variational form. In particular, for each partial differential

equation

∂

∂x1

Lux1 (P ) +
∂

∂x2

Lux2 − Lu(P ) = 0, u = g on ∂B, (4)

on a bounded subset B of R2, where P = (x1, x2, u(x1, x2), ux1
(x1, x2), ux2

(x1, x2)),

u ∈ C2(B̄) and g is given, there exists a functional

E(u) =

∫

B

L(x1, x2, u, ux1
, ux2

) dB (5)
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such that a sufficiently smooth minimizer u∗ of (5), with u∗ = g on ∂B, satisfies partial

differential equation (4). For example, the problem of determining the equilibrium

of a membrane with given boundary deflections g(s) can be formulated as either the

partial differential equation

∆2u = 0, u = g on ∂B,

where ∆2 denotes the Laplace operator
2
∑

i=1

∂
∂xi

, or as the variational problem

minimize
u

E(u) =

∫

B

(

u2
x1

+ u2
x2

)

dB, u = g on ∂B.

The principle of the method of gradients may be understood from the elementary

geometric concept of a gradient vector. Let u = f(x1, . . . , xn) be a nonnegative

function of the n variables x1, . . . , xn or, as we might say, of the position vector X =

(x1, . . . , xn), and let us seek to determine a vector X∗ for which u is at lest stationary.

We then proceed as follows: on the surface u = f(x) we move a point (x1, . . . , xn, u)

so that x1(t), ldots, xn(t) and u(t) become functions of a time-parameter t. Then the

velocity of ascent or descent along the line X = X(t), u = u(t) on the surface is

du

dt
= u̇

n
∑

i=1

ẋifxi

= Ẋ∇f.

We now choose the line along which the motion proceeds so that the descent is as

steep as possible. This means to make u̇ negative and as large as possible in absolute

value, for example, by choosing

Ẋ = −∇f (6)

so that

u̇ = −‖∇f‖2
2.
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Hence the position vector X moves according to the system of ordinary differential

equations (6) along the lines of steepest descent with respect to the function f . Under

very general assumptions, it is clear that X, starting from an arbitrary initial point,

will, as t goes to +∞, approach a position for which ∇f = 0, and therefore for which

f is stationary and possibly a minimum.

This elementary idea can be generalized to variational problems. If we wish to

determine a function u∗ defined in B ⊆ R2 and having prescribed boundary values

such that u∗ solves the variational problem

minimize
u

E(u) =

∫

B

L(x1, x2, u, ux1
, ux2

) dB,

then we interpret the desired function u∗ as

lim
t→+∞

u(x1, x2, t)

where the values of u(x1, x2, t) are chosen as follows:

1. for t = 0, the value of u is chosen arbitrarily;

2. for t > 0, the values of u are chosen in such a way that the expression E(u), con-

sidered as a function E(t) of t, decreases as rapidly as possible toward its minimal

value E(u∗).

Of course the boundary values of u(x1, x2, t) are the same as those for u∗(x1, x2), so

that
∂u

∂t
must vanish at the boundary. Moreover, we find

∂

∂t
E(u(x1, x2, 0), t) = −

∫

B

utL(u) dB. (7)

We now assure ourselves of a steady descent or decrease of E(t) by choosing ut in

accordance with the differential equation

ut = kL(u),

where k is an arbitrary positive function of x1 and x2. Equation (7) then becomes

∂

∂t
E(u(x1, x2, 0), t) = −

∫

B

k [L(u)]2 dB,
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and again we can infer that, as t goes to +∞, u(x1, x2, t) will tend to the solution

u∗(x1, x2) of the corresponding boundary value problem L(u) = 0.

However, even in a finite-dimensional setting with suitable assumptions about

the topology of the level sets of E, the convergence of u as t goes to +∞ in general

cannot be proved unless a certain compactness property holds. We shall require the

so-called Palais-Smale condition to be satisfied by E. See [55] for a treatise on this

subject.

In the original work of Palais and Smale, see Palais [47], [48], Palais and Smale [49]

and Smale [52], the compactness property is stated as follows:

Definition 1.4 Let E : V → R be a real-valued functional defined and Gâteaux

differentiable on a Banach space V . The functional E is said to satisfy condition

(C) if given any subset S of V on which |E| is bounded but on which ‖DE‖ is not

bounded away from zero there is a critical point of E in the closure of S.

We replace condition (C) by a slightly stronger condition which is easier to work

with.

Definition 1.5 (Palais-Smale Condition) Let E : V → R be a real-valued func-

tional defined and Gâteaux differentiable on a Banach space V . A sequence (un)n∈N in

V is called a Palais-Smale sequence for E if (E(un))n∈N is uniformly bounded, while

lim
n→+∞

‖DE(un)‖V = 0. The functional E is said to satisfy the Palais-Smale condition

if any Palais-Smale sequence for E has a (strongly) convergent subsequence.

Condition (C) implies the Palais-Smale condition. However, the converse is not true.

In fact, the functional E ≡ 0 satisfies (C) but in general will not satisfy the Palais-

Smale condition.

We can now state the main theorem in this section. Towards this end, for β ∈ R,

let

Eβ = {u ∈ V : E(u) < β} ,
Kβ = {u ∈ V : E(u) = β, DE(u) = 0} .
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Theorem 1.6 (Deformation Lemma) Suppose E : V → R is a real-valued func-

tional defined and continuously Fréchet differentiable on a Banach space V and satis-

fying the Palais-Smale condition. Let β ∈ R, ε̄ > 0 be given and let N be any neigh-

borhood of Kβ. Then there exist a number ε ∈ ]0, ε̄ [ and a continuous 1-parameter

family of homeomorphisms Φ(·, t) of V , t ∈ [0,+∞[ , with properties

1. Φ(u, t) = u, if t = 0, or if DE(u) = 0, or if |E(u)− β| ≥ ε̄;

2. E (Φ(u, t)) is nonincreasing in t for all u ∈ V ;

3. Φ (Eβ+ε −N, 1) ⊆ Eβ−ε and Φ (Eβ+ε, 1) ⊆ Eβ−ε ∪N .

Moreover, Φ : V × [0,+∞[→ V has the semi-group property; that is, Φ(·, t)◦Φ(·, s) =
Φ(·, s+ t) for all s, t ≥ 0.

Consider the special case when E : H → R is a real-valued functional defined

and twice-continuously Fréchet differentiable on a real Hilbert space H with scalar

product (·, ·) : H ×H → R and induced norm ‖ · ‖H : H → R. In this case, we have

already seen that we can define a gradient vector field ∇E : H → H. Moreover, since

‖∇E(u)−∇E(v)‖H = ‖DE(u)−DE(v)‖H ,

if E ∈ C2, then ∇E is of class C1 and defines a local gradient flow Φ by letting







∂
∂t

Φ(u, t) = −∇E (Φ(u, t))

Φ(u, 0) = u .
(8)

If we identify E with its graph G(E) = {(u,E(u)) ∈ H ×R}, then the flow-lines of

Φ become paths of steepest descent, and the rest points of Φ are precisely the critical

points of E where G(E) has a horizontal tangent plane. IfKβ = ∅ in the Deformation

Lemma, we may choose N = ∅ and hence, from item 3, obtain a uniform reduction

of E near β.

A solution Φ to equation (8) is called an integral curve of −∇F and is simply

the curve that at each instant proceeds in the direction of the steepest descent of F .

The integral curve of −∇F from x0 = (0, 0) for the two-dimensional test problem
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and integral curve of −∇F (x) from x0 = (0, 0); the shaded zones

are the set of points where the Hessian matrix is positive definite.
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BEAL58KO is shown in Figure 1.4 on page 16. Analogously, Figure 1.5 on page 17

shows the integral curve of −∇F from x0 =
(

1
2
, 2
)

for the test problem ENGVL1A,

and Figure 1.6 on the preceding page shows the integral curve of −∇F from x0 =

(−1.2, 1) for the test problem ROSENB. In these figures, the integral curves connect

the initial point x0 with a minimizer and are normal to all level curves. The shaded

zones are the set of points where the Hessian matrix is positive definite. Moreover,

the figures also illustrate the solution paths of a quasi-Newton algorithm that was

implemented with the BFGS update to generate the sequence of matrices (Bk)
+∞
k=0 in

the definition of the quadratic model functions mk(xk + p).

Since the early days of the method of gradients a number of significant changes

have occurred. As we have seen, in the years between 1963 and 1966, the theory of

nonlinear functional analysis was expanded and included a convergence theory for

the method of gradients in the case of exact integral curves. Moreover, the size of

computer memory has greatly increased and no longer places severe constraints on

the size of programs for numerical algorithms.

While historically much of the motivation for the method of gradients and the

mathematical analysis behind it came from the desire to solve partial differential

equations, the function it seeks to minimize need not come from a partial differ-

ential equation. Indeed, the method of gradients is a general-purpose method for

unconstrained optimization. However, its convergence theory requires knowledge of

the objective function at a continuum of points, which is not practical for computer

implementation.

The method of gradients has not found general acceptance because of the dif-

ficulties inherent in solving a system of nonlinear ordinary differential equations.

Recently, William Behrman [6] proposed a gradient flow method based upon the so-

lution of a system of n linear ordinary differential equations, where n denotes the

number of independent variables of the objective function. He also reviewed older

methods based on the idea of using ordinary differential equations for unconstrained

optimization, namely, Aluffi-Pentini, Parisi and Zirilli [1], [2], Boggs [8], Botsaris [10],

[11], [12], Botsaris and Jacobson [13], Brown and Bartholomew-Biggs [15], Vial and

Zang [56] and Zang [57].
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The method presented in this dissertation is based upon the solution of a system

of only two ordinary differential equations. These equations are defined and solvable

regardless of the nature of the Hessian matrix. Their solutions are curves that are

unaffected by poor scaling and are guaranteed to have a point at which the objective

function has a lower value than at the current point.



Chapter 2

THE SUBSPACE METHOD

This chapter presents the motivation and the mathematical analysis for a subspace

method based on a differential equation approach to solve the following nonlinear

unconstrained optimization problem:

minimize
x∈D

F (x), (1)

where F (x) is a twice-continuously differentiable real-valued function defined on an

open set D ⊆ Rn. In the following, assume x0 is an element of the set D.

2.1 Motivation

In Chapter 1 we have seen that, starting at x0, we can determine a stationary point

x∗ of F by following the integral curve of −∇F from x0. Such a curve is the unique

solution of the following system of n nonlinear ordinary differential equations:






Φ′(x0, t) = −∇F (Φ(x0, t))

Φ(x0, 0) = x0.
(2)

The first step towards practical implementation of a minimization algorithm is to

discretize problem (2). Let (xk)
+∞
k=0 be a sequence of iterates in D such that

lim
k→+∞

xk = x∗.

21
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At each iterate xk, we may consider the integral curve Φk of −∇F from xk, that is,

the solution of






Φ′
k(xk, t) = −∇F (Φk(xk, t))

Φk(xk, 0) = xk.

We then approximate Φk with a continuous curve xk + qk(t) by approximating the

gradient vector field −∇F in a neighborhood of xk with a vector field gk and letting

qk(t) be the solution of






q′k(t) = −gk(xk + qk(t))

qk(0) = 0.
(3)

The second step is to linearize system (3). In particular, since F ∈ C2(D), we

have ∇F ∈ C1(D) and the linear vector field

gk(xk + qk(t)) = ∇F (xk) +∇2F (xk)qk(t)

is the Taylor polynomial of order one of function ∇F at xk. Hence we consider the

curve qk(t), t ≥ 0, which is the solution of the following system of n linear ordinary

differential equations:






q′k(t) = −∇F (xk)−∇2F (xk)qk(t)

qk(0) = 0.
(4)

While linesearch and trust-region methods rely at each iterate xk on a quadratic

approximation of the objective function F in a neighborhood of xk, the method of

gradients that results from the solution of (4) relies on a linear approximation, in

a neighborhood of xk, of the vector field ∇F , which is the gradient of the objective

function.

Figure 2.1 on the following page illustrates the spirit of the method proposed by

Behrman [6] and based, at each iteration, upon the solution of problem (4). Starting

at at point x0 ∈ D, the algorithm computes q0(t) and finds a point x1 along the

curve x0 + q0(t). The search is constrained from going too far into a region in which

the approximation used to define the search curve is no longer valid. The search is

also constrained from being too close to the initial point, in order to avoid taking
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Figure 2.1: Behrman’s method.

too small steps, which would prevent the iterates from converging to a critical point.

Since the integral curve Φ(x0, t) of the negative gradient field from x0 is not available

to the algorithm, it measures the validity of the search curve at a point by comparing

the tangent to the search curve and the negative gradient field at that point. At x1

the algorithms computes q1(t) and then finds a point x2 along the curve x1 + q1(t) by

comparing the tangent to it with the tangent to the integral curve Φ(x1, t) of −∇F
from x1, and so on.

We now analyze the properties of the curve xk+qk(t) that results from the solution

of problem (4). Since ∇2F (xk) is symmetric, all its eigenvalues are real and it

possesses a complete set of real orthonormal eigenvectors : see Theorem 8.1.1 in Golub

and Van Loan [30], or Strang [54]. Let λ1(xk) ≥ · · · ≥ λn(xk) denote the eigenvalues

of ∇2F (xk), and let v1(xk), . . . , vn(xk) denote a set of orthonormal eigenvectors of

∇2F (xk) corresponding to λ1(xk), . . . , λn(xk), respectively. The solution of (4) is

qk(t) =
n
∑

i=1

(

e−λi(xk)t − 1

λi(xk)
I{λi(xk)6=0} − t I{λi(xk)=0}

)

vi(xk)vi(xk)
T∇F (xk), (5)
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t ∈ [0,+∞[ , where I{λi(xk)6=0} and I{λi(xk)=0} are the following indicator functions:

I{λi(xk)6=0} =







1 if λi(xk) 6= 0

0 if λi(xk) = 0
, I{λi(xk)=0} =







1 if λi(xk) = 0

0 if λi(xk) 6= 0
,

with i ∈ {1, . . . , n} and k ∈ {0, 1, . . .}.
Clearly, qk(0) = 0, which means that xk is the point on the search curve corre-

sponding to t = 0. Furthermore,

q′k(t) = −
n
∑

i=1

e−λi(xk)tvi(xk)vi(xk)
T∇F (xk),

and

q′k(0) = −
n
∑

i=1

vi(xk)vi(xk)
T∇F (xk)

= −∇F (xk).

Therefore, at each iterate xk the tangent to the curve xk+qk(t) is equal to −∇F (xk),
i.e., it is the steepest descent direction at xk.

Consider now the limit values of xk + qk(t), namely, the following limit:

lim
t→+∞

qk(t).

Towards this end we now have to make a case distinction. If ∇2F (xk) is positive

definite, then λi(xk) > 0 ∀i ∈ {1, . . . , n} and

lim
t→+∞

qk(t) = lim
t→+∞

n
∑

i=1

e−λi(xk)t − 1

λi(xk)
vi(xk)vi(xk)

T∇F (xk)

= −
n
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
∇F (xk)

= −∇2F (xk)
−1∇F (xk),

which is the Newton step at xk. Therefore, if ∇2F (xk) is positive definite, the curve

xk + qk(t) is bounded, as shown in Figure 2.2 on the next page.

If ∇2F (xk) is not positive definite, then we first make the following assumptions

in order to simplify the discussion.
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Assumption 2.1 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn. If at point xk ∈ D the Hessian matrix

∇2F (xk) is not positive definite, then the gradient ∇F (xk) has a component in the

eigenspace of nonpositive eigenvalues of ∇2F (xk), that is,

∃ i ∈ {1, . . . , n} : λi(xk) ≤ 0⇒ vi(xk)
T∇F (xk) 6= 0,

where λ1(xk) ≥· · ·≥ λn(xk) and v1(xk), . . . , vn(xk) denote the eigenvalues of ∇2F (xk)

and a set of corresponding orthonormal eigenvectors, respectively.

Assumption 2.2 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn. If at point xk ∈ D the Hessian ma-

trix ∇2F (xk) is not positive definite, then the smallest eigenvalue of ∇2F (xk), say

λσk(xk), corresponding to an eigenvector with a component in the direction of the

gradient ∇F (xk), has algebraic multiplicity equal to one.

Under Assumption 2.1 and Assumption 2.2, we know that the minimum of the set

Ek =
{

λi(xk) : λi(xk) ≤ 0, vi(xk)
T∇F (xk) 6= 0

}

(6)

PSfrag replacements
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Figure 2.2: Search curve when ∇2F (xk) is positive definite.
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exists and is unique. Therefore, we can define the index

σk = argmin
i∈{1,...,n}

{

λi(xk) : λi(xk) ≤ 0, vi(xk)
T∇F (xk) 6= 0

}

. (7)

As t goes to +∞, the absolute value of the coefficient

(

e−λσk (xk)t − 1

λσk(xk)
I{λσk (xk)6=0} − t I{λσk (xk)=0}

)

vσk(xk)
T∇F (xk)

of vσk(xk) in (5) tends to +∞, dominating the absolute values of the analogous

coefficients of all other vi(xk), i ∈ ({1, . . . , n} − {σk}). This implies

lim
t→+∞

qk(t) = −sign
(

∇F (xk)Tvσk(xk)
)

vσk(xk) lim
t→+∞

ψk(t), (8)

where ψk(t) is a continuous real-valued function such that

lim
t→+∞

ψk(t) = +∞.

Therefore, under Assumption 2.1 and Assumption 2.2, if ∇2F (xk) is not positive

definite, then as t goes to +∞, the curve xk + qk(t) tends to +∞ along the direc-

tion of an eigenvector of ∇2F (xk) corresponding to the smallest eigenvalue that has

eigenvectors with a component in the direction of the gradient ∇F (xk).
If we remove Assumption 2.2, then the set Ek defined by (6) may not have a

unique minimum any more. However, we can analyze the limit values of xk + qk(t)

simply in a few more steps. First, define the following index sets:

Ik = argmin
i∈{1,...,n}

{

λi(xk) : λi(xk) ≤ 0, vi(xk)
T∇F (xk) 6= 0

}

, (9)

Kk =
{

i : i ∈ {1, . . . , n}, λi(xk) ≤ 0, vi(xk)
T∇F (xk) = 0

}

, (10)

Jk = {1, . . . , n} − (Ik ∪ Kk) . (11)

Clearly, {Ik,Jk,Kk} forms a partition of {1, . . . , n}. We now define

σk = max Ik. (12)
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We then extend the real affine space Rn into the corresponding real projective space

Rn+1
π and introduce the homogeneous Cartesian coordinates. Hence we transform xk

and qk(t) into

x̂k =





(x̂k)1:n

(x̂k)n+1



 =







xk
t
1

t






for any t > 0, q̂k(0) =





(q̂k(0))1:n

(q̂k(0))n+1



 =

(

0

1

)

and

q̂k(t) =











ηk qk(t)

[

λσk(xk)

e−λσk (xk)t − 1
I{λσk (xk)6=0} −

1

t
I{λσk (xk)=0}

]

ηk

[

λσk(xk)

e−λσk (xk)t − 1
I{λσk (xk)6=0} −

1

t
I{λσk (xk)=0}

]











for t ∈ ]0,+∞[ ,

(13)

where

ηk = −
1

∥

∥

∥

∥

∥

∑

i∈Ik

vi(xk)vi(xk)T∇F (xk)
∥

∥

∥

∥

∥

2

< 0. (14)

It is easy to see that x̂k and q̂k(t) in (13) and (14) are well defined homogeneous

Cartesian coordinates of proper points because (x̂k)n+1 6= 0, (q̂k(t))n+1 6= 0 for all

t ≥ 0,

xk =
(x̂k)1:n
(x̂k)n+1

and qk(t) =
(q̂k(t))1:n
(q̂k(t))n+1

∀t ∈ [0,+∞[ .

When t > 0, the first n components (q̂k(t))1:n of q̂k(t) are

ηk qk(t)

[

λσk(xk)

e−λσk (xk)t − 1
I{λσk (xk)6=0} −

1

t
I{λσk (xk)=0}

]

=

[

n
∑

i=1

(

e−λi(xk)t − 1

λi(xk)
I{λi(xk)6=0} − t I{λi(xk)=0}

)

vi(xk)vi(xk)
T∇F (xk)

]

[

λσk(xk)

e−λσk (xk)t − 1
I{λσk (xk)6=0} −

1

t
I{λσk (xk)=0}

]

ηk

=
n
∑

i=1

[

λσk(xk)
(

e−λi(xk)t − 1
)

λi(xk)
(

e−λσk (xk)t − 1
) I{λi(xk)6=0, λσk (xk)6=0} −

λσk(xk)t

e−λσk (xk)t − 1
I{λi(xk)=0, λσk (xk)6=0}
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− e−λi(xk)t − 1

λi(xk)t
I{λi(xk)6=0, λσk (xk)=0} + I{λi(xk)=0, λσk (xk)=0}

]

vi(xk)vi(xk)
T∇F (xk)ηk.

Since all the factors vi(xk)vi(xk)
T∇F (xk) indexed by Kk are, by definition of Kk,

equal to zero, and since I{λσk (xk)6=0} + I{λσk (xk)=0} = 1, we have:

(q̂k(t))1:n =

[

∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)ηk

]

+
∑

i∈Jk

[

λσk(xk)
(

e−λi(xk)t − 1
)

λi(xk)
(

e−λσk (xk)t − 1
) I{λi(xk)6=0, λσk (xk)6=0}

− λσk(xk)t

e−λσk (xk)t − 1
I{λi(xk)=0, λσk (xk)6=0}

−e
−λi(xk)t − 1

λi(xk)t
I{λi(xk)6=0, λσk (xk)=0}

]

vi(xk)vi(xk)
T∇F (xk)ηk.

(15)

As t goes to +∞, the second summation in (15) tends to zero, because λi(xk) >

λσk(xk) for all i ∈ Jk. Moreover, from (13) and (14) we see that the last component

(q̂k(t))n+1 of q̂k(t) also tends to zero as t goes to +∞. Thus

lim
t→+∞

[x̂k + q̂k(t)] = lim
t→+∞







xk
t

+ (q̂k(t))1:n

1

t
+ (q̂k(t))n+1







=





∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)ηk

0





=















−

∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)

∥

∥

∥

∥

∥

∑

i∈Ik

vi(xk)vi(xk)T∇F (xk)
∥

∥

∥

∥

∥

2

0















= q∞(xk). (16)

Since the first n components of q∞(xk) are not all equal to zero, while the last one

is zero, equality (16) defines an improper point of the real projective space Rn+1
π .
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Such an improper point is the direction of the directed line of Rn represented by the

following unit vector:

v(xk) = −

∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)

√

∑

i∈Ik

[vi(xk)T∇F (xk)]2
(17)

When the set Ik is a singleton, v(xk) coincides with the direction given by (8), that is,

the direction of an eigenvector of ∇2F (xk) corresponding to the smallest eigenvalue

that has eigenvectors with a component in the direction of the gradient ∇F (xk).
Therefore, under Assumption 2.1 only, if the Hessian matrix ∇2F (xk) is not posi-

tive definite, then the curve xk+ qk(t) is unbounded and, as t goes to +∞, it tends to

+∞ along a direction that results from a linear combination of orthonormal eigen-

vectors of ∇2F (xk) corresponding to the smallest eigenvalue that has an eigenvector

with a component in the direction of the gradient ∇F (xk). Figure 2.3 illustrates this

case.

Finally, we also remove Assumption 2.1. If at any iterate xk where the Hessian

matrix ∇2F (xk) is not positive definite the gradient ∇F (xk) has no component in

the eigenspace of nonpositive eigenvalues of ∇2F (xk), then there is an index nk ∈

PSfrag replacements
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Figure 2.3: Search curve when ∇2F (xk) is not positive definite.
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{1, . . . , n− 1} such that

λi(xk) > 0 ∀i ∈ {1, . . . , nk} and vi(xk)
T∇F (xk) = 0 ∀i ∈ {nk + 1, . . . , n}.

(18)

Therefore, from (5) and (18) we get

qk(t) =

nk
∑

i=1

e−λi(xk)t − 1

λi(xk)
vi(xk)vi(xk)

T∇F (xk)

and define direction d(xk) as

d(xk) = lim
t→+∞

qk(t) = −
nk
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
∇F (xk). (19)

Equation (19) shows that the curve xk + qk(t) is bounded as in the case in which

∇2F (xk) is positive definite, even though its limit value is −∇2F (xk)
−1∇F (xk) only

when ∇2F (xk) is not singular. In such a case, vector d(xk) given by (19) is indeed

the unique solution of the following system of linear equations:

∇2F (xk) z = −∇F (xk). (20)

On the other hand, if the Hessian matrix∇2F (xk) is singular, it is easy to see that the

same vector d(xk) is the minimum norm solution of (20), a system of linear equations

that is still compatible but now undetermined . As shown, for instance, in Strang [54],

the minimum norm solution of (20) is

z+
k = −∇2F (xk)

+∇F (xk), (21)

where ∇2F (xk)
+ denotes the pseudoinverse of ∇2F (xk). Let

Vk = {i : i ∈ {1, . . . , n}, λi(xk) < 0}

be the possibly empty set of the indexes of the negative eigenvalues. Moreover, let

∇2F (xk) = V (xk)ΣkV
T
2 (xk) =

n
∑

i=1

λi(xk)vi(xk)vi(xk)
T (22)
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be the singular value decomposition of ∇2F (xk); then its pseudoinverse is

∇2F (xk)
+ = V2(xk)Σ

+
k V

T (xk) =

nk
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
+
∑

i∈Vk

vi(xk)vi(xk)
T

λi(xk)
. (23)

From (21) and (23) we have

z+
k = −

[

nk
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
+
∑

i∈Vk

vi(xk)vi(xk)
T

λi(xk)

]

∇F (xk)

= −
nk
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
∇F (xk)

= d(xk),

where the second equality above is justified by the fact that the gradient ∇F (xk) has
no component in the eigenspace of nonpositive eigenvalues of ∇2F (xk).

The preceding discussion has proved the following theorem.

Theorem 2.3 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn. For any point xk ∈ D, the initial value

problem (4) has solution qk(t) given by (5) for all t ∈ [0,+∞[ . At t = 0, the curve

xk + qk is tangent to the gradient vector ∇F (xk) of function F at xk. If the Hessian

matrix ∇2F (xk) is positive definite or if the gradient ∇F (xk) has no component in the

eigenspace of nonpositive eigenvalues of ∇2F (xk), then the curve xk+qk(t) is bounded

and, as t goes to +∞, its limit point is equal to xk plus the minimum norm solution of

the system of linear equations (20). Otherwise, the curve xk+qk(t) is unbounded and,

as t goes to +∞, it tends to +∞ along the direction v(xk) defined by (9) and (17),

which is a linear combination of orthonormal eigenvectors of ∇2F (xk) corresponding

to the smallest eigenvalue that has an eigenvector with a component in the direction

of ∇F (xk).

The properties stated in Theorem 2.3 are also shared by the solution of the trust-

region subproblem as a function of the radius. As an example, Figure 2.4 on the

next page illustrates the curve p∗k(∆k), which the exact solution of the trust-region

subproblem as a function of the trust-region radius ∆k.
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The method of gradients discussed in this section and the calculation of exact

solutions of the trust-region subproblem can be practically employed to determine

search directions only when the optimization problems are relatively small. In fact,

the solution (5) of problem (4) requires at each iterate xk the computation of the

complete set of eigenvectors and eigenvalues of ∇2F (xk), which in the worst case take

O(n3) time, where n denotes the number of independent variables of the objective

function.

However, both methods are convergent and share the same property of identifying

at each iterate xk a curve that has the steepest descent direction as a tangent at xk,

PSfrag replacements

xk∆1
k

∆
2
k

∆
3
k −∇F (xk) xk + p∗k(∆k)

Figure 2.4: Solution p∗k(∆k) of the trust-region subproblem as a function of the trust-

region radius ∆k.
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and whose other extreme behaves as stated in Theorem 2.3. This suggests that what

is important for convergence may be indeed these said properties.

2.2 The search curves

We now describe how to determine search curves in a descent method for problem (1)

through the solution of a system of only two linear ordinary differential equations, so

that the computation of the eigenvalues and eigenvectors required to solve it can be

done analytically.

Modifying a terminology introduced by Moré and Sorenson [41], we give the fol-

lowing definition.

Definition 2.4 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn.

i) A point x ∈ D is called a positive semidefinite point of F if all eigenvalues of

∇2F (x) are nonnegative.

ii) A vector d ∈ Rn is called a direction of negative curvature of F at the point

x ∈ D if x is not a positive semidefinite point of F and dT∇2F (x)d < 0.

iii) A pair (s, d) of vectors in Rn ×Rn is called a nonascent pair of F at the point

x ∈ D when

∇F (x)T s ≤ 0

∇F (x)Td ≤ 0

dT∇2F (x)d < 0











if x is not a positive semidefinite point of F, (24)

∇F (x)T s < 0

∇F (x)Td ≤ 0

}

if x is a positive semidefinite point of F . (25)

Note that a nonascent pair of F does not exist at a point x ∈ D if and only if

∇F (x) = 0 and ∇2F (x) is positive semidefinite. Of course, this is just the kind of

point that we would like our minimization algorithm to find.
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We shall consider a descent method similar in spirit to the original method of

gradients and to Behrman’s method. We shall generate a sequence (xk)
+∞
k=0 of iterates

in D ⊆ Rn and prove that it converges to a point x∗ ∈ D that satisfies the first and

second order necessary conditions for local unconstrained optimality.

Starting from x0 ∈ D, at each iterate xk where the gradient vector ∇F (xk) 6= 0

and the Hessian matrix ∇2F (xk) is not positive semidefinite, we define a nonascent

pair (sk, dk) of F by

sk = −∇F (xk),

dk =



































if ∇2F (xk) is positive definite or−∇2F (xk)
+∇F (xk)

vi(xk)
T∇F (xk) = 0 ∀i ∈ {nk + 1, . . . , n}

−
∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)

√

∑

i∈Ik

[vi(xk)T∇F (xk)]
2 otherwise,

(26)

in which nk and Ik are defined by (9) and (18), respectively. Instead, at any xk at

which ∇F (xk) = 0 but ∇2F (xk) is not positive semidefinite we define a nonascent

pair (sk, dk) of F by

sk = 0,

dk =

∑

i∈Wk

vi(xk)

√

card (Wk)
,

(27)

where

Wk = argmin
i∈{1,...,n}

{λi(xk)} .

In fact, according to the Deformation Lemma, Theorem 1.6, the integral curve of

−∇F from a stationary point point xk ∈ D is Φ(xk, t) = xk for all t ≥ 0. Therefore,
∑

i∈Wk

vi(xk) is the best direction to move away from the stationary xk when the Hessian

matrix ∇2F (xk) is not positive semidefinite.

We then determine a search direction pk as a linear combination of sk and dk,

that is,

pk = ϑ̄1(xk)sk + ϑ̄2(xk)dk ∀k ∈ {0, 1, . . .},
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with ϑ̄1(xk), ϑ̄2(xk) ∈ R. Finally, we use the relationship

xk+1 =







xk + pk if xk is not stationary or is not positive semidefinite

xk otherwise

and proceed until certain termination criteria are satisfied.

In order to avoid dealing with the trivial case in which sk and dk are linearly

dependent and the search curve reduces to a straight line, we make the following

assumption.

Assumption 2.5 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn. The nonascent pair (sk, dk) of F defined

at a point xk ∈ D by (26) is such that sk and dk are linearly independent.

Under Assumption 2.5 we can always define two orthonormal vectors that lie in the

subspace spanned by sk and dk. Let

w1(xk) =
1

‖dk‖2

√

‖sk‖2
2 ‖dk‖2

2 − (sTk dk)
2

[

‖dk‖2
2 sk − (sTk dk)dk

]

,

w2(xk) =
dk
‖dk‖2

.

(28)

In order to simplify the notation, we let

rk =
√

‖sk‖2
2 ‖dk‖2

2 − (sTk dk)
2, (29)

so we can write w1(xk) =
1

‖dk‖2 rk

[

‖dk‖2
2 sk − (sTk dk)dk

]

. It is clear that

‖w1(xk)‖2 = ‖w2(xk)‖2 = 1 and w1(xk)
Tw2(xk) = 0.

Hence, the matrix Wk = (w1(xk), w2(xk)) is such that

W T
k Wk = I2. (30)

Therefore, w1(xk) and w2(xk) form an orthonormal basis for the subspace spanned

by (sk, dk). Moreover, for any vector h ∈ Rn, W T
k h is the two-dimensional projection
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of h onto this subspace. In particular, for all t ∈ [0,+∞[ , W T
k [xk + qk(t)] is the

two-dimensional projection of the search curve xk + qk(t) onto the subspace spanned

by the nonascent pair (sk, dk), as shown in Figure 2.5 for the case ∇2F (xk) positive

definite.

Finally, we let

Gk = W T
k ∇2F (xk)Wk =

(

w1(xk)
T∇2F (xk)w1(xk) w1(xk)

T∇2F (xk)w2(xk)

w1(xk)
T∇2F (xk)w2(xk) w2(xk)

T∇2F (xk)w2(xk)

)

.

(31)

Theorem 2.6 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn, and (sk, dk) the nonascent pair of F defined

at a point xk ∈ D by (26) under Assumption 2.5. If the Hessian matrix ∇2F (xk)

is positive definite or the gradient ∇F (xk) has no component in the eigenspace of

nonpositive eigenvalues of ∇2F (xk), then the matrix Gk defined by (31) is positive

definite. Otherwise, Gk is not positive definite, one of its orthonormal eigenvector

PSfrag replacements
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dk = −∇2F (xk)
−1∇F (xk)
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Figure 2.5: Projection of the search curve xk + qk(t) onto the subspace spanned by

the nonascent pair (sk, dk) when ∇2F (xk) is positive definite.
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matrix is the two-dimensional identity matrix and its smaller eigenvalue is equal to

λσk(xk), which is the smallest eigenvalue of ∇2F (xk) that has an eigenvector with a

component in the direction of the gradient ∇F (xk).

Proof. If ∇2F (xk) is positive definite or the gradient ∇F (xk) has no component in

the eigenspace of nonpositive eigenvalues of ∇2F (xk), then it follows from (26) that

∇2F (xk)dk = −∇F (xk) = sk.

Therefore, from (28) we have

w1(xk)
T∇2F (xk)w1(xk) =

1

‖dk‖2 rk
w1(xk)

T∇2F (xk)
[

‖dk‖2
2 sk − (sTk dk)dk

]

=
1

‖dk‖2 rk
w1(xk)

T
[

‖dk‖2
2∇2F (xk)sk − (sTk dk)∇2F (xk)dk

]

=
1

‖dk‖2 rk
w1(xk)

T
[

‖dk‖2
2∇2F (xk)sk − (sTk dk)sk

]

=
1

‖dk‖2
2 r

2
k

[

‖dk‖2
2 sk − (sTk dk)dk

] [

‖dk‖2
2∇2F (xk)sk − (sTk dk)sk

]

=
1

‖dk‖2
2 r

2
k

[

‖dk‖4
2 s

T
k∇2F (xk)sk − 2‖sk‖2

2 ‖dk‖2
2 (s

T
k dk) + (sTk dk)

3
]

,

where rk is defined by (29); moreover,

w1(xk)
T∇2F (xk)w2(xk) = w1(xk)

T∇2F (xk)
dk
‖dk‖2

= w1(xk)
T sk
‖dk‖2

=
1

‖dk‖2 rk

[

‖dk‖2
2 sk − (sTk dk)dk

]T sk
‖dk‖2

=
rk
‖dk‖2

2

,
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and

w2(xk)
T∇2F (xk)w2(xk) = w2(xk)

T dk
‖dk‖2

=
dTk
‖dk‖2

sk
‖dk‖2

=
sTk dk
‖dk‖2

2

.

Hence we can write

Gk =





w1(xk)
T∇2F (xk)w1(xk)

rk
‖dk‖

2
2

rk
‖dk‖

2
2

sTk dk

‖dk‖
2
2



 . (32)

Since the (real) symmetric matrix Gk is positive definite if and only if all its lower

right submatrices have positive determinants, we now analyze the signs of
sTk dk

‖dk‖
2
2
and

det(Gk):

sTk dk
‖dk‖2

2

= − sTk
‖dk‖2

2

nk
∑

i=1

vi(xk)vi(xk)
T

λi(xk)
∇F (xk) =

1

‖dk‖2
2

nk
∑

i=1

[

sTk vi(xk)
]2

λi(xk)
> 0,

because, by definition of nk, λi(xk) > 0 for all i ∈ {1, . . . , nk} and there exists an

i ∈ {1, . . . , nk} such that sTk vi(xk) 6= 0; moreover,

det(Gk) =
1

‖dk‖2
2 r

2
k

[

‖dk‖4
2 s

T
k∇2F (xk)sk − 2‖sk‖2

2 ‖dk‖2
2 (s

T
k dk) + (sTk dk)

3
] sTk dk
‖dk‖2

2

− r2
k

‖dk‖4
2

=
1

‖dk‖4
2 r

2
k

[

‖dk‖4
2 (s

T
k dk)s

T
k∇2F (xk)sk − 2‖sk‖2

2 ‖dk‖2
2 (s

T
k dk)

2 + (sTk dk)
4
]

+
1

‖dk‖4
2 r

2
k

[

−‖sk‖4
2 ‖dk‖4

2 + 2‖sk‖2
2 ‖dk‖2

2 (s
T
k dk)

2 − (sTk dk)
4
]

=
1

r2
k

[

(sTk dk)s
T
k∇2F (xk)sk − ‖sk‖4

2

]

=
1

r2
k







nk
∑

i=1

[

sTk vi(xk)
]2

λi(xk)

n
∑

i=1

λi(xk)
[

sTk vi(xk)
]2 −

[

n
∑

i=1

(sTk vi(xk))
2

]2





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=
1

r2
k

{

nk−1
∑

i=1

nk
∑

j=i+1

[

λi(xk)

λj(xk)
+
λj(xk)

λi(xk)

]

[

sTk vi(xk)
]2 [

sTk vj(xk)
]2

+

nk
∑

i=1

[

sTk vi(xk)
]4

}

+
1

r2
k

{

−
nk
∑

i=1

[

sTk vi(xk)
]4 − 2

nk−1
∑

i=1

nk
∑

j=i+1

[

sTk vi(xk)
]2 [

sTk vj(xk)
]2

}

=
1

r2
k

nk−1
∑

i=1

nk
∑

j=i+1

[

λi(xk)

λj(xk)
+
λj(xk)

λi(xk)
− 2

]

[

sTk vi(xk)
]2 [

sTk vj(xk)
]2

=
1

r2
k

nk−1
∑

i=1

nk
∑

j=i+1

[λi(xk)− λj(xk)]
2

λi(xk)λj(xk)

[

sTk vi(xk)
]2 [

sTk vj(xk)
]2
> 0 ,

since λi(xk) > 0 ∀i ∈ {1, . . . , nk}, sTk vi(xk) = 0 ∀ ∈ {nk + 1, . . . , n} and, under

Assumption 2.5, there exist at least two distinct indexes i and j in {1, . . . , nk} such

that both sTk vi(xk) 6= 0 and sTk vj(xk) 6= 0.

If the Hessian matrix ∇2F (xk) is not positive definite and the gradient ∇F (xk)
has a component in the eigenspace of nonpositive eigenvalues of ∇2F (xk), then it

follows from (26) that

dk = −

∑

i∈Ik

vi(xk)vi(xk)
T∇F (xk)

√

∑

i∈Ik

[vi(xk)T∇F (xk)]2
, with ‖dk‖2 = 1.

Let σk be the index defined by (9) and (12). Hence λσk(xk) denotes the smallest,

possibly multiple, eigenvalue of ∇2F (xk) that has an eigenvector with a component

in the direction of the gradient ∇F (xk). From (28) we have

w1(xk)
T∇2F (xk)w2(xk) = w1(xk)

T∇2F (xk)dk

= λσk(xk)w1(xk)
Tdk

= 0,
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since w1(xk) and dk are orthogonal as it follows from (28) and (30). Analogously,

w2(xk)
T∇2F (xk)w2(xk) = w2(xk)

T∇2F (xk)dk

= λσk(xk)w2(xk)
Tdk

= λσk(xk) d
T
k dk

= λσk(xk).

Finally, if Jk is the index set defined by (10) and (11), then

w1(xk)
T∇2F (xk)w1(xk) =

1

rk
w1(xk)

T∇2F (xk)
[

sk − (sTk dk)dk
]

=
1

rk
w1(xk)

T
[

∇2F (xk)sk − (sTk dk)∇2F (xk)dk
]

=
1

rk
w1(xk)

T
[

∇2F (xk)sk − λσk(xk)(s
T
k dk)dk

]

=
1

rk

[

w1(xk)
T∇2F (xk)sk − λσk(xk)(s

T
k dk)w1(xk)

Tdk
]

=
1

rk
w1(xk)

T∇2F (xk)sk

=
1

r2
k

[

sk − (sTk dk)dk
]T ∇2F (xk)sk

=
1

r2
k

[

sTk∇2F (xk)sk − λσk(xk)
(

sTk dk
)2
]

=
1

r2
k

{[

n
∑

i=1

λi(xk)s
T
k vi(xk)vi(xk)

T sk

]

− λσk(xk)
∑

i∈Ik

[

sTk vi(xk)
]2

}

=
1

r2
k

∑

i∈Jk

λi(xk)
[

sTk vi(xk)
]2
.

Hence, if ∇2F (xk) is not positive definite and the gradient ∇F (xk) has a component

in the eigenspace of nonpositive eigenvalues of ∇2F (xk), then

Gk =







1

r2
k

∑

i∈Jk

λi(xk)
[

sTk vi(xk)
]2

0

0 λσk(xk)






, (33)
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from which we can trivially read off the two eigenvalues of Gk and the corresponding

unit eigenvectors. We now have to show that λσk(xk) is the smaller eigenvalue of Gk.

Indeed, since λi > λσk ∀i ∈ Jk, we have

1

r2
k

∑

i∈Jk

λi(xk)
[

sTk vi(xk)
]2
>
λσk(xk)

r2
k

∑

i∈Jk

[

sTk vi(xk)
]2

=
λσk(xk)

r2
k

{

‖sk‖2
2 −

∑

i∈Ik

[

sTk vi(xk)
]2

}

=
λσk(xk)

‖sk‖2
2 − (sTk dk)

2

[

‖sk‖2
2 − (sTk dk)

2
]

= λσk(xk).

¥

At each iterate xk we now consider the following system of two linear ordinary

differential equation:






ϕ′
k(t) = −W T

k ∇F (xk)−Gkϕk(t)

ϕk(0) = 0.
(34)

The solution of (34) is

ϕk(t) =
2
∑

i=1

(

e−µi(xk)t − 1

µi(xk)
I{µi(xk)6=0} − t I{µi(xk)=0}

)

ui(xk)ui(xk)
TW T

k ∇F (xk), (35)

where µ1(xk) ≥ µ2(xk) are the (real) eigenvalues of the symmetric matrix Gk, and

u1(xk), u2(xk) are the corresponding unit eigenvectors forming an orthonormal basis

for the two-dimensional vector space.

Theorem 2.7 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn, and (sk, dk) the nonascent pair of F defined

at a point xk ∈ D by (26) under Assumption 2.5. If sk and dk lie in the plane

spanned by two orthogonal eigenvectors of ∇2F (xk), then the solution ϕk(t) in (35)

of system (34) is the two-dimensional projection onto that plane of the solution qk(t)

in (5) of system (4).
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Proof. Given the nonascent pair (sk, dk) at xk, the two-dimensional projection of

qk(t) onto the subspace spanned by (sk, dk) is ζk(t) = W T
k qk(t). Premultiplying (4)

by W T
k yields







W T
k q

′
k(t) = −W T

k ∇F (xk)−W T
k ∇2F (xk)qk(t)

W T
k qk(0) = 0.

Since ζ ′k(t) = W T
k q

′
k(t), the above equalities can be rewritten as






ζ ′k(t) = −W T
k ∇F (xk)−W T

k ∇2F (xk)qk(t)

ζk(0) = 0.
(36)

If vectors w1(xk) and w2(xk), and therefore (sk, dk), lie in the subspace spanned by

two orthogonal eigenvectors of ∇2F (xk), then the three matrices

Wk,
(

Wk ∇2F (xk)w1(xk)
)

and
(

Wk ∇2F (xk)w2(xk)
)

have the same rank, namely, two. Therefore, there exists a matrix Xk such that

WkX
T
k = −∇2F (xk)Wk

⇔ XkW
T
k = −W T

k ∇2F (xk) (37)

⇒ XkW
T
k qk(t) = −W T

k ∇2F (xk)qk(t) ∀t ∈ [0,+∞[

⇔ Xkζk(t) = −W T
k ∇2F (xk)qk(t) ∀t ∈ [0,+∞[ . (38)

Postmultiplying (37) by Wk yields

XkW
T
k Wk = −W T

k ∇2F (xk)Wk

and, since W T
k Wk = I2,

Xk = −W T
k ∇2F (xk)Wk .

Substituting in (38) for Xk from the above expression lets us rewrite (36) as






ζ ′k(t) = −W T
k ∇F (xk)−W T

k ∇2F (xk)Wkζk(t)

ζk(0) = 0.
(39)
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Comparing (39) with (34), where Gk is defined by (31), shows that ϕk(t) = ζk(t).

¥

In general, even though ϕk(t) is not the two-dimensional projection of the solution

qk(t) in (5) of the system of n linear ordinary differential equation defined in (4), we

still have

ϕ′
k(t) = −

2
∑

i=1

e−µi(xk)tui(xk)ui(xk)
TW T

k ∇F (xk), (40)

and

ϕ′
k(0) = −

2
∑

i=1

ui(xk)ui(xk)
TW T

k ∇F (xk) = −W T
k ∇F (xk), (41)

which is the projection of the steepest descent direction −∇F (xk) onto the plane

of (sk, dk). Moreover, if ∇2F (xk) is positive definite or the gradient ∇F (xk) has

no component in the eigenspace of non positive eigenvalues of ∇2F (xk), then, by

Theorem 2.6, Gk is positive definite, and thus

lim
t→+∞

ϕk(t) = −
2
∑

i=1

ui(xk)ui(xk)
T

µi(xk)
W T

k ∇F (xk) = −G−1
k W T

k ∇F (xk). (42)

We are now able to define a search curve from xk having the same properties

of xk + qk(t) stated in Theorem 2.3, but requiring the solution of a system of only

two linear ordinary differential equations. At each iterate xk, after computing ϕk(t)

according to (35), we let

ϑk(t) = Nkϕk(t), (43)

where

Nk =





‖dk‖2

rk
0

− sTk dk
‖dk‖2 rk

1
‖dk‖2



 . (44)

The desired search curve from a point xk ∈ D is xk + pk(t), where

pk(t) =







(sk, dk) ϑk(t) if xk is not a stationary point of F ,

dk t if xk is stationary and not positive semidefinite.
(45)
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Theorem 2.8 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn, and (sk, dk) the nonascent pair of F defined

at a point xk ∈ D by (26) under Assumption 2.5. The curve xk + pk(t) defined

by (35), (43), (44) and (45). At t = 0, the curve xk + pk is tangent to the steepest

descent direction at xk. If the Hessian matrix ∇2F (xk) is positive definite or the

gradient ∇F (xk) has no component in the eigenspace of non positive eigenvalues of

∇2F (xk), then the curve xk+pk(t) is bounded and, as t goes to +∞, its limit point is

equal to xk plus the minimum norm solution of the system of linear equations (20).

Otherwise, the curve xk + pk(t) is unbounded and, as t goes to +∞, it tends to +∞
along the direction v(xk) defined by (9) and (17), which is a linear combination of

orthonormal eigenvectors of ∇2F (xk) corresponding to the smallest eigenvalue that

has an eigenvector with a component in the direction of ∇F (xk) the direction of the

eigenvector corresponding to the smallest eigenvalue of ∇2F (xk).

Proof. The components of −W T
k ∇F (xk) are

−wT
1 (xk)∇F (xk) = wT

1 (xk)sk =
rk
‖dk‖2

, (46)

where rk is defined by (29), and

−wT
2 (xk)∇F (xk) = wT

2 (xk)sk =
sTk dk
‖dk‖2

. (47)

Now, from (41) we get

p′k(0) = (sk, dk)ϑ
′
k(0) = (sk, dk)Nkϕ

′
k(0) = −(sk, dk)NkW

T
k ∇F (xk)

= (sk, dk)





‖dk‖2

rk

rk
‖dk‖2

− sTk dk
‖dk‖2 rk

rk
‖dk‖2

+ 1
‖dk‖2

sTk dk
‖dk‖2



 = (sk, dk)

(

1

0

)

= sk

⇔ p′k(0) = −∇F (xk) . (48)

If ∇2F (xk) is positive definite or the gradient ∇F (xk) has no component in the

eigenspace of non positive eigenvalues of ∇2F (xk), then from (42) we have

lim
t→+∞

pk(t) = (sk, dk)Nk lim
t→+∞

ϕk(t) = −(sk, dk)NkG
−1
k W T

k ∇F (xk). (49)



2.2 The search curves 45

From (32) we can calculate

G−1
k = det(Gk)

−1





sT
k
dk

‖dk‖
2
2

− rk
‖dk‖

2
2

− rk
‖dk‖

2
2

w1(xk)
T∇2F (xk)w1(xk)



 ,

where

det(Gk) = w1(xk)
T∇2F (xk)w1(xk)

sTk dk
‖dk‖2

2

− r2
k

‖dk‖4
2

.

Now (46) and (47) may be used to obtain

−G−1
k W T

k ∇F (xk) = det(Gk)
−1





sTk dk

‖dk‖
2
2

rk
‖dk‖2

− rk
‖dk‖

2
2

sTk dk
‖dk‖2

− rk
‖dk‖

2
2

rk
‖dk‖2

+ w1(xk)
T∇2F (xk)w1(xk)

sTk dk
‖dk‖2





= det(Gk)
−1

(

0

det(Gk) ‖dk‖2

)

=

(

0

‖dk‖2

)

.

Finally, it follows from (44) that

−NkG
−1
k W T

k ∇F (xk) =
(

0
1

‖dk‖2
‖dk‖2

)

=

(

0

1

)

,

so that from (49) we get

lim
t→+∞

pk(t) = (sk, dk)

(

0

1

)

= dk

⇔ lim
t→+∞

pk(t) = −∇2F (xk)
+∇F (xk).

If ∇2F (xk) is not positive definite and the gradient ∇F (xk) has a component in the

eigenspace of non positive eigenvalues of∇2F (xk), then by Theorem 2.6 we may write

Gk =

(

µ1(xk) 0

0 µ2(xk)

)

,
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with µ2(xk) = λσk(xk) ≤ 0. Clearly, the two orthonormal eigenvectors of Gk are

u1(xk) = e1 =

(

1

0

)

and u2(xk) = e2 =

(

0

1

)

,

so that from (35) and (43) we have

ϑk(t) = Nkϕk(t)

= Nk

2
∑

i=1

(

e−µi(xk)t − 1

µi(xk)
I{µi(xk)6=0} − t I{µi(xk)=0}

)

eie
T
i W

T
k ∇F (xk). (50)

In order to simplify the notation, we let

γk,1(t) = −
e−µ1(xk)t − 1

µ1(xk)
I{µ1(xk)6=0} + t I{µ1(xk)=0}

and

γk,2(t) = −
e−λσk (xk)t − 1

λσk(xk)
I{λσk (xk)<0} + t I{λσk (xk)=0},

where

lim
t→+∞

γk,1(t) =







1
µ1(xk)

if µ1(xk) > 0

+∞ otherwise
,

lim
t→+∞

γk,2(t) = +∞.

Recalling that if ∇2F (xk) is not positive definite and the gradient ∇F (xk) has a

component in the eigenspace of non positive eigenvalues of ∇2F (xk), then ‖dk‖2 = 1,

(46) and (47) may be used to obtain

e1e
T
1W

T
k ∇F (xk) = −

(

1 0

0 0

)(

rk

sTk dk

)

= −
(

rk

0

)

,

e2e
T
2W

T
k ∇F (xk) = −

(

0 0

0 1

)(

rk

sTk dk

)

= −
(

0

sTk dk

)

.
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Finally, it follows from (44) that

Nke1e
T
1W

T
k ∇F (xk) = −

(

1

−sTk dk

)

,

Nke2e
T
2W

T
k ∇F (xk) = −

(

0

sTk dk

)

.

Substituting the above expressions in (50) yields

ϑk(t) = γk,1(t)

(

1

−sTk dk

)

+ γk,2(t)

(

0

sTk dk

)

.

Hence

lim
t→+∞

pk(t) = lim
t→+∞

(sk, dk)ϑk(t)

= lim
t→+∞

γk,1(t)sk + lim
t→+∞

[γk,2(t)− γk,1(t)](s
T
k dk)dk .

By Theorem 2.6 we have that µ1(xk) > λσk(xk), which implies

lim
t→+∞

γk,2(t)

γk,1(t)
= +∞.

Therefore, since (sTk dk) > 0, we may write

lim
t→+∞

pk(t) = v(xk) lim
t→+∞

ψk(t),

where ψk(t) is a continuous real-valued function such that lim
t→+∞

ψk(t) = +∞.

¥

2.3 Properties of the search curves

At a point xk ∈ D, let Γk denote the curve in Rn represented by the vector equation

yk(t) = xk + pk(t), (51)
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where pk(t) is defined as in the preceding section. To simplify the notation, we let

α1(xk) =u1(xk)
TW T

k ∇F (xk),
α2(xk) =u2(xk)

TW T
k ∇F (xk).

(52)

Note that, when sk and dk are linearly independent, the scalar products α1(xk) and

α2(xk) are never both equal to zero. In fact, since ‖u1(xk)‖2 = ‖u2(xk)‖2 = 1 and

u1(xk)
Tu2(xk) = 0, we have that α1(xk) and α2(xk) are both equal to zero if and

only if W T
k ∇F (xk) = 0, because the vectors u1(xk), u2(xk) and W T

k ∇F (xk) cannot

be pairwise orthogonal in R2. Moreover, from (46) and (47) it is clear that if sk and

dk are linearly independent, then W T
k ∇F (xk) 6= 0. We now show some properties of

the curves Γk.

Theorem 2.9 If Γk is a curve in Rn represented by vector equation (51), then Γk

is an open simple curve:

yk(t
′) 6= yk(t

′′) ∀ t′, t′′ ≥ 0, t′ 6= t′′.

Therefore, vector equation (51) gives a parametric representation of curve Γk.

Proof. Without loss of generality, we assume that Γk is not a straight line. Let t′

and t′′ two nonnegative real numbers such that t′ 6= t′′. Assume that yk(t
′) = yk(t

′′).

This implies

pk(t
′) = pk(t

′′)

⇒ ϑk(t
′) = ϑk(t

′′) from (45) and since sk, dk are linearly independent

⇒ Nkϕk(t
′) = Nkϕk(t

′′) from (43)

⇒ ϕk(t
′) = ϕk(t

′′) because Nk is nonsingular. (53)

Equation (35), which defines ϕk(t), shows that equality (53) above, together with the

fact that u1(xk) and u2(xk) are orthogonal, implies

e−µi(xk)t
′

= e−µi(xk)t
′′

if µi(xk) 6= 0,

t′ = t′′ if µi(xk) = 0,

which is clearly a contradiction. ¥



2.3 Properties of the search curves 49

Theorem 2.10 If Γk is a curve in Rn and equation (51) is a parametric represen-

tation of Γk, with base interval [0,+∞[, then Γk is a regular (smooth) curve.

Therefore, we say that vector equation (51) is a regular parametric representation of

curve Γk.

Proof. If xk is a stationary point, then from (45) and (51) we obtain

‖y′k(t)‖2
2 = ‖p′k(t)‖2

2 =

[

∑

i∈Wk

vi(xk)
T

][

∑

i∈Wk

vi(xk)

]

card (Wk)
= 1 > 0. (54)

If xk is not a stationary point, then observe that from (40) we get

‖ϕ′
k(t)‖2

2 =

∥

∥

∥

∥

∥

−
2
∑

i=1

e−µi(xk)tui(xk)ui(xk)
TW T

k ∇F (xk)
∥

∥

∥

∥

∥

2

2

=
[

e−µ1(xk)tu1(xk)
TW T

k ∇F (xk)
]2

+
[

e−µ2(xk)tu2(xk)
TW T

k ∇F (xk)
]2

=[α1(xk)]
2e−2µ1(xk)t + [α2(xk)]

2e−2µ2(xk)t, (55)

where α1(xk) and α2(xk) are defined by (52). Moreover, (29) and (44) may be used

to obtain

NT
k (sk, dk)

T (sk, dk)Nk =N
T
k

(

‖sk‖2
2 sTk dk

sTk dk ‖dk‖2
2

)

Nk

=NT
k

(

‖sk‖2
2 sTk dk

sTk dk ‖dk‖2
2

)





‖dk‖2

rk
0

− sTk dk
‖dk‖2 rk

1
‖dk‖2





=NT
k





rk
‖dk‖2

sTk dk
‖dk‖2

0 ‖dk‖2





=





‖dk‖2

rk
− sTk dk

‖dk‖2 rk

0 1
‖dk‖2









rk
‖dk‖2

sTk dk
‖dk‖2

0 ‖dk‖2





=

(

1 0

0 1

)

= I2. (56)
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Finally, (43), (45), (55) and (56) yield

‖y′k(t)‖2
2 =‖p′k(t)‖2

2

=p′k(t)
Tp′k(t)

=ϑ′k(t)
T (sk, dk)

T (sk, dk) ϑ
′
k(t)

=ϕ′
k(t)

TNT
k (sk, dk)

T (sk, dk)Nkϕ
′
k(t)

=ϕ′
k(t)

T I2 ϕ
′
k(t)

=ϕ′
k(t)

Tϕ′
k(t)

=‖ϕ′
k(t)‖2

2

=[α1(xk)]
2e−2µ1(xk)t + [α2(xk)]

2e−2µ2(xk)t. (57)

Since α1(xk) and α2(xk) are never both equal to zero, from (57) we may conclude

‖y′k(t)‖2 > 0 ∀t ∈ [0,+∞[ . (58)

From (54), (58) and the observation that in the parametric equation (51) of Γk the

function pk(t) is at least continuously differentiable, it follows that Γk is a regular

curve. ¥

Assume that the positive orientation fixed on Γk coincides with the positive ori-

entation induced on Γk by the parametric representation (51), that is, with the ori-

entation of increasing t. The arc length parameter of Γk, with base point yk(0) = xk,

is the real-valued function ςk : [0,+∞[⊆ R → R defined in an interval of R by

ςk(t) =

∫ t

0

‖y′k(τ)‖2 dτ. (59)

If xk is not a stationary point, then it follows from (57) and (59) that

ςk(t) =

∫ t

0

√

[α1(xk)]2e−2µ1(xk)τ + [α2(xk)]2e−2µ2(xk)τ dτ. (60)

Unfortunately, for general values of αi(xk) and µi(xk) (i = 1, 2), the integrand on the

right-hand side of equation (60) does not have a primitive that can be expressed in

elementary form. However, we can prove the following theorem.
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Theorem 2.11 Let Γk denote a curve in Rn and equation (51) be a regular paramet-

ric representation of Γk, with base interval [0,+∞[ , and xk a nonstationary point. If

the positive orientation fixed on Γk coincides with the positive orientation induced on

Γk by the parametric representation (51), then the arc length parameter of Γk, with

base point yk(0) = xk, is the continuous real-valued function ςk : [0,+∞[⊆ R → R

defined as follows:

|αi(xk)| t if αj(xk) = µi(xk) = 0

|αi(xk)|
µi(xk)

[

1− e−µi(xk)t
]

if αj(xk) = 0, µi(xk) 6= 0

1

µj(xk)

[

%k − ‖p′k(t)‖2 +
αi(xk)

2
log

∣

∣

∣

∣

αi(xk) + ‖p′k(t)‖2

αi(xk)− ‖p′k(t)‖2

∣

∣

∣

∣

]

if µi(xk) = 0, µj(xk) 6= 0

|α2(xk)|
µ2(xk)

[

Hk(1)− e−µ2(xk)tHk

(

e−2[µ1(xk)−µ2(xk)]t
)]

if µ1(xk) > µ2(xk) > 0

|α1(xk)|
µ1(xk)

[

Kk(1)− e−µ1(xk)tKk

(

e2[µ1(xk)−µ2(xk)]t
)]

if µ2(xk) < µ1(xk) < 0

1

µ2(xk)

[

Υk − ‖p′k(t)‖2 +
[α1(xk)]

2

2|α2(xk)|Λk

e−[2µ1(xk)−µ2(xk)]tMk

(

e−2[µ1(xk)−µ2(xk)]t
)

]

if µ1(xk) > 0, µ2(xk) < 0,

where ‖p′k(t)‖2 is defined by (57), %k, Hk, Kk, Λk, Mk and Υk are defined by

%k =‖p′k(0)‖2 −
αi(xk)

2
log

∣

∣

∣

∣

αi(xk) + ‖p′k(0)‖2

αi(xk)− ‖p′k(0)‖2

∣

∣

∣

∣

, (61)

Hk(u) = 2F 1

(

−1

2
,

µ2(xk)

2[µ1(xk)− µ2(xk)]
,

µ2(xk)

2[µ1(xk)− µ2(xk)]
+ 1,− [α1(xk)]

2

[α2(xk)]2
u

)

, (62)

Kk(u) = 2F 1

(

−1

2
,

−µ1(xk)

2[µ1(xk)− µ2(xk)]
,

−µ1(xk)

2[µ1(xk)− µ2(xk)]
+ 1,− [α2(xk)]

2

[α1(xk)]2
u

)

, (63)

Λk =
2µ1(xk)− µ2(xk)

2[µ1(xk)− µ2(xk)]
, (64)

Mk(u) = 2F 1

(

1

2
,Λk,Λk + 1,− [α1(xk)]

2

[α2(xk)]2
u

)

, (65)
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Υk =‖p′k(0)‖2 −
[α1(xk)]

2

2|α2(xk)|Λk

Mk(1), (66)

and 2F 1(ν, µ, µ+1, z) denotes the Gauss hypergeometric function with parameters ν,

µ and µ+ 1.

Proof. Let i and j be elements of {1, 2}, with i 6= j. If αj(xk) = 0 and µi(xk) = 0,

then from (60) we get

ςk(t) =

∫ t

0

√

[αi(xk)]2 dτ

=|αi(xk)| t .

Instead, if it is still the case that αj(xk) = 0, but µi(xk) 6= 0, then (60) yields

ςk(t) =

∫ t

0

√

[αi(xk)]2e−2µi(xk)τ dτ

=|αi(xk)|
∫ t

0

e−µi(xk)τ dτ

=
|αi(xk)|
µi(xk)

[

1− e−µi(xk)t
]

.

Consider now the case in which either µ1(xk) or µ2(xk) is different from zero, say

µj(xk), and the other one is equal to zero, say µi(xk), with i and j elements of {1, 2}
and i 6= j. Let both α1(xk) and α2(xk) be nonzero. From (60) we get

ςk(t) =

∫ t

0

√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)τ dτ. (67)

Note that the integrand in (67) is continuous in the interval I = [0,+∞[∈ R and the

real-valued function g(χ) = − 1
2µj(xk)

log
[

χ2−[αi(xk)]
2

[αj(xk)]2

]

is continuously differentiable in

the interval J = ]|αi(xk)|,+∞[ ⊂ R. If µj(xk) > 0, then we consider the restriction

g1 of g to the interval J1 =
]

|αi(xk)|,
√

[α1(xk)]2 + [α2(xk)]2
]

. For every χ ∈ J1, we

have

χ2 − [αi(xk)]
2

[αj(xk)]2
≤ [α1(xk)]

2 + [α2(xk)]
2 − [αi(xk)]

2

[αj(xk)]2
=

[αj(xk)]
2

[αj(xk)]2
= 1,
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so that

log

[

χ2 − [αi(xk)]
2

[αj(xk)]2

]

≤ 0 ⇒ g1(χ) ≥ 0.

Analogously, if µj(xk) < 0, then we consider the restriction g2 of g to the interval

J2 =
[

√

[α1(xk)]2 + [α2(xk)]2,+∞
[

. For every χ ∈ J2, we have

χ2 − [αi(xk)]
2

[αj(xk)]2
≥ [α1(xk)]

2 + [α2(xk)]
2 − [αi(xk)]

2

[αj(xk)]2
=

[αj(xk)]
2

[αj(xk)]2
= 1,

so that

log

[

χ2 − [αi(xk)]
2

[αj(xk)]2

]

≥ 0 ⇒ g2(χ) ≥ 0.

Therefore, for every χ ∈ Jι (ι = 1, 2), we have gι(χ) ∈ I, so that the composition
√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)gι(χ) is a real-valued function defined in all Jι. For all

t ∈ [0,+∞[, we have
[

√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)t,
√

[α1(xk)]2 + [α2(xk)]2
]

⊂ J1

when µj(xk) > 0, and
[

√

[α1(xk)]2 + [α2(xk)]2,
√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)t
]

⊂

J2 when µj(xk) < 0. However, in both cases it is g
(

√

[α1(xk)]2 + [α2(xk)]2
)

=

g (‖p′k(0)‖2) = 0 and g
(

√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)t
)

= g (‖p′k(t)‖2) = t for all

t ∈ [0,+∞[. Therefore, we may apply the theorem on the integration by substitution

to the integral in (67) and obtain

ςk(t) =

∫ ‖p′k(t)‖2

‖p′
k
(0)‖2

√

[αi(xk)]2 + [αj(xk)]2e−2µj(xk)g(χ) g′(χ) dχ

=

∫ ‖p′k(t)‖2

‖p′
k
(0)‖2

χ

{

− χ

µj(xk) {χ2 − [αi(xk)]2}

}

dχ

=
1

µj(xk)

∫ ‖p′k(0)‖2

‖p′
k
(t)‖2

χ2

χ2 − [αi(xk)]2
dχ

=
1

µj(xk)

∫ ‖p′k(0)‖2

‖p′
k
(t)‖2

χ2 − [αi(xk)]
2 + [αi(xk)]

2

χ2 − [αi(xk)]2
dχ

=
1

µj(xk)

[

∫ ‖p′k(0)‖2

‖p′
k
(t)‖2

dχ− [αi(xk)]
2

∫ ‖p′k(0)‖2

‖p′
k
(t)‖2

1

[αi(xk)]2 − χ2
dχ

]
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=
1

µj(xk)

[

χ− αi(xk)

2
log

∣

∣

∣

∣

αi(xk) + χ

αi(xk)− χ

∣

∣

∣

∣

]‖p′k(0)‖2

‖p′
k
(t)‖2

=
1

µj(xk)

[

%k − ‖p′k(t)‖2 +
αi(xk)

2
log

∣

∣

∣

∣

αi(xk) + ‖p′k(t)‖2

αi(xk)− ‖p′k(t)‖2

∣

∣

∣

∣

]

.

Now assume that α1(xk), α2(xk), µ1(xk) and µ2(xk) are not null and µ1(xk) 6= µ2(xk).

If µ1(xk) and µ2(xk) are both positive, then we define

0 < ξk(t) = e−2[µ1(xk)−µ2(xk)]t ≤ 1 with t ∈ [0,+∞[ ,

µk =
µ2(xk)

2 [µ1(xk)− µ2(xk)]
> 0,

βk =
[α1(xk)]

2

[α2(xk)]2
> 0.

We can again apply the substitution method of integration and from (60) obtain

ςk(t) =
|α2(xk)|

2 [µ1(xk)− µ2(xk)]

∫ 1

ξk(t)

χµk−1
√

1 + βk χ dχ .

We recall Euler’s integral representation of the Gauss hypergeometric function 2F1.

If 0 < <(b) < <(c) and | arg(1− z)| < π, then

2F1(a, b; c; z) =
Γ(c)

Γ(b) Γ(c− b)

∫ 1

0

χb−1(1− χ)c−b−1(1− zχ)−a dχ ,

where 2F1(a, b; c; z) denotes the Gauss hypergeometric function with parameters a,

b and c. Here it is understood that argχ = arg(1 − χ) = 0 and (1 − zχ)−a has

its principal value. For a proof, see Andrews, Askey and Roy [5]. If <(µ) > 0 and

| arg(1 + β ξ)| < π, then
∫ ξ

0

χµ−1 (1 + β χ)−ν dχ =
ξµ

µ
2F1 (ν, µ;µ+ 1;−β ξ) , (68)

as reported by Gradshteyn and Ryzhik [32]. Since 0 < ξk(t) ≤ 1, by the finite

additivity property for definite integrals,

ςk(t) =
|α2(xk)|

2[µ1(xk)−µ2(xk)]

[

∫ 1

0

χµk−1

(1 + βk χ)
− 1

2

dχ−
∫ ξk(t)

0

χµk−1

(1 + βk χ)
− 1

2

dχ

]

. (69)
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Since µk > 0, βk > 0 and 0 < ξk(t) ≤ 1, from (68) and (69) we conclude

ςk(t) =
|α2(xk)|
µ2(xk)

[

2F1

(

−1
2
, µk;µk + 1;−βk

)

− e−µ2(xk)t
2F1

(

−1
2
, µk;µk + 1;−βk ξk(t)

)]

.

Analogously, if µ2(xk) < 0, then instead of (68) we use

∫ +∞

ξ

χµ−1 (1 + β χ)−ν dχ =
ξµ−ν

βν(ν − µ)
2F1

(

ν, ν − µ; ν − µ+ 1;− 1

β ξ

)

,

where <(ν) > <(µ). ¥

From equation (59) we get ς ′k(t) = ‖y′k(t)‖2 which, together with (54) and (58),

implies ς ′k(t) > 0∀t ∈ [0,+∞[ . Hence function ςk(t) is strictly increasing in the inter-

val [0,+∞[ . The range of ςk(t) is obviously an interval, say Ik: if Γk is bounded, then

Ik = [0, Lk], where Lk = lim
t→+∞

ςk(t) is the finite length of Γk, otherwise Ik = [0,+∞[ .

All this implies that function ςk(t) is invertible, its inverse is defined in interval Ik,

has range [0,+∞[ , is strictly increasing and has a continuous first derivative.

Therefore, in the parametric equation yk(t) = xk + pk(t) of Γk we can put t equal

to the inverse of ςk(t), so we obtain a new regular parametric representation of Γk

with base interval Ik, namely,

yk(ς) = xk + pk(t(ς)), (70)

which is the parametric representation of Γk as a function of the arc.

Finally, since pk(t) is twice-continuously differentiable in [0,+∞[ , we can define,

for all t in [0,+∞[ , the algebraic curvature κk(t) of curve Γk at xk + pk(t), relative

to the parametric representation (51).

Theorem 2.12 Let Γk denote a curve in Rn and equation (51) be a regular para-

metric representation of Γk, with base interval [0,+∞[. If the positive orientation

fixed on Γk coincides with the positive orientation induced on Γk by the parametric

representation (51), then the algebraic curvature of Γk, relative to this parametric
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representation, is the continuous real-valued function κk : [0,+∞[⊆ R → R defined

as follows:

κk(t) =
α1(xk)α2(xk) [µ1(xk)− µ2(xk)] e

−[µ1(xk)+µ2(xk)]t

{

[α1(xk)]2e−2µ1(xk)t + [α2(xk)]2e−2µ2(xk)t

} 3
2

t ∈ [0,+∞[ ,

and κk(t) is nonnegative for all t in the base interval.

Proof. Observe that

(

ϕ′
k(t)
)

1

(

ϕ′′
k(t)
)

2
−
(

ϕ′′
k(t)
)

1

(

ϕ′
k(t)
)

2

=

[

−
2
∑

i=1

e−µi(xk)t
(

ui(xk)
)

1
αi(xk)

][

2
∑

i=1

µi(xk)e
−µi(xk)t

(

ui(xk)
)

2
αi(xk)

]

−
[

2
∑

i=1

µi(xk)e
−µi(xk)t

(

ui(xk)
)

1
αi(xk)

][

−
2
∑

i=1

e−µi(xk)t
(

ui(xk)
)

2
αi(xk)

]

=α1(xk)α2(xk)[µ1(xk)− µ2(xk)]e
−[µ1(xk)+µ2(xk)]t

(

u1(xk)
)

1

(

u2(xk)
)

2

− α1(xk)α2(xk)[µ1(xk)− µ2(xk)]e
−[µ1(xk)+µ2(xk)]t

(

u1(xk)
)

2

(

u2(xk)
)

1

=α1(xk)α2(xk)[µ1(xk)− µ2(xk)]e
−[µ1(xk)+µ2(xk)]t

[(

u1(xk)
)

1

(

u2(xk)
)

2
−
(

u1(xk)
)

2

(

u2(xk)
)

1

]

=α1(xk)α2(xk)[µ1(xk)− µ2(xk)]e
−[µ1(xk)+µ2(xk)]t,

where
(

u1(xk)
)

1

(

u2(xk)
)

2
−
(

u1(xk)
)

2

(

u2(xk)
)

1
= 1 because u1(xk) and u2(xk) are

orthonormal. Now the desired result follows from the above equation and the fact

that the algebraic curvature of Γk is equal to

κk(t) =
1

3
√

‖yk(t)‖2

[(

ϕ′
k(t)
)

1

(

ϕ′′
k(t)
)

2
−
(

ϕ′′
k(t)
)

1

(

ϕ′
k(t)
)

2

]

.

¥



Chapter 3

THE ALGORITHM

This chapter describes an algorithm that uses the search curves defined in section 2.2.

Starting at a point x0 ∈ D, the algorithm generates a sequence (xk)
+∞
k=0 of iterates in

Rn by determining, at each iterate xk, a search direction pk as

pk = pk(tk), (1)

for some tk ∈ ]0,+∞[, where pk(t) is defined by

pk(t) =







(sk, dk) ϑk(t) if xk is not a stationary point

dk t if xk is stationary and not positive semidefinite,
(2)

and then by using the relationship

xk+1 =







xk + pk if xk is not stationary or is not positive semidefinite

xk otherwise
(3)

for all k ∈ {0, 1, . . .}.

3.1 Convergence theory of the algorithm

It is easy to show that the algorithm we propose is a well defined descent method,

namely, that there exists a sequence (tk)
+∞
k=0 of positive real numbers such that the

57
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following property holds:

F (xk+1) < F (xk) ∀k ∈ {0, 1, . . .}, (4)

unless xk = x∗, where ∇F (x∗) = 0 and ∇2F (x∗) positive semidefinite. Towards this

end, we first need to show the following lemma.

Lemma 3.1 Let f : I ⊆ R → R be a real-valued function continuously-differentiable

in the closed interval I. If t̄ ∈ I and f ′(t̄) 6= 0, then for any real number s such that

sf ′(t̄) < 0 there is a positive constant τ for which I includes the open interval whose

extremes are t̄ and t̄+ sτ , and

f(t̄+ st) < f(t̄) ∀t ∈ ]0, τ [.

Proof. Since f ′ is continuous in I, t̄ ∈ I and f ′(t̄) 6= 0, by the theorem on the

permanence of sign, there exists a neighborhood Nδ(t̄) ⊂ I in which f ′ is non null

and has the same sign of f ′(t̄). Therefore, for any real number s such that sf ′(t̄) < 0,

we have sf ′(t) < 0 for all t ∈ Nδ(t̄). Take τ = δ
|s|
> 0 and, for all t ∈ ]0, τ [, let us

apply Lagrange’s Theorem to the function f in the intervals [t̄ + st, t̄] when s < 0,

and in the intervals [t̄, t̄ + st] when s > 0. Let us consider, for instance, the former

case. There exists at least a point ξ ∈ ]t̄+ st, t̄[⊂ Nδ(t̄) such that

f(t̄)− f(t̄+ st) = f ′(ξ)(t̄− t̄− st)

⇔ f(t̄+ st)− f(t̄) = sf ′(ξ)t < 0

⇔ f(t̄+ st) < f(t̄) ∀t ∈ ]0, τ [.

An analogous argument can be used in the case s > 0. ¥

Using Lemma 3.1, we now prove the following theorem.

Theorem 3.2 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on the open subset D of Rn. Moreover, let pk(t) be defined by (2) for

all k ∈ {0, 1, . . .}. If x0 ∈ D, then there exists a sequence (tk)
+∞
k=0 of positive real
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numbers that defines (pk)
+∞
k=0 according to (1), generates a sequence (xk)

+∞
k=0 in D

according to (3), and is such that property (4) holds.

Proof. Without loss of generality, we assume that xk 6= x∗ for all k ∈ {0, 1, . . .}. We

shall prove the theorem by induction on the iteration number. At x0, let J ⊆ [0,+∞[

be a closed interval such that x0 + p0(t) ∈ D for all t ∈ J . Since x0 ∈ D, D is an

open set, p0(0) = 0 and p0 is continuous in [0,+∞[, we have that J 6= ∅ and {0} is

a proper subset of J . Consider the real-valued function f : J ⊆ R → R defined by

f(t) = F (x0 + p0(t)) t ∈ J.

Since p0 ∈ C∞ ([0,+∞[) and F is twice-continuously differentiable in D, by the

theorem on the differentiability of composition, we have that f is twice-continuously

differentiable in J and

f ′(t) = ∇F (x0 + p0(t))
Tp′0(t)

f ′′(t) = p′0(t)
T∇2F (x0 + p0(t))p

′
0(t) +∇F (x0 + p0(t))

Tp′′0(t)
∀t ∈ J. (5)

Let t̄ = 0, so that

f(t̄) = f(0) = F (x0 + p0(0)) = F (x0).

If x0 is a stationary point, then

f ′(t̄) =f ′(0) = ∇F (x0)
Tp′0(0) = 0,

f ′′(t̄) =f ′′(0) = p′0(t)
T∇2F (x0 + p0(t))p

′
0(t)

=

∑

i∈Wk

vi(xk)
T

√

card (Wk)
∇2F (xk)

∑

i∈Wk

vi(xk)

√

card (Wk)

=λn(xk) < 0.

Since f ′′ is continuous in [0,+∞[ and f ′′(0) < 0, by the theorem on the permanence

of sign, there exists a positive real number δ such that [0,+∞[⊂ J and f ′′(t) < 0

for all t ∈ [0, δ[ . From Taylor’s formula of order two of function f , relative to point
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t̄ = 0, with the remainder in Lagrange form, we have

f(t) = f(0) + f ′(0) δ +
1

2
f ′′(ξ) δ2

= f(0) +
1

2
f ′′(ξ) δ2,

where t ∈ ]0, δ[ and ξ ∈ ]0, t[ , so that f ′′(ξ) < 0. Therefore, f(t) − f(0) < 0 for all

t ∈ ]0, δ[ . We now take t0 ∈ ]0, δ[ and p0 = p0(t0), so that x1 = x0 + p0 is an element

of D and F (x1) < F (x0).

If x0 is not a stationary point, then from (5) we have

f ′(t̄) =f ′(0) = ∇F (x0)
Tp′0(0)

=∇F (x0)
T [−∇F (x0)]

=− ‖∇F (x0)‖2
2 < 0.

If we let s = 1, then sf ′(t̄) < 0 and, by Lemma 3.1, there exists a positive constant

τ for which [0, τ [⊆ J and

f(t̄+ t) < f(t̄) ∀t ∈ ]0, τ [

⇔ f(t) < f(0) ∀t ∈ ]0, τ [

⇔ F (x0 + p0(t)) < F (x0) ∀t ∈ ]0, τ [.

We now take t0 ∈ ]0, τ [ and p0 = p0(t0), so that x1 = x0 + p0 is an element of D and

F (x1) < F (x0).

Assume now that there exists a positive real number tk−1 which defines pk−1 and xk

as pk−1 = pk−1(tk−1) and xk = xk−1 + pk−1, so that xk ∈ D (and F (xk) < F (xk−1)).

We can repeat the same argument given for the base case and show that there exists

a positive real number tk which defines pk and xk+1 according to (1) and (3), so that

xk+1 ∈ D and F (xk+1) < F (xk). ¥

It is well known that condition (4) is not sufficient in itself to ensure that the

sequence (xk)
+∞
k=0 converges to a minimizer of F . If condition (4) holds and F is
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bounded below, then clearly the sequence (F (xk))
+∞
k=0 converges. However, we must

ensure that the sequence converges to F (x∗). What we basically require is that the

reduction F (xk+1)− F (xk) tends to zero only if xk tends to x∗.

To define the sequence (xk)
+∞
k=0 by (3), we use the parametric representations of

the search curves as functions of the arc, as we have defined them in section 2.3,

namely,

yk(ς) = xk + pk(t(ς)) ς ∈ Ik, (6)

where Ik is either [0, Lk] or [0,+∞[ . If µ ∈ ]0, 1[ and η ∈ [µ, 1[ , then we define

Ξk(µ, η) as the set of points ς ∈ Ik such that xk + pk(t(ς)) ∈ D and

F
(

xk + pk (t(ς))
)

≤ F (xk) + µ

[

−ς ‖∇F (xk)‖2 +
1

2
ς2 min {λn(xk), 0}

]

, (7)

∣

∣

∣

∣

∇F
(

xk + pk (t(ς))
)T p′k (t(ς))

‖p′k (t(ς))‖2

∣

∣

∣

∣

≤ −η
[

−‖∇F (xk)‖2 + ς min {λn(xk), 0}
]

. (8)

The following lemma will show that conditions (7) and (8) can be satisfied whenever

a descent pair of F exists at a point xk ∈ D.

Lemma 3.3 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn, and (sk, dk) be the nonascent pair of F

defined by (2.26) or (2.27) at a point xk ∈ D that is not a stationary point of F or

is not a positive semidefinite point of F . Moreover, let xk + pk(t(ς)) be the search

curve from xk defined by (6), where pk(t) is defined by (2) and t(ς) is the inverse

function of the arc length parameter of xk + pk(t) with base point xk. Assume that

xk is such that the level set Ω(F (xk)) is compact. If 0 < µ ≤ η < 1, then the set

Ξk(µ, η) defined by (7) and (8) contains a nontrivial interval.

Proof. As in the proof of Theorem 3.2, let Jk ⊆ Ik denote a closed interval, contain-

ing zero, such that xk+pk(t(ς)) ∈ D for all ς ∈ Jk. Moreover, consider the real-valued

function fk : Jk ⊆ R → R defined by

fk(ς) = F
(

xk + pk (t(ς))
)

ς ∈ Jk.
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Recall that ςk(t) is differentiable in [0,+∞[ , ς ′k(t) = ‖p′k(t)‖2 6= 0 for all t ∈ [0,+∞[ ,

and the inverse t(ς) is continuous in Ik. Therefore, t(ς) is differentiable in Ik and

t′(ς) =
1

ς ′k(t(ς))
=

1

‖p′k(t(ς))‖2

.

Hence

f ′k(ς) = ∇F
(

xk + pk (t(ς))
)T p′k(t(ς))

‖p′k(t(ς))‖2

(9)

and

f ′k(0) = ∇F (xk)T
sk
‖sk‖2

= −‖∇F (xk)‖2. (10)

Define β as

β = sup
ς∈Jk

{ς : ς > 0, f(ς) ≤ f(0)} .

From the definition of pk(t), we have either f ′k(0) < 0 or f ′k(0) = 0 and f ′′k (0) < 0.

This, together with the continuity of fk and the compactness property of Ω(fk(0)),

implies that β > 0, it is finite and fk(0) = fk(β). Thus, for all ς ≥ 0,

fk(β) ≥ fk(0) + µ

[

ς f ′k(0) +
1

2
ς2 min {λn(xk), 0}

]

, (11)

because µ > 0, f ′k(0) ≤ 0 and min {λn(xk), 0} ≤ 0. Consider now the real-valued

function hk : Jk ⊆ R → R defined by

hk(ς) = fk(ς)− fk(0)− µ

[

ς f ′k(0) +
1

2
ς2 min {λn(xk), 0}

]

. (12)

Condition (11) implies hk(β) ≥ 0. Note also that hk(0) = 0 and either h′k(0) < 0

or h′k(0) = 0 and h′′k(0) < 0. This, together with the continuity of hk, implies the

existence of a point β̂ ∈ ]0, β] such that hk(β̂) = 0 and hk(ς) < 0 for all ς ∈ ]0, β̂[ . By

Rolle’s theorem, there exists a point ξ ∈ ]0, β̂[ such that h′k(ξ) = 0. Hence, from (12),

f ′k(ξ) = µ [f ′k(0) + ξmin {λn(xk), 0}] ,

which shows that f ′k(ξ) < 0 and implies

|f ′k(ξ)| = −µ [f ′k(0) + ξmin {λn(xk), 0}] .
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Since µ ≤ η, the above equality implies

|f ′k(ξ)| ≤ −η [f ′k(0) + ξmin {λn(xk), 0}] .

Thus ξ satisfies (8). Moreover, conditions ξ < β̂ and hk(ς) < 0 for all ς ∈ ]0, β̂[ imply

that hk(ξ) < 0 and, therefore,

fk(ξ) ≤ fk(0) + µ

[

ξ f ′k(0) +
1

2
ξ2 min {λn(xk), 0}

]

.

Thus ξ also satisfies (7). Finally, continuity of f ′
k shows that Ξk(µ, η) must contain

an interval of points. ¥

To prove convergence of the proposed algorithm, we will also need the following

lemma; for a proof, see Ortega and Rheinboldt [46].

Lemma 3.4 Let F : D ⊆ Rn → R be a real-valued function continuously differen-

tiable on an open subset D of Rn, and assume that point x0 ∈ D is such that the

level set Ω(F (x0)) is compact. In addition, assume that F has a finite number of

stationary points in Ω(F (x0)). If the sequence (xk)
+∞
k=0 is in Ω(F (x0)),

lim
k→+∞

‖xk+1 − xk‖2 = 0 and lim
k→+∞

‖∇F (xk)‖2 = 0,

then (xk)
+∞
k=0 converges to some point x∗ ∈ Ω(F (x0)) with ∇F (x∗) = 0.

Using Lemma 3.3 and Lemma 3.4, we now prove the following theorem.

Theorem 3.5 Let F : D ⊆ Rn → R be a real-valued function twice-continuously

differentiable on an open subset D of Rn, and assume that point x0 ∈ D is such that

the level set Ω(F (x0)) is compact. In addition, assume that F has a finite number of

stationary points in Ω(F (x0)). Let the sequences (xk)
+∞
k=0,

(

(sk, dk)
)+∞

k=0
, (ςk)

+∞
k=0 and

(pk)
+∞
k=0 be such that

xk+1 =







xk + pk(t(ςk)) if xk is not stationary or is not positive semidefinite

xk otherwise
,

(13)
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(sk, dk) is the nonascent pair of F defined by (2.26) or (2.27) at a point xk ∈ D that

is not a stationary point of F or is not a positive semidefinite point of F , t(ς) is the

inverse function of the arc length parameter of xk + pk(t) with base point xk, pk(t) is

defined by (2) and ςk > 0 is an element of the set Ξk(µ, η) defined by conditions (7)

and (8) with 0 < µ ≤ η < 1. Then the following results hold:

1. the sequence (xk)
+∞
k=0 is well defined and lies in Ω(F (x0));

2. either there exists a finite index l such that ∇F (xl) = 0 and ∇2F (xl) is positive

semidefinite, or the sequence (xk)
+∞
k=0 converges to a point x∗ ∈ D such that

∇F (x∗) = 0 and ∇2F (x∗) is positive semidefinite.

Proof. To prove 1, observe that, if xk ∈ Ω(F (x0)) then the level set Ω(F (xk)) is also

compact and, if xk is not a stationary point of F or is not a positive semidefinite point

of F , Lemma 3.3 ensures the existence of a suitable positive ςk ∈ Ξk(µ, η) such that

xk + pk(t(ςk)) ∈ Ω(F (xk)) ⊆ Ω(F (x0)). Since x0 ∈ Ω(F (x0)), by induction on the

iteration number we conclude that xk is well defined and is an element of Ω(F (x0))

for all k ∈ {0, 1, . . .}. In addition, the sequence
(

F (xk)
)+∞

k=0
is strictly decreasing and

hence the compactness of Ω(F (x0)) implies that it converges.

To prove 2, observe that the theorem holds trivially if ∇F (xl) = 0 and ∇2F (xl)

is positive semidefinite for any finite index l. Moreover, since F has a finite number

of stationary points in Ω(F (x0)), without loss of generality we can consider only the

case when ∇F (xk) 6= 0 for all k ∈ {0, 1, . . .}. As in the proof of Lemma 3.3, let

Jk ⊆ Ik denote a closed interval, containing zero, such that xk + pk(t(ς)) ∈ D for all

ς ∈ Jk. Consider also the real-valued functions fk : Jk ⊆ R → R defined, for all

k ∈ {0, 1, . . .}, by
fk(ς) = F

(

xk + pk (t(ς))
)

ς ∈ Jk. (14)

Since ςk ∈ Ξk(µ, η), from (7), (10) and (14) we have

fk(ςk)− fk(0) ≤ µ

[

ςk f
′
k(0) +

1

2
ς2k min {λn(xk), 0}

]

≤ 0. (15)
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Convergence of the sequence
(

F (xk)
)+∞

k=0
implies that

(

fk(ςk) − fk(0)
)+∞

k=0
converges

to zero and hence, from (15) and the fact that µ > 0, we have

lim
k→+∞

ςk f
′
k(0) = 0, (16)

lim
k→+∞

ς2k min {λn(xk), 0} = 0. (17)

Since ςk ∈ Ξk(µ, η), from (8), (9) and (10) we have

f ′k(ςk) ≥ η

[

f ′k(0) + ςkmin {λn(xk), 0}
]

. (18)

In (16) assume that, as k goes to +∞, ςk tends to zero but f ′k(0) does not . Hence

there is a real number ε > 0 and an infinite subsequence of
(

f ′k(0)
)+∞

k=0
, with indexes

(ik)
+∞
k=0, such that

−f ′ik(0) ≥ ε ∀k ∈ {0, 1, . . .}. (19)

Thus f ′ik(0) + ςik min {λn(xik), 0} < 0 for all k ∈ {0, 1, . . .}, and from (18) we obtain

f ′ik(ςik)

f ′ik(0) + ςik min {λn(xik), 0}
≤ η ∀k ∈ {0, 1, . . .}. (20)

Since ∇2F (xk) is continuous in the compact set Ω(F (x0)), by (17) we have

lim
k→+∞

ςik min {λn(xik), 0} = 0. (21)

Moreover, since ςk tends to zero, continuity of f ′
k and (19) imply

lim
k→+∞

f ′ik(ςik) = lim
k→+∞

f ′ik(0) 6= 0. (22)

Hence, if we take the limit of both sides of inequality (20), equations (21) and (22)

imply

1 ≤ η,

which contradicts the assumption η < 1. Therefore, it must be the case that, as k

goes to +∞, fk(0) = −‖∇F (xk)‖2 tends to zero, so that

lim
k→+∞

∇F (xk) = 0. (23)
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In (17) assume that, as k goes to +∞, ςk tends to zero but min {λn(xk), 0}
does not . Hence there is a real number ε > 0 and an infinite subsequence of

(min {λn(xk), 0})+∞
k=0, with indexes (jk)

+∞
k=0, such that

−λn(xjk) ≥ ε ∀k ∈ {0, 1, . . .}. (24)

This, together with the inequalities f ′
jk
(0) ≤ 0 and ςk > 0 for all k ∈ {0, 1, . . .},

implies that f ′jk(0) + ςjk min {λn(xjk), 0} < 0 for all k ∈ {0, 1, . . .}. Thus from (18)

we obtain (20)
f ′jk(ςjk)

f ′jk(0) + ςjk λn(xjk)
≤ η ∀k ∈ {0, 1, . . .}. (25)

Since both numerator and denominator on the left-hand side of inequality (25) tend

to zero, and their first derivatives are convergent, we can take the limit of both sides

and apply l’Hôspital’s theorem, which yields

lim
k→+∞

f ′′jk(ςjk)

λn(xjk)
≤ η. (26)

If ςk tends to zero, then continuity of f ′′
k implies

lim
k→+∞

f ′′jk(ςjk) = lim
k→+∞

f ′′jk(0). (27)

We differentiate (9) to obtain

f ′′k (ς) =
p′k(t(ς))

T

‖p′k(t(ς))‖2

∇2F
(

xk + pk (t(ς))
) p′k(t(ς))

‖p′k(t(ς))‖2

+∇F
(

xk + pk (t(ς))
)T

[

p′′k(t(ς))

‖p′k(t(ς))‖2

− p′k(t(ς))p
′
k(t(ς))

Tp′′k(t(ς))

‖p′k(t(ς))‖3
2

]

.

Since p′k(t(0)) = sk, letting ς = 0 in the above formula gives

f ′′k (0) =
sTk
‖sk‖2

∇2F (xk)
sk
‖sk‖2

− sTk p
′′
k(t(0))

‖sk‖2

+
‖sk‖2

2 s
T
k p

′′
k(t(0))

‖sk‖3
2

=
sTk
‖sk‖2

2

∇2F (xk)sk. (28)
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Hence from (26), (27) and (28) we obtain

lim
k→+∞

sTjk∇2F (xjk)sjk
‖sjk‖2

2 λn(xjk)
≤ η. (29)

Since λn(xjk) is the smallest eigenvalue of ∇2F (xjk), in the notation of Chapter 2 we

may write

sTjk∇2F (xjk)sjk
‖sjk‖2

2 λn(xjk)
=

sTjk

n
∑

i=1

λi(xjk)vi(xjk)vi(xjk)
T sjk

‖sjk‖2
2 λn(xjk)

=

n
∑

i=1

λi(xjk)
[

sTjkvi(xjk)
]2

‖sjk‖2
2 λn(xjk)

≥
λn(xjk)

n
∑

i=1

[

sTjkvi(xjk)
]2

‖sjk‖2
2 λn(xjk)

=

n
∑

i=1

[

sTjkvi(xjk)
]2

‖sjk‖2
2

= 1.

If we use the above inequality in (29), then it follows

1 ≤ lim
k→+∞

sTjk∇2F (xjk)sjk
‖sjk‖2

2 λn(xjk)
≤ η,

which again contradicts the assumption η < 1. Therefore, it must be the case that,

as k goes to +∞, min {λn(xk), 0} tends to zero, so that

lim
k→+∞

∇2F (xk) is positive semidefinite.

Finally, from the definition of ϑk(t) we get that convergence to zero of the se-

quences
(

∇F (xk)
)+∞

k=0
implies

lim
k→+∞

ϑk(t(ςk)) = 0. (30)

From (2) and (13) we have

‖xk+1 − xk‖2 = ‖pk(t(ςk))‖2 ≤
(

‖∇F (xk)‖2, ‖dk‖2

)

ϑk(t(ςk)).
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Hence (23) and (30) imply

lim
k→+∞

‖xk+1 − xk‖2 = 0.

Therefore, Lemma 3.4 applies and we obtain that the sequence (xk)
+∞
k=0 converges to

some point x∗ ∈ Ω(F (x0)) with ∇F (x∗) = 0. Since min {λn(xk), 0} tends to zero as

k goes to +∞, we also have that ∇2F (x∗) must be positive semidefinite. ¥

We want to remark that the original method of gradients converges only to a

stationary point. Instead, with the introduction of search criteria (7) and (8) we

were able to prove convergence of the subspace method to a stationary point where

the Hessian matrix is positive semidefinite.

3.2 Statement of the algorithm

We now combine all the ideas of the previous sections into an algorithm for the

solution of unconstrained optimization problems. Let F : D ⊆ Rn → R be a real-

valued function twice-continuously differentiable on an open subset D of Rn. Let x0

be a point ofD, and let µ and η be two positive real numbers such that 0 < µ ≤ η < 1.

Starting at x0, with k = 0, we first evaluate the function value F (xk), the gradient

vector ∇F (xk) and the Hessian matrix ∇2F (xk) at xk. While the termination criteria

are not met, we compute the nonascent pair (sk, dk) of F at xk, then the matrix Gk

and its eigensystem µ1(xk), µ2(xk), u1(xk) and u2(xk). This is the information that

identifies the curve Γk.

Once we have Γk represented by xk + pk(t(ς)) as a function of the arc, we seek

a point along it that satisfies the search criteria described in section 3.1, namely, a

point xk + pk(t(ςk)) such that ςk ∈ Ξk(µ, η). Our first task in finding a point along

Γk that satisfies the search criteria is to select an initial trial point. The scheme

for selecting this point is an important factor in the performance of the algorithm,

both its speed and its robustness. A good scheme will produce initial points that

themselves satisfy the search criteria (7) and (8) a large percentage of the time and

that when they do not are not far from points that do.
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For a bounded curve, the point at the end of the curve has arc length parameter

equal to the length Lk of the curve. If the Hessian matrix∇2F (xk) is positive definite,

then the step to xk+pk(t(Lk)) is the Newton step. As we have seen in Chapter 1, this

point has long been recognized as a good initial trial point in other unconstrained

optimization algorithms, especially close to a solution. Therefore, we use this step

as the initial trial point for bounded curves. For unbounded curves, we use the

point with arc length parameter equal to −µ2(xk)
−1 subject to the safeguard that, if

|µ2(xk)| is not sufficiently large, we use the point with arc length parameter equal to

1− µ2(xk). The just-mentioned points are usually, but not always, good initial trial

points. We need to constrain them somewhat as a safeguard for those cases in which

they are not.

We search for a point with an arc length parameter in the search interval [0, Lk]

for a bounded curve, or in the search interval [0,+∞[ for an unbounded curve. A

trial point divides the search interval into two subintervals; if the curve is bounded

and the trial point is at arc length parameter Lk, then one of the subinterval is empty.

Based upon information of the function at the trial point, either it is accepted as the

next point in the iteration or one of the two subintervals is discarded and the trial

point becomes the new upper bound or the new lower bound of the search interval.

The process continues until either a trial point is accepted or a maximum number of

trials occur, in which case an error condition is returned and the algorithm stops.

At the end of the curve-search, once we have accepted the point with arc length

parameter ςk, we set pk = pk(t(ςk)) and move to point xk+1 = xk + pk. Algorithm 1

on the next page expresses formally the complete method that we have specified.

3.3 Summary and future work

In this dissertation we presented a subspace method based on a differential equation

approach to solve unconstrained optimization problems. The method was similar in

spirit to the original method of gradients. However, unlike the original method of gra-

dients, it required the solution of a system of only two ordinary differential equations.
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Algorithm 1 (Subspace Method)

Let F : D ⊆ Rn → R be twice-continuously differentiable on the open set D;

Let x0 ∈ D;

Let µ, η ∈ R such that 0 < µ ≤ η < 1;

k = 0;

Evaluate F (xk), ∇F (xk) and ∇2F (xk);

while (termination criteria are not met) do

Compute the nonascent pair (sk, dk) of F at xk;

Compute Wk and Nk;

Gk =W T
k ∇2F (xk)Wk;

Compute µ1(xk), µ2(xk), u1(xk) and u2(xk);

if Γk is bounded then

ςk = Lk;

else

if µ2(xk) is sufficiently large then

ςk = −µ2(xk)
−1;

else

ςk = 1− µ2(xk);

end if

end if

while ςk /∈ Ξk(µ, η) do

Use cubic or quadratic safeguarded interpolation to find a trial point ςk;

Compute ϕk(t(ςk));

pk = (sk, dk)Nkϕk(t(ςk));

Evaluate F (xk + pk) and ∇F (xk + pk);

end while

xk+1 = xk + pk;

k = k + 1;

Evaluate ∇2F (xk);

end while
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This system was definable, made sense and was solvable regardless the nature of the

Hessian matrix of the objective function. Its solution was unaffected by possible poor

scaling of the optimization problem. Under mild assumptions the method was shown

to converge to a point satisfying the first and second-order necessary conditions for

unconstrained optimality.

A MATLAB implementation of the method was provided. It has been tested and

have been proven to be be very reliable and efficient in comparison to leading alter-

native routines. It is at least as robust as the algorithm that solves the system of n

ordinary differential equations. Test problem documentation, software documenta-

tion and numerical results have been gathered in the appendices.

The method can be extended to constrained optimization problems almost as

simply as linesearch methods. In the case of linear equality constraints, the system

of differential equations is applied to the space spanned by the columns of Z which

form a basis for the set of vectors orthogonal to the rows of the constraint matrix.

This means that the gradient ∇F and the Hessian matrix ∇2F are replaced by the

projected gradient ZT∇F and the projected Hessian matrix ZT∇2FZ, respectively.

In the case of simple bounds in which at each iteration we have only a subset of

the variables active, in determining whether to move off a constraint, only first-order

multipliers need be computed, since the incremental step is the projected steepest

descent. This means multiple constraints can safely be deleted. Theorem 2.12 showed

that a search curve either lies on a constraint, or intersects it at most in two points,

because its curvature never changes sign in the base interval.

The case of nonlinear constraints depends on the type of algorithm. For example,

a MINOS-type algorithm would be relatively straightforward to implement, since

we are solving a sequence of linearly constrained problems and that case has been

covered. Likewise nonlinear equality constraint problem are relatively easy to deal

with since, like the linear case, we can consider the curve lying on the space spanned

by a linearization of the constraints. However, the current iterate will not lie on

the constraints so there is a component of the search stepping to the constraint.
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Therefore, we have a well-defined curve lying in a plane and a step to the plane,

and there are several possible ways of combining them. The more difficult case is

determining the equivalent of an SQP method.

Finally, since the method of this dissertation is an outgrowth of a method proposed

to solve variational problems, it would be instructive to compare the performance of

our method with that of methods specifically designed to solve variational problems

associated with partial differential equations.



Appendix A

TEST PROBLEM

DOCUMENTATION

The algorithm in Chapter 3 was tested with 37 test problems taken from Albert

G. Buckley’s test set [16]. This is a compilation from many sources of 417 test

problems from 83 test functions; some have been developed by researchers for testing

algorithms, others are real problems from practitioners. Following the terminology

adopted by Behrman [6], here we use the term test function to mean a functional

form that may have a variable size or have parameters that may be varied, and we

use the term test problem to mean a test function with specified size and parameters

and a specified initial point.

From Buckley’s test set Behrman selected for implementation 142 test problems

from all 83 test functions. Each of the 142 test problems was implemented in Fortran

with the aid of Mathematica and ADIFOR. Mathematica was used to generate the

objective functions and the gradient vectors for all the problems and the Hessian

matrices for problems of size n ≤ 20. ADIFOR was used to generate the Hessian-

vector products for all problems and the Hessian matrices for problems of size n > 20.

Behrman provided two versions of each test problem, of the form prob.f and

prob.ad.f, which he called the ANSI and ADIFOR versions, respectively. The ANSI

73
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version is in ANSI-standard Fortran 77. The ADIFOR version contains ADIFOR-

generated code using the following three extensions to the ANSI standard: use of

the underscore in identifier, the DO . . . END DO statement and the symbolic names

longer than 6 characters. Since the Fortran compiler we used could compile the

ADIFOR version, we used it instead of the ANSI version because the ADIFOR version

has additional functionality.

For further information on Behrman’s implementation of the test problems, in-

cluding information on how to use them, see Appendix A in [6].
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SOFTWARE DOCUMENTATION

We provide a MATLAB implementation of Algorithm 1 on page 70 for solving uncon-

strained optimization problems. The routine is called SUMEBADEA, for subspace

method based on a differential equation approach.

We also provide MEX-files to call, from MATLAB, the Fortran implementations

of the test problems. In this appendix we include as an example the MEX-file called

EVA, for evaluation. EVA is a gateway subroutine that interfaces MATLAB with

the ADIFOR versions of the Fortran computational routines that were provided by

Behrman to implement 142 unconstrained minimization test problems from Buckley’s

test set. The four computational routines called by EVA are

SUBROUTINE CF( N, X, F, INFO )

SUBROUTINE CGRAD( N, X, GRAD, INFO )

SUBROUTINE CHESSV( N, X, V, HESSV, INFO )

SUBROUTINE CHESS( N, X, HESS, LDHESS, INFO )

which calculate the value of the objective function, the gradient, the Hessian-vector

product and the Hessian matrix, respectively.

Finally, we provide a MEX-file to call, from MATLAB, a Fortran implementation

of the Gauss hypergeometric function, which is needed to compute the arc length

parameter of most search curves. In this appendix we included the MEX-file called

75
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F21, which is a gateway subroutine that interfaces MATLAB with a Fortran compu-

tational routine that was provided by Zhang and Jin [63]. The computational routine

called by it is

SUBROUTINE HYGFX ( A, B, C, X, HF )

which computes the Gauss hypergeometric function 2F1(a, b, c, x) with real parame-

ters a, b and c, such that c 6= 0,−1,−2, . . ., and real arguments x < 1.

For further information on MEX-files, including information on how to use them,

see the MATLAB Application Program Interface Guide [38].
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c SUBROUTINE EVA

c

c THIS IS THE GATEWAY ROUTINE OF A FORTRAN MEX-FILE FOR MATLAB.

c

c Gateway subroutine that interfaces MATLAB with the ADIFOR

c versions of the FORTRAN computational routines that were

c provided by William Behrman to implement 142 unconstrained

c minimization test problems from Albert G. Buckley’s test set.

c

c The four computational routines called by this gateway are

c SUBROUTINE CF( N, X, F, INFO )

c SUBROUTINE CGRAD( N, X, GRAD, INFO )

c SUBROUTINE CHESSV( N, X, V, HESSV, INFO )

c SUBROUTINE CHESS( N, X, HESS, LDHESS, INFO )

c which calculate the value of the objective function, the

c gradient, the Hessian-vector product and the Hessian matrix,

c respectively.

c

c

c NOTE: if your FORTRAN compiler does not support the %val

c construct, use mxCopy__ routines to pass the value

c of the variable, rather than the address of the

c variable, to the computational routines.

c

c====================================================================

c THE GATEWAY SUBROUTINE

SUBROUTINE mexFunction(nlhs, plhs, nrhs, prhs)

IMPLICIT NONE
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c--------------------------------------------------------------------

c (INTEGER) Replace INTEGER*8 by INTEGER if not on the DEC Alpha

c or the SGI 64-bit platforms.

INTEGER*8 plhs(*), prhs(*)

INTEGER*8 mxGetPr, mxCreateFull, mxGetString

c--------------------------------------------------------------------

INTEGER nlhs, nrhs, mxGetM, mxGetN

c KEEP THE ABOVE SUBROUTINE, ARGUMENT, AND FUNCTION DECLARATIONS

c FOR USE IN ALL YOUR FORTRAN MEX-FILES.

c====================================================================

c--------------------------------------------------------------------

c (INTEGER) Replace INTEGER*8 by INTEGER if not on the DEC Alpha

c or the SGI 64-bit platforms.

INTEGER*8 pX, pOUT, pV

c--------------------------------------------------------------------

INTEGER mxIsString, mxIsNumeric

INTEGER m_in, n_in, size, strlen, status, sizeV

INTEGER IpINFO

CHARACTER*2 Sname

c CHECK FOR PROPER NUMBER OF ARGUMENTS.

IF (nlhs .NE. 1)

+ CALL mexErrMsgTxt(’One output argument required.’)

IF (nrhs .LT. 2)
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+ CALL mexErrMsgTxt(’At least two input arguments required.’)

c CHECK THAT INPUT #1 IS A STRING.

IF (mxIsString(prhs(1)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #1 must a string.’)

c CHECK THAT INPUT #2 IS NUMERIC.

IF (mxIsNumeric(prhs(2)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #2 must be numeric.’)

c GET THE DIMENSIONS OF INPUT #1 ARGUMENT.

m_in = mxGetM(prhs(1))

strlen = m_in * mxGetN(prhs(1))

c CHECK THAT INPUT #1 IS A ROW VECTOR.

IF (m_in .NE. 1)

+ CALL mexErrMsgTxt(’Input #1 must be a row vector.’)

c GET THE DIMENSIONS OF INPUT #2 ARGUMENT.

m_in = mxGetM(prhs(2))

n_in = mxGetN(prhs(2))

size = m_in * n_in

c CHECK THAT INPUT #2 IS A VECTOR.

IF (MIN(m_in,n_in) .NE. 1)

+ CALL mexErrMsgTxt(’Input #2 must be a vector.’)

c GET THE STRING CONTENT (DEREFERENCE THE INPUT INTEGER).

status = mxGetString(prhs(1), Sname, strlen)
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c CHECK THAT THE STRING HAS BEEN CREATED SUCCESSFULLY.

IF (status .NE. 0)

+ CALL mexErrMsgTxt(’String of input #1 is too long.’)

c--------------------------------------------------------------------

c IMPLEMENT A "CASE" STRUCTURE ON THE BASIS OF THE VALUE OF INPUT #1.

c--------------------------------------------------------------------

c CALCULATE THE VALUE OF THE OBJECTIVE FUNCTION AT POINT X.

IF (Sname .EQ. ’F’) THEN

c CHECK FOR PROPER NUMBER OF INPUT ARGUMENTS.

IF (nrhs .NE. 2)

+ CALL mexErrMsgTxt(’Two input arguments required.’)

c CREATE A SCALAR FOR THE RETURN ARGUMENT.

plhs(1) = mxCreateFull(1, 1, 0)

c ASSIGN POINTERS TO THE VARIOUS PARAMETERS.

pX = mxGetPr(prhs(2))

pOUT = mxGetPr(plhs(1))

c CALL THE COMPUTATIONAL SUBROUTINE.

CALL CF(size, %val(pX), %val(pOUT), IpINFO)

c CALCULATE THE GRADIENT OF THE OBJECTIVE FUNCTION AT POINT X.

ELSEIF (Sname .EQ. ’g’) THEN

c CHECK FOR PROPER NUMBER OF INPUT ARGUMENTS.

IF (nrhs .NE. 2)

+ CALL mexErrMsgTxt(’Two input arguments required.’)

c CREATE A VECTOR FOR THE RETURN ARGUMENT.

plhs(1) = mxCreateFull(m_in, n_in, 0)

c ASSIGN POINTERS TO THE VARIOUS PARAMETERS.

pX = mxGetPr(prhs(2))

pOUT = mxGetPr(plhs(1))
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c CALL THE COMPUTATIONAL SUBROUTINE.

CALL CGRAD(size, %val(pX), %val(pOUT), IpINFO)

c CALCULATE THE HESSIAN MATRIX OF THE OBJECTIVE FUNCTION AT POINT X

c MULTIPLIED BY VECTOR V.

ELSEIF (Sname .EQ. ’Hv’) THEN

c CHECK FOR PROPER NUMBER OF INPUT ARGUMENTS.

IF (nrhs .NE. 3)

+ CALL mexErrMsgTxt(’Three input arguments required.’)

c CHECK THAT INPUT #3 IS NUMERIC.

IF (mxIsNumeric(prhs(3)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #3 must be numeric.’)

c GET THE DIMENSIONS OF INPUT #3 ARGUMENT.

n_in = mxGetN(prhs(3))

sizeV = mxGetM(prhs(3)) * n_in

c CHECK THAT INPUT #3 IS A COLUMN VECTOR.

IF (n_in .NE. 1)

+ CALL mexErrMsgTxt(’Input #3 must be a column vector.’)

c CHECK THAT INPUT VECTOR #2 AND INPUT VECTOR #3 HAVE THE SAME

c DIMENSION.

IF (size .NE. sizeV)

+ CALL mexErrMsgTxt(’Input vector #2 and input vector’ //

+ ’ #3 must have the same dimension.’)

c CREATE A VECTOR FOR THE RETURN ARGUMENT.

plhs(1) = mxCreateFull(sizeV, 1, 0)

c ASSIGN POINTERS TO THE VARIOUS PARAMETERS.

pX = mxGetPr(prhs(2))

pV = mxGetPr(prhs(3))

pOUT = mxGetPr(plhs(1))

c CALL THE COMPUTATIONAL SUBROUTINE.

CALL CHESSV(size, %val(pX), %val(pV), %val(pOUT), IpINFO)
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c CALCULATE THE HESSIAN MATRIX OF THE OBJECTIVE FUNCTION AT POINT X.

ELSEIF (Sname .EQ. ’H’) THEN

c CHECK FOR PROPER NUMBER OF INPUT ARGUMENTS.

IF (nrhs .NE. 2)

+ CALL mexErrMsgTxt(’Two input arguments required.’)

c CREATE A MATRIX FOR THE RETURN ARGUMENT.

plhs(1) = mxCreateFull(size, size, 0)

c ASSIGN POINTERS TO THE VARIOUS PARAMETERS.

pX = mxGetPr(prhs(2))

pOUT = mxGetPr(plhs(1))

c CALL THE COMPUTATIONAL SUBROUTINE.

CALL CHESS(size, %val(pX), %val(pOUT), size, IpINFO)

c BREAK THE EXECUTION WHEN THE VALUE OF INPUT #1 IS IMPROPER.

ELSE

CALL mexErrMsgTxt(’Improper value of input #1.’)

ENDIF

c CHECK THE INFORMATION ON SUBROUTINE EXECUTION.

IF (IpINFO .NE. 0) THEN

WRITE(*,*)

5 FORMAT (A10,I2)

WRITE(*,5) ’ INFO =’, IpINFO

WRITE(*,*) ’ Error in the execution of the’,

+ ’ computational subroutine.’

CALL mexErrMsgTxt(’Invalid dimension of the input vector.’)

ENDIF

c RETURN THE OUTPUT ARGUMENTS TO MATLAB AND END THE EXECUTION OF THE

c MEX-FILE.

RETURN

END
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c SUBROUTINE F21

c

c THIS IS THE GATEWAY ROUTINE OF A FORTRAN MEX-FILE FOR MATLAB.

c

c Gateway subroutine that interfaces MATLAB with a FORTRAN

c computational routine that was provided by Shanjie Zhang and

c Jianming Jin in the disk that accompanies the book

c COMPUTATION OF SPECIAL FUNCTIONS

c Copyright 1996 by John Wiley & Sons, Inc.

c

c The computational routine called by this gateway is

c SUBROUTINE HYGFX ( A, B, C, X, HF )

c which computes the Gauss hypergeometric function 2_F_1(a,b,c,x)

c with real parameters a, b, c, such that c <> 0,-1,-2,...,

c and real arguments x < 1.

c

c

c NOTE: if your FORTRAN compiler does not support the %val

c construct, use mxCopy_ routines to pass the values

c of the variables, rather than the addresses of the

c variables, to the computational routines.

c

c====================================================================

c THE GATEWAY SUBROUTINE

SUBROUTINE mexFunction(nlhs, plhs, nrhs, prhs)

IMPLICIT NONE
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c--------------------------------------------------------------------

c (INTEGER) Replace INTEGER*8 by INTEGER if not on the DEC Alpha

c or the SGI 64-bit platforms.

INTEGER*8 plhs(*), prhs(*)

INTEGER*8 mxGetPr, mxCreateFull, mxGetString

c--------------------------------------------------------------------

INTEGER nlhs, nrhs, mxGetM, mxGetN

c KEEP THE ABOVE SUBROUTINE, ARGUMENT, AND FUNCTION DECLARATIONS

c FOR USE IN ALL YOUR FORTRAN MEX-FILES.

c====================================================================

c--------------------------------------------------------------------

c (INTEGER) Replace INTEGER*8 by INTEGER if not on the DEC Alpha

c or the SGI 64-bit platforms.

INTEGER*8 pa, pb, pc, px, pF

c--------------------------------------------------------------------

INTEGER mxIsNumeric, mxIsComplex

c CHECK FOR PROPER NUMBER OF ARGUMENTS.

IF (nlhs .NE. 1)

+ CALL mexErrMsgTxt(’One output argument required.’)

IF (nrhs .NE. 4)

+ CALL mexErrMsgTxt(’Four input arguments required.’)
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c CHECK THAT INPUT ARGUMENTS ARE NUMERIC.

IF (mxIsNumeric(prhs(1)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #1 must be numeric.’)

IF (mxIsNumeric(prhs(2)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #2 must be numeric.’)

IF (mxIsNumeric(prhs(3)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #3 must be numeric.’)

IF (mxIsNumeric(prhs(4)) .EQ. 0)

+ CALL mexErrMsgTxt(’Input #4 must be numeric.’)

c CHECK THAT INPUT ARGUMENTS ARE REAL.

IF (mxIsComplex(prhs(1)) .EQ. 1)

+ CALL mexErrMsgTxt(’Input #1 must be real.’)

IF (mxIsComplex(prhs(2)) .EQ. 1)

+ CALL mexErrMsgTxt(’Input #2 must be real.’)

IF (mxIsComplex(prhs(3)) .EQ. 1)

+ CALL mexErrMsgTxt(’Input #3 must be real.’)

IF (mxIsComplex(prhs(4)) .EQ. 1)

+ CALL mexErrMsgTxt(’Input #4 must be real.’)

c CHECK THAT INPUT ARGUMENTS ARE SCALARS.

IF ((mxGetM(prhs(1)) .NE. 1) .OR. (mxGetN(prhs(1)) .NE. 1))

+ CALL mexErrMsgTxt(’Input #1 must be a scalar.’)

IF ((mxGetM(prhs(2)) .NE. 1) .OR. (mxGetN(prhs(2)) .NE. 1))

+ CALL mexErrMsgTxt(’Input #2 must be a scalar.’)

IF ((mxGetM(prhs(3)) .NE. 1) .OR. (mxGetN(prhs(3)) .NE. 1))

+ CALL mexErrMsgTxt(’Input #3 must be a scalar.’)

IF ((mxGetM(prhs(4)) .NE. 1) .OR. (mxGetN(prhs(4)) .NE. 1))

+ CALL mexErrMsgTxt(’Input #4 must be a scalar.’)
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c CREATE A SCALAR FOR THE RETURN ARGUMENT.

plhs(1) = mxCreateFull(1, 1, 0)

c ASSIGN POINTERS TO THE VARIOUS PARAMETERS.

pa = mxGetPr(prhs(1))

pb = mxGetPr(prhs(2))

pc = mxGetPr(prhs(3))

px = mxGetPr(prhs(4))

pF = mxGetPr(plhs(1))

c CALL THE COMPUTATIONAL SUBROUTINE.

CALL HYGFX(%val(pa), %val(pb), %val(pc), %val(px), %val(pF))

c RETURN THE OUTPUT ARGUMENTS TO MATLAB AND END THE EXECUTION OF THE

c MEX-FILE.

RETURN

END



Appendix C

NUMERICAL RESULTS

In this section we give the results of the numerical testing of SUMEBADEA, which

was performed on a Silicon Graphics Origin 2000 running IRIX64 release 6.5.6m.

The set of termination criteria that were applied within the algorithm to indicate a

successful termination is the following:

‖∇F (xk)‖2 ≤ 3
√
τF
(

1 + |F (xk)|
)

,

λn(xk) ≥ τF ,

F (xk−1)− F (xk) < τF
(

1 + |F (xk)|
)

,

‖xk−1 − xk‖2 <
√
τF
(

1 + ‖xk‖2

)

.

We chose τF equal to 10−12. Table C.1 on page 89 contains the performance of

routine SUMEBADEA on each test problem in terms of number of iterations l until

termination and the 2-norm of the gradient vector ∇F (xl).
We also compared the performance of our routine SUMEBADEA against that of

Behrman’s implementation of a gradient flow method, and against that of two leading

commercial routines that also use first and second derivatives. For a gradient flow

method, we used the routine UMINH. For a linesearch method, we used the routine

E04LBF from the NAG library. For a trust-region method, we used the routine

DMNH from the AT&T PORT library. The test problems were run on these routines

using the routines’ default or suggested parameter values.

87
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With the limit value F (x∗) of the objective function known for each test problem,

we were also able to use the reduction in error

εk =

∣

∣

∣

∣

F (xk)− F (x∗)

F (x0)− F (x∗)

∣

∣

∣

∣

as a uniform measure of the routines’ convergence. We recorded the number of

iterations required by each routine to achieve tolerance level εk = 10−12.

Table C.1 also includes a column with the rank, first, second, third or fourth,

of SUMEBADEA on a given test problem. In the last column there is the ratio of

SUMEBADEA’s performance on the problem to that of the best routine’s perfor-

mance.
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Table C.1: Number of iterations l until termination, 2-norm of the gradient vector

at termination, and place finishes for number of iterations, tolerance = 10−12.

Function Problem Size l ‖∇F (xl)‖2 Rank Ratio

ARGAUS ARGAUS 3 3 2.47E-16 1 1

ARGQDN ARGQDN50 5 2 0.00E+00 1 1

ARTRIG ARTRIG10 10 11 7.45E-12 2 1.11

AVRIEL AVRIEL3 2 2 4.44E-16 1 1

BARD70 BARD70 3 12 4.98E-16 2 1.14

BEAL58 BEAL58KO 2 11 2.90E-15 2 1.12

BOOTH BOOTH 2 2 3.55E-15 1 1

BOX66 BOX662HL 2 13 1.33E-16 2 1.38

BRKMCC BRKMCC 2 4 4.22E-15 1 1

BROWND BROWND 4 9 3.45E-11 2 1.14

BROY7D BROY7D 60 28 2.22E-10 3 2.45

BRWNAL BRWNL100 100 6 1.09E-11 1 1

BRYBND BRYBND18 100 8 1.39E-12 1 1

CLUSTR CLUSTR 2 14 3.00E-18 2 1.5

CRGLVY CRGLY500 500 17 2.65E-14 1 1

DIXON DIXON 10 2 0.00E+00 1 1

EXTRSN EXTRA100 100 25 0.00E+00 2 1.05

FRDRTH FRDRTHB3 50 7 1.75E-12 1 1

GOTTFR GOTTFR 2 20 1.17E-16 2 1.62

HILBRT HILBRT12 12 5 2.06E-23 1 1

HIMM1 HIMM1 2 1 0.00E+00 1 1

HIMM25 HIMM25 2 1 0.00E+00 1 1

MANCIN MANCIN50 50 4 5.36E-09 1 1

NONDIA NONDIA20 20 26 8.66E-13 3 1.26

PENAL1 PEN1LN1 50 45 2.87E-17 1 1

PENAL1 PEN1LN2 100 45 5.04E-16 1 1

QUARTC QUARTC 25 33 9.07E-13 1 1
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SCHMVT SCHMV500 500 4 4.51E-15 1 1

TDQUAD TDQ500 500 2 9.86E-32 1 1

TOINT PSPTOINT 50 12 5.61E-14 1 1

TRIDIA TRLN100 100 2 6.86E-13 1 1

WATSON WATSON6 6 16 9.56E-12 3 1.36

WOODS WOODS 4 50 6.60E-14 3 1.3

WOODS WOODS80 80 47 3.18E-13 2 1.22

XTX XTX16 16 2 1.41E-31 1 1

XTX XTX2 2 2 4.97E-32 1 1

ZANGWL ZANGWL1 3 2 4.19E-29 1 1
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[22] Arthur Erdélyi, editor. Wilhelm Magnus, Fritz Oberhettinger and

Francesco Giacomo Tricomi, research associates. Tables of Integral Trans-

forms. Based, in part, on notes left by Harry Bateman, and compiled by the staff

of the Bateman Manuscript Project. Bateman Manuscript Project, McGraw-Hill

Book Company, Inc., New York, 1954.

[23] Anthony V. Fiacco and Garth Philip McCormick. Nonlinear Program-

ming: Sequential Unconstrained Minimization Techniques. John Wiley and Sons,

Inc., New York, 1968.



Bibliography 94

[24] Roger Fletcher and T. L. Freeman. A modified Newton method for mini-

mization. Journal of Optimization Theory and Applications, vol. 23, no. 3, 1977,

pp. 357–372.

[25] Anders Forsgren, Philip E. Gill andWalter Murray. Computing mod-

ified Newton directions using a partial Cholesky factorization. Technical Report

SOL 93-1, Department of Operations Research, Stanford University, Stanford,

California, March 1993.

[26] Anders Forsgren and Walter Murray. Newton methods for large-scale

linear equality-constrained minimization. SIAM Journal on Matrix Analysis and

Applications, vol. 14, no. 2, April 1993, pp. 560–587.

[27] Philip E. Gill and Walter Murray. Newton-type methods for uncon-

strained and linearly constrained optimization. Mathematical Programming,

vol. 7, no. 3, December 1974, pp. 311–350.

[28] Philip E. Gill, Walter Murray and Margaret H. Wright. Practical

Optimization. Academic Press Limited, London, U.K., 1981.

[29] Donald Goldfarb. Curvilinear path steplength algorithms for minimization

which use directions of negative curvature. Mathematical Programming, vol. 18,

no. 1, January 1980, pp. 31–40.

[30] Gene Howard Golub and Charles F. Van Loan. Matrix Computations.

Third edition. The Johns Hopkins University Press, Baltimore, Maryland, 1996.

[31] Michel Goossens, Frank Mittelbach and Alexander Samarin. The

LATEX Companion. Addison Wesley Longman, Inc., Reading, Massachusetts,

1994.

[32] Izrail′ Solomonovich Gradshteyn and Iosif Moiseevich Ryzhik; Alan

Jeffrey, editor. Table of Integrals, Series, and Products. Fifth edition. Aca-

demic Press, Inc., Boston, Massachusetts, 1994.



Bibliography 95
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[43] Hiro Mukai and Èlijah Polak. A second-order method for unconstrained

optimization. Journal of Optimization Theory and Applications, vol. 26, no. 4,

December 1978, pp. 501–513.

[44] Stephen G. Nash and Ariela Sofer. Linear and Nonlinear Programming.

The McGraw-Hill Companies, Inc., New York, 1996.

[45] Jorge Nocedal and Stephen Joseph Wright. Numerical Optimization.

Springer-Verlag New York, Inc., New York, 1999.

[46] James M. Ortega and Werner C. Rheinboldt. Iterative Solution of Non-

linear Equations in Several Variables. Society for Industrial and Applied Math-

ematics, Philadelphia, Pennsylvania, 2000.

[47] Richard S. Palais. Morse theory on Hilbert manifolds. Topology: An Inter-

national Journal of Mathematics, vol. 2, no. 4, December 1963, pp. 299–340.

[48] Richard S. Palais. Lusternik-Schnirelman theory on Banach manifolds.

Topology: An International Journal of Mathematics, vol. 5, no. 2, May 1966,

pp. 115–132.

[49] Richard S. Palais and Stephen Smale. A generalized Morse theory. Bul-

letin of the American Mathematical Society, vol. 70, no. 1, January 1964, pp. 165–

172.
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