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The large-scale structures in
turbulent plane Couette flow

By M. J, Lee

Turbulent plane Couette flow has been numerically simulated at a Reynolds
number, Re = Uyh/rv = 6,000. Preliminary examination of the instantancous
velocity and vorticity fields revealed the existence of large-scale eddies which
grow in the flow direction with time and have the spanwise scale as large as
the channel-height. The persistence of the longitudinal eddies was not observed
when the small scales in the spanwise direction were not well resolved, indicating
that the growth of the large-scale longitudinal eddies requires the contribution
from the small-scale motions in the spanwise direction. The statistical correla-
tions in the flow agree well with the experimental results,

1. Introduction: motivation and objectives

An important fluid-mechanical aspect of a fully-developed plane Couette flow
is that the flow has a constant shear stress across the entire channel height, be it
laminar or turbulent. The constancy of shear stress, 7/p = v dU/dy ~ @0 {equal
to its value at the wall, 7, /p = v dU/dyl,, ), is a direct consequence of zero mean
pressure gradient in the flow as it is driven by shear generated at two plane, solid
boundaries in rectilinear, parallel movement (at speed Uy, ) relative to each other
(see Figure 1). Here, (z,y, z) denote the coordinates in the flow direction, in the
normal direction to the center plane of the channel (i.e. —1 < y/h < 1, where k
is the channel half-height) and in the spanwise direction, respectively, In a fully-
developed plane Couette flow, turbulence statistics are uniform in a horizontal
xz-plane. Because of its simple flow geometry and the existence of the constant
shear-stress region, turbulent plane Couette flow has been considered as one of
the building-block flows for study of wall-bounded turbulent shear flows.

Another characteristic of plane Couette flow is that both the mean vorticity
(or mean shear, § = dU/dy)} and turbulent shear stress (—puv) are symmetric
about the center plane (y/h = 0), in contrast with pressure-driven Poiseuille flow
that has profiles antisymmetric about y/h = 0. Because of the resulting finite
production rate, S 4w, even in the core region (say, 0.2-0.5 < y, /h < 1, where
Y, is the distance normal to a nearest wall) the shapes of the turbulence intensity |
profiles (u u?, v wz) differ significantly among the three components (see El Tel-
bany & Reynolds 1982), indicating the existence of a high degree of anisotropy
in the flow. Therefore, we conjecture (or hypothesize) that instantaneous turbu-
lence structures in the core region of plane Couette flow would be quite different
from those of Poiseuille flow. This question has not been addressed before. How-
ever, in the vicinity of the walls (e.g. y, /b < 0.1-0.2), turbulence structures
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FIGURE 1. Schematic diagram of a typical experimental setup of turbulent
plane Couette flow. Because the belt is prone to deform at high speeds, the
length of the shearing boundary has to be limited, resulting in a rather short
flow-development length (or time), zn/h = 10-300.

of the two flows are expected to be similar, since the near-wall dynamics of a
turbulent shear flow is primarily controlled by a mechanism universally repre-
sented by the ‘law of the wall.” For instance, the near-wall turbulence structures
in boundary layer and plane Poiseuille flow appear to be identical even though
the outer structures of the two flows are significantly different.

Despite its apparent importance as a paradigm of wall-bounded turbulent
shear flows, plane Couette flow has not been studied extensively, In most previ-
ous experiments {Reichardt 1956, 1959; Robertson 1959; Robertson & Johnson
1970; Leutheusser & Chu 1971; El Telbany & Reynolds 1980, 1981), the bound-
ary shearing was realized by employing either a (flexible) moving belt or a fluid
interface, which is prone to deform at high speeds (or at high Reynolds numbers,
Re = U, h/v). To alleviate this problem, the length of the shearing boundary
had to be made short, which resulted in a rather short flow-development length
(or time): @py /h = 10-300 (2, is the distance from the entrance to the location
of the principal measuring station). Because of the difficulties arising from the
movement of the shearing boundary, only the profiles of mean velocity, turbu-
lence intensities and turbulent shear stress were obtained in most experiments,
and measurements of energy spectra and two-point velocity correlations were
limited in the sireamwise direction only (Robertson & Johnson 1970; Aydin &
Leutheusser 1979, 1989).

The present study aims at two main objectives, First, we would like to iden-

tify turbulence structures in plane Couette flow and examine differences from
those in plane Poiseuille flow. Previous works showed that the core region of
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plane Poiseuille flow is dominated by hairpin-shaped vortical eddies (Moin &
Kim 1985; Kim & Moin 1985). It is our goal to understand the mechanism by
which the boundary shearing produces turbulence structures different from those
generated in a pressure-driven flow. Second, we would like to test the capability
of existing turbulence models (and scaling laws) in describing the turbulence
characteristics of plane Couette flow, Because most near-wall turbulence mod-
els have been developed by assuming that the wall layer is of constant-stress
equilibrium (Townsend 1976, §5), there is an intrinsic interest to examine the
performance of existing models.

To achieve these objectives, turbulent plane Couette flow has been numeri-
cally simnulated by integrating the Navier-Stokes equations in time (for a brief
description, see §2.1). Using the database obtained from the direct numerical
simulation, the existence of large-scale eddies in plane Couette flow was found.
In this report, special attention is focused on the large-scale motions that de-

“velop in the flow direction with time and that have the cross-stream dimensions
as large as the channel-height, 2. A discussion of the statistical correlations
follows the examination of the instantaneous structures.

2. Accomplishments

2.1. Direet numerical simulation

For the present study, the flow Reynolds number (U, h/v) of 6,000 was se-
lected. Note that the chosen value of the Reynolds number is higher than the
range of the reported critical transition Reynolds numbers, 1,000-2,000. The
numerical algorithm of the present code is identical to that used in the compu-
tation of Kim, Moin & Moser (1987), except the wall boundary conditions. A
spectral method (Fourier in the horizontal zz-plane and Chebyshev in the verti-
cal y-direction) for the spatial differentiations and an Adams-Bashforth/Crank-
Nicolson algorithm for time advancement were used.

Direct numerical simulation (DNS hereinafter) of a turbulent flow is meaning-
ful only when all the essential scales in the flow under consideration are properly
represented in the computation. As shown in Table 1, computations have been
carried out with three different sizes (i.e. horizontal dimensions, B, and B,) of
the computational domain {or box): B,/h = 4m, 87 and 16x. In all the cases
reported here, the number of the Chebyshev modes used for the vertical direc-
tion was 65, and the spanwise dimension was half the streamwise dimension:
B,/B, = % The largest computational domain (for runs Q1, Q2, Q3) has a
high streamwise-to-vertical aspect ratio, B, /(2h) ~ 25.

A computation on a bex of a given size was started on a coarse mesh with
horizontal modes (NX,NZ) of 32 x 32, which was successively expanded up to
128 x 128 modes. The expansion of the horizontal modes was done after the flow
reached a ‘quasi-steady’ state as determined by inspection of such statistics as the
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Case B,/h B,/h NX NI Az/h Az/h
B1 4w 27 32 32 0393 0.196
D1 8w 4v 32 32 0.785 0.393

b2 64 64 0.393 0.196
D3 128 128 0.196 0.0982
Qi 16w 8 32 32 L.57 0.785
Q2 64 64 0.785 0.393
Q3 128 128 0.393 0.196

TABLE 1. Specifications of the computational box and the horizontal Fourier
modes for plane Couette flow simulations. For all the runs, the number of the
vertical Chebyshev modes was 65 and Re = Uyh/v = 6000.

mean velocity, turbulent kinetic energy, shear stresses, two-point velocity corre-
lations and energy spectra. Table 1 also shows the corresponding horizontal grid
spacings, (Ax, Az). When the flow reached a ‘quasi-steady’ state the Reynolds
number, Re, = U,h/v, based on the wall-shear velocity, U, = (v dU/dy| /2,
and channel half-height, k, was about 180. (Laminar Couette flow at this flow
Reynolds number has Re, ~ 55.) The size of the biggest computational domain
was B} ~ 9,000, B} ~ 4,500, where the superscript + denotes a quantity made
dimensionless by the viscous length scale, £, = v/U,.

2.8, The large-scale structures

The streamwise two-point correlations of fluctuating velocity components,
(u,v,w), at the center of the channel (y/h = 0) from the computation on the
smallest box size, (B,, B;)/h = (4r,2x) are shown in Figure 2. The significant
correlation of the streamwise velocity component, u, at the streamwise separa-
tions near r,/h = 27 indicates that the size of the computational domain is not
sufficient for the largest eddies. Therefore, it was decided that the computation
must be performed on & bigger computational domain,

Figure 3 shows the streamwise two-point correlations at the center plane
(y/h = 0) from the computation with a bigger box, (B.,B;)/h = (87, 47).
When the number of the horizontal modes was small with the grid spacing
(Az,Az)/h = (0.785,0.393), the bigger box size appeared to be sufficient enough
to contain large-scale motions in the flow, as indicated by the negligible corre-
lations at large streamwise separations in Fig. 3(a). However, as the number of
the horizontal modes increased so that the grid spacing became (Az,Az)/h =
(0.393,0.196), the correlation of the streamwise velocity, u, was high again (see
Fig. 3b). Comparison of the computations on the same box size but with differ-
ent numbers of the horizontal modes (especially the spanwise modes) suggests
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FIGURE 2. The streamwise two-point correlations of velocity at y/h = 0 from the
computation with the smallest box, (B,,B,)/h = (4m,2x). , @u (ra/R);
-, @3, (r2/h); ——, Q% (rz/h). The significant correlation at the stream-
wise separation, r, /h = 2w, indicates that the box size is insufficient to contain
largest eddies in the flow. The grid spacing is (Az,Az)/h = (0.393,0.196).

that the growth of the longitudinal eddies requires the contribution from small-
scale motions in the spanwise direction,

Inspection of the spanwise energy spectra, E,,(k;), of the streamwise velocity
(Figure 4, run case D3) revealed that with the contributions from small scales
a definite peak develops in times at k,h ~ 1, which is an order-of-magnitude
higher than the density at other scales. The presence of the sharp peak indicates
the existence of a finite spanwise scale of the energetic eddies. The generating
mechanism of these large-scale eddies differs significantly from that of the streaky
structures in the near-wall region (sublayer) and in homogeneous shear flows
(Lee, Kim & Moin 1987). The streaky turbulence structures are selectively
amplified by the high mean shear rate (5* = S¢®/¢ 3> 1), a linear mechanism in
which transfer of energy between different scales is absent (Lee & Hunt 1989).

Some details of the instantaneous structures in the computed flow are dis-
cussed below. Figure 5 shows the contours of the streamwise velocity fluctu-
ations, u, plotted on the center plane (y/h = 0). The contours on the center
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FIGURE 3. Comparison of the streamwise two-point correlations at y/h = 0
from the computations with different number of horizontal modes (NX,NZ) on
the bigger box, (B;,B,;)/h = (87,47): (a) (NX,NZ) = (32,32); (b) (NX,NZ)
= (64364)' b Q;u(rﬂ/h); TTTT Q:v(rz/h)! T Q:uw(rm/h) The de-
velopment of high correlation with the increase of the number of the spanwise
modes suggests that the growth of the large eddies in plane Couette flow requires
contributions from the small-scale spanwise motions,
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FIGURE 4. Evolution of the spanwise energy spectra at the center of the channel
(y/h = 0), showing that the development of a peak of the streamwise component
at the wavenumber k,h =~ 1: (a) earlier time, t; (b) later time, (t — ¢ )Uy /b ~
500-1000. ——, Byy(kh); ===, Eyy(koh)s —-—, By (kzh).

plane clearly show the existence of organized large-scale eddies in the flow. The
topological configuration of these structures may appear to be similar to that of
the near-wall streaky structures in that the low- and high-speed flow regions are
highly elongated in the flow direction and alternate in the spanwise direction.
However, the length scales, A, and A,, of the structures in the core region are
much larger than those, A; and A,, of the streaks in the sublayer: A} ~ 5,000~
7,000, A} ~ 900, A} ~ 1,000, AT ~ 100, where the subscripts = and 2 denote the
streamwise and spanwise directions, respectively. This difference in scales also
suggests that the generating mechanism for the large-scale structures in the Cou-
ette flow is different from that responsible for generating the wall-layer streaks.
Contours of the other velocity components (v and w), vorticity and pressure are
not as much eclongated, and they are more intermittent and localized in space
(not shown here).

The spatial distribution of » near the two walls are different (see Figure 6).

Near the bottom wall where the mean fluid speed is larger than the wall speed,
the distribution of u is positively skewed, and the converse is true near the top
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FIGURE 5. Contours of the streamwise velocity fluctuations, u, at the center of
the channel (y/h = 0), showing the existence of large-scale structures developing
y > 0y eeemyu <00

in the core region.

wall, In contrast, the respective distributions of other components of velocity
(v, w) and the streamwise and vertical vorticity components (wz, wy) are not
as much different near the two opposite walls as the u distribution, and have
skewness factors much less than that of v. However, the spanwise vorticity (w,)
has a high negative skewness factor near the both walls. :

The vertical extent of the eddy structures is shown by the contour plot of u
on a yz-plane (an end view) in Figure 7. (The vertical direction is magnified
by a factor of 2’5 for visual clarity near the walls; L, = 4rh and Ly = 2h.)
The vertical extent of the large eddies is as big as the channel height, 2h. The
spanwise spacing between the low- or high-speed regions as determined from
an inspection of contour plots such as Figure 7 is about 4h. This is consistent
with the spanwise two-point correlation of the streamwise velocity fluctuations,
Q* ., (r;), that has distinct negative dips at separations 7, /h ~ 2, 6 and positive
peaks at r,/h ~ 4. If the computational domain were larger, the dips and peaks
would appear at the separations r,/h = 4n — 2 and 4n, respectively (n=1,2,
...). However, the near-wall regions consist of small-scales structures.

2.8, Statistical correlations

Here, the statistical properties of plane Couette flow computed from the sim-
ulation with the best resolution are presented. In Figure 8(a), the computed
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(a) x

(b)

FicurE 6. Comparison of distribution of the streamwise velocity fluctuations

(@) near the bottom wall, y/h = —0.98 (y* = 3.5); (b) near the top wall,
y/h = 40.98 (y* = 3.5). » 4> 0; ----, u < 0. Note that the u-distribution

is positively skewed near the bottom wall and the converse is true near the top

wall.
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FIGURE 7. Contours of the streamwise velocity fluctuations on a yz-plane (an
end view), showing that the vertical extent of the large eddies is almost the
channel height (2h) and the spanwise spacing (or the size) of a pair is about 4h,
,u > 0; ----, u < 0. {(Note that the vertical direction is magnified by a
factor of 2} for visual clarity near the walls.)

mean velocity profile across the channel is compared with the experiments con-
ducted at different flow Reynolds numbers (Re = 2,900, Reichardt 1959; Re
~ 2 x 10%-4 x 10%, El Telbany & Reynolds 1980). It should be noticed that
at high Reynolds numbers the velocity profile changes rapidly within a narrow
region near the wall (y, /h < 0.1), and that it has a constant slope over the
half channel-height around the center (—0.5 < y/h < 0.5). The mean velocity
gradient at the boundary, S, = dU/dy|y, grows substantially with the Reynolds
number, whereas that at the center plane, S, = dU/dy|,—¢, decreases with in-
creasing Reynolds numbers. The mean velocity gradient (or mean shear rate)
in the core region is about 5% of the wall value {(or total stress) and it is about
30% of the value for a laminar flow with a linear velocity profile. Thus, the total
shear stress in the furbulent case is about 10 times higher than the laminar
equivalent.

The near-wall profile, '+, made dimensionless by the wall-shear velocity (U, ),
vs. y+, the distance normal to the wall scaled by the viscous length (£, = v/U.)
is shown in Figure 8(b). The solid and chain-dashed lines are the profiles near
the lower and upper walls, respectively, The dashed and dotied lines denote
the universal law of the wall: Ut = yt and Ut = (1/k)Iny* + B (x« = 04
and B = 5.5), respectively, which fits the experimental data at a high Reynolds
number (El Telbany & Reynolds 1980}, The data from the present simulation
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F1GURE 8. Mean velocity profile in plane Couette flow: (a) global profile,
U/Uy vs. y/h; (b) near-wall profile, Ut vs. yt. , present result O,
Reichardt (1959), ® , El Telbany & Reynolds (1980); ----, UT = gyt .

Ut =(1/&)Iny* + B (x = 0.4 and B = 5.5); In (b), the sohd and chain- dashed
lines are the profiles for the lower and upper walls, respectively.
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FI1GURE 9. Profile of shear stresses in plane Couette flow: ——, turbulent shear
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show B = 3.5, a lower value than that for high Reynolds numbers (B = 5.5).
This is counter to the usual dependence on the Reynolds number.

Figure 9 shows the profiles of turbulent and total shear stresses. The total
shear stress is nearly uniform across the whole channel height. In the near-wall
region, the turbulent shear stress increases rapidly with the distance from the
wall: it attains 0.97, at y, /h = 0.2, (The small deviation of 7/7, from unity is
due to the insufficient number of the sample fields used for average.)

The turbulence intensities {u't, v, w'") scaled by the wall-shear velocity (U )
in Figure 10(a) show good agreement with the experimental results at higher
Reynolds numbers (El Telbany & Reynolds 1981). Compared with those in a
plane Poiseuille flow at comparable’ Reynolds numbers (Fig. 10b, Kim et al.
1987), the intensities in Couette flow are significantly higher at most locations
in the channel, except in the vicinity of the wall (y* < 30) where the Couette-
flow values are higher only slightly. This marked contrast is a direct consequence
of the constancy of total shear stress, v = i dU/dy — puv, across the channel in
the flow. (In a plane Poiseuille flow, the total shear stress has a linear profile
7/iTwl = —y/h, and dU/dy = 0 and &% = O at the channel center, y/h = 0, by
symmetry.) :
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FIGURE 10. Near-wall profiles of the turbulence intensities: (w't, o™t w't) vs
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tations: y w'ty ———=, ¥ —<— W't Symbols are the measured data from

El Telbany & Reynolds (1981). '
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Figure 10(a) also shows that the turbulence structure in the core region has
strong anisotropy, i.e. u? ;92 : w2 ~ 6 :1:2. The mean velocity profile is
approximately linear in the core region, indicating that turbulence statistics are
uniform there as would be in homogeneous turbulent flows.

3. Summary

In this report, preliminary results are presented on the existence of the large-
scale structures in turbulent plane Couette flow. The structures are primar-
ily associated with the streamwise velocity fluctuations in the core region (say,
y, /h > 0.2). These eddies develop in the flow direction in time and grow to fill
the whole channel in the cross-stream plane. Analysis of the two-point correla-
tions and spectra shows that the spanwise scale of the individual eddies is about
the channel height (2h). The generating mechanism of these large-scale eddies
differs from that of the streaky structures found in flows at high shear rate.

There is an intrinsic interest in studying plane Couette flow from the model-
ing point of view because this flow has a constant total shear stress across the
channel. We plan to analyze turbulence statistics including the Reynolds-stress
transport budget to examine the capability of the existing turbulence models.
Comparison of these with those in plane Poiseuille flow would reveal the differ-
ences and similarities of the two flows in how the wall layer is affected by the
structures in the core region.
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