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Time-space adaptive numerical methods for the
simulation of combustion fronts

By M. Duarte, M. Massot, S. Descombes, C. Tenaud AND S. Candel

1. Motivation and objectives

Numerical simulations of combustion fronts usually involve numerous difficulties aris-
ing from the broad spectrum of time and space scales present in the problem, and the
induced stiffness in the governing equations. To deal with these issues there is a contin-
uous development of dedicated implicit methods and numerical strategies that consider
the treatment of stiff terms with these solvers instead of more classical and less efficient
explicit or even linearized implicit methods. Since a simultaneous implicit treatment of
reaction, diffusion, and convection terms often involves prohibitive computational costs,
a more efficient numerical alternative considers a combination of implicit and explicit
schemes, i.e. the often called IMEX methods (such as Verwer & Sommeijer 2004). In the
same context, time operator splitting techniques offer the same kind of advantages with
a lesser degree of computational complexity, but with the additional constraint that ap-
propriate criteria must be introduced to efficiently decouple the physical phenomena and
control the splitting errors. Splitting methods were thus largely implemented and studied
for combustion problems (see e.g., Knio et al. 1999; Schwer et al. 2003; Ren & Pope 2008)
giving rise to several numerical strategies over the past years. These numerical methods
reflect the interest of such techniques to overcome classical restrictions of computational
resources. These achievements are mainly due to the augmented degree of liberty with
respect to other numerical schemes that allows a suitable choice of numerical time inte-
gration solvers and a straightforward coupling with other techniques such as chemistry
tabulation or grid adaptation procedures. In this context, this article presents a novel
numerical strategy for a general class of multi-scale problems. The method is based on
Duarte et al. (2011b) and Descombes et al. (2011), that further develop and introduce
some new elements to the classical splitting approach.

Compared with previous works like Day & Bell (2000); Najm & Knio (2005); Singer
et al. (2006), the scheme presented in Duarte et al. (2011b) proposes a new approach in
the construction of splitting schemes. In the latter the time integration errors are uniquely
related to the splitting errors, even for large splitting time scales, based on mathematical
analyses carried out by Descombes & Massot (2004) and Descombes et al. (2007). The
underlying idea is to decouple time integration errors by choosing high-order dedicated
methods for the split subproblems. The global error is then mainly controlled by the
splitting time step, defined according to the decoupling capabilities of the phenomenon.
It is then possible to considerably reduce the number of simulation parameters and eas-
ily generalize the numerical methodology. In this way, the selection of the splitting time
steps, which is often not explicitly detailed in the classical literature or that is simply
related to stability constraints, becomes in turn the core of this numerical strategy. Its
independent choice then allows to settle the numerical accuracy of the simulations and
effectively decouple the time scale spectrum depending on the physics of the problem,
thus yielding important computational gains as illustrated in Duarte et al. (2011b). The
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latter choice may be considerably eased by a dynamic splitting error control procedure
introduced by Descombes et al. (2011), which extend the previous strategy with constant
splitting time step as in the referred previous works, to a more general framework cor-
responding to highly unsteady physical processes. Finally, a dynamic mesh refinement
technique based on multiresolution (MR) analysis (Harten 1995; Cohen et al. 2003) was
also coupled and considered in Duarte et al. (2011b). The mathematical background of
this multiresolution technique allows one to better monitor the spatial numerical errors
introduced by the compressed spatial representations. In this way, the combined time-
space adaptive strategy allows for the tracking of the numerical errors introduced by the
numerical solution scheme.

In this work we are concerned with the the numerical simulation of flames issued from
combustion applications with a time-space adaptive technique. This study will be carried
out in a classical context of laminar flames interacting with vortex structures including
self-ignition processes of reactive mixtures. Hydrodynamics are decoupled from transport
equations by adopting a standard thermo-diffusive approach. In this context and for the
considered application, adaptive space meshing is advantageous because of the presence
of localized fronts, whereas the important transient phases owing to the imposed velocity
fields, as well as sudden physical variations given by the ignition of the mixture, require
an adequate time adaptation in order to efficiently describe these phenomena. In what
follows we first describe the details of the flame and vortex interaction problem that will
be considered. We then describe the main features of the time-space adaptive technique.
The mathematical formulation as well as 2D numerical simulations of an ignition process
giving rise to a laminar flame rolled-up in a vortex, are described next. We note that
the numerical technique is quite general and it has been also successfully implemented in
plasma applications (Duarte et al. 2012). Similarly, some numerical simulations for the
propagation of 2D/3D premixed flames were already presented in Duarte et al. (2011a).

2. Laminar flames coupled with vortex structures

In this study, we consider the numerical simulation of diffusion flames interacting with
vortex structures. First, we introduce the general formulation in the context of laminar
flames. For the sake of simplicity the chemistry is modeled by a global, single step,
irreversible reaction given by

νFF + νOO → νPP, (2.1)

where νk, k = F, O, P, stands for the stoichiometric coefficients for the fuel F, the
oxidizer O, and the combustion products P. The reaction rate is modeled by an Arrhenius
law with a relatively high activation energy giving rise to thin reaction layers in the
following applications. The following standard modeling assumptions are also considered
throughout this study:

(a) Mass diffusion velocities of chemical species are expressed by Fick’s law.
(b) Thermal diffusion of species (Soret-Dufour effect) is neglected.
(c) Different species have constant and equal diffusion coefficients with respect to the

mixture, noted D.
(d) Constant pressure specific heats of all species are constant with the same value cp.
(e) Lewis numbers corresponding to all species are equal to one.
(f) The rate of pressure change in time is negligible.
(g) Density variations associated with chemical heat release are neglected.
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Assumption (g) is commonly known as the thermo-diffusive approach in laminar flame
theory. In practice, this constant-density character decouples the velocity field computa-
tion from the determination of species mass fractions and temperature. Known solutions
of the incompressible Navier-Stokes equations may be then imposed, and the problem is
reduced to solving the following species and energy balance equations:

∂tYk + v · ∂xYk − D ∂2
xYk = −

νkWk

ρ
ẇ,

∂tT + v · ∂xT − D ∂2
xT =

νFWFQ

ρcp
ẇ,





(2.2)

with x ∈ Rd, where Wk is the molar mass and Yk, the corresponding mass fraction for
k = F, O, P. Variable T accounts for the temperature, and the reaction rate of progress
ẇ is related to the rate of consumption of fuel ẇF, oxidizer ẇO and products ẇP by
ẇ = −(ẇF/νF) = −(ẇO/νO) = ẇP/νP. The heat release per unit mass of fuel Q is
defined by Q = hF + (νOWO/νFWF)hO − (νPWP/νFWF)hP, where hk, k = F, O, P, is
the corresponding species enthalpy. If we consider also a non-reacting diluent, noted by
index N, the following equation must be included in (2.2):

∂tYN + v · ∂xYN − D ∂2
xYN = 0. (2.3)

Notice that by definition, the mass fractions verify that YF + YO + YP + YN = 1.
In the thermo-diffusive approach the velocity field v(x, t) is usually computed analyti-

cally and imposed into (2.2). Throughout this study, we consider a 2D viscous core vortex
configuration, which features an azimuthal velocity of the form:

vθ(r, t) =
Γ

2πr

(
1 − e−r2/4νt

)
, (2.4)

where Γ denotes the vortex circulation, r(x, y), the distance to the vortex center, and ν,
the kinematic viscosity.

3. Time-space adaptive technique

For the previous reaction-diffusion-convection system given by (2.2), we implement the
MR/splitting strategy introduced by Duarte et al. (2011b), enhanced with the adaptive
splitting technique developed by Descombes et al. (2011). The main idea of these splitting
methods is to apply high-order and one-step dedicated methods to the reaction, diffusion
and convection subproblems, treated in an independent way. Each dedicated solver is then
intended to handle the fastest physical/numerical scales associated with each subsystem.
The solution of the complete problem is finally reconstructed from the previous solutions
according to the splitting scheme. Different phenomena are thus considered separately
during a splitting time step that is defined in order to achieve a prescribed accuracy
of the numerical integration. The prescribed accuracy is enforced using dynamical error
estimates issued from the adaptive splitting scheme. In this way, these estimates measure
the physical decoupling capabilities of the problem and settle the splitting time steps
for a given accuracy. Finally, the multiresolution analysis yields spatially adapted mesh
representations with important gains in CPU time and memory space.

A second order Strang scheme S is considered for the general problem (2.2) (Strang
1968). The solution at time t + ∆t is computed from the previous solution at t by

S∆tU(t) = R∆t/2D∆t/2C∆tD∆t/2R∆t/2U(t), (3.1)
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with U = (YF, YO, YP, YN, T )T, and splitting time step ∆t. The operators R, D, C re-
spectively correspond to the numerical integration of the reaction, diffusion and convec-
tion problems, performed independently and successively in the order indicated in (3.1).
Adaptive time stepping is considered for all three operators yielding variable reaction
(∆tR1 and ∆tR2), diffusion (∆tD1 and ∆tD2), and convection (∆tC) substeps, within
the corresponding splitting time steps (∆t/2 or ∆t). Moreover, the reaction is described
by spatially decoupled systems of ODEs, solved independently point by point with dif-
ferent time steps according to the local reactive activity. The splitting time steps are
dynamically computed by

∆tnew = υ ∆t

√
η∥∥S∆tU(t) − S̃∆tU(t)

∥∥ , (3.2)

in order to ensure a prescribed accuracy η for each splitting solution (3.1), where a local

error estimate err =
∥∥S∆tU(t) − S̃∆tU(t)

∥∥ is computed by using S̃∆t, the embedded
and lower order Strang splitting method introduced in Descombes et al. (2011), and by
considering a security factor 0 < υ ≤ 1, close to one (υ = 0.9 in this study). The solution
(3.1) at t + ∆t is accepted if err < η, and the integration proceeds with ∆t = ∆tnew

according to (3.2). Otherwise it is rejected and recomputed with the new splitting time
step ∆tnew.

The reaction and diffusion problems are respectively solved by the dedicated high-order
Radau5 and ROCK4 solvers as in Duarte et al. (2011b). Radau5 (Hairer & Wanner 1996)
is a fifth order implicit Runge-Kutta method exhibiting A- and L-stability properties
to efficiently solve stiff systems of ODEs, whereas ROCK4 (Abdulle 2002) is formally
a fourth order stabilized explicit Runge-Kutta method with extended stability domain
along the negative real axis, well suited to numerically treat mildly stiff elliptic operators.
Both methods implement adaptive time stepping techniques to guarantee computations
within a prescribed accuracy tolerance. On the other hand, an explicit high-order in time
and space one-step monotonicity preserving scheme OSMP, developed by Daru & Tenaud
(2004), is implemented as the convective scheme. It combines monotonicity preserving
constraints for non-monotone data to avoid extrema clipping, with TVD features to pre-
vent spurious oscillations around discontinuities or sharp spatial gradients. Considering
its explicit character, standard CFL stability restrictions are imposed to substep ∆tC
within each splitting time step ∆t.

Although the dynamic step size selection is made within a prescribed accuracy toler-
ance for Radau5 and ROCK4, this is not currently the case for the convective scheme
for which time stepping is based only on stability constraints. As it was considered in
Duarte et al. (2011b) and also in previous works (see e.g., Najm & Knio 2005), the atten-
tion was focused on the numerical solution of stiff reaction-diffusion systems. Hence, we
have extended the numerical strategy to reaction-diffusion-convection problems in which
the main constraint for the convective term is given by the small time steps resulting
from stability conditions related to the fine spatial discretizations. In this context, the
convective scheme must be at least of second order so that the numerical errors of the
convection problem also remain negligible with respect to the splitting errors. The latter
is enforced by the small convection time steps usually needed for fine spatial discretiza-
tions. A Strang dimensional splitting (Strang 1968) is implemented for the convective
scheme to handle multi-dimensional configurations.

A fully adaptive multiresolution technique based on Cohen et al. (2003) is then cou-
pled with the previous dedicated time adaptive operator splitting strategy. In this way,
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considering a finite volume discretization for problem (2.2) on a fine grid SJ , the lat-
ter defines a set of nested meshes Sj on which problem (2.2) can be represented, for
j = 0, 1, · · · , J , from the coarsest to the finest grid. We denote by U

J
split the numerical

solution of the semi-discretized problem associated with (2.2), computed at some time t
by the time adaptive splitting scheme (3.1) on the uniform grid SJ . Additionally, U

MR
split

corresponds to the solution obtained with the proposed time-space adaptive scheme using
also (3.1) on a dynamic adaptive mesh generated by multiresolution analysis. Based on
the multiresolution mathematical background (Cohen et al. 2003), the following holds

∥∥U
MR
split − U

J
split

∥∥
L2

≤ Cε, (3.3)

for some positive C, where ε is a threshold parameter that settles the accuracy of the
spatially adapted representations. Smaller ε implies more refined (less compressed) and
hence more accurate solutions. Even though a rigorous mathematical proof of (3.3) is
not yet available for parabolic problems, this property was already numerically checked
(see e.g., Roussel et al. 2003; Duarte et al. 2011b).

The numerical accuracy of the simulations is then monitored by
∥∥UJ

qe − U
MR
split

∥∥
L2

≤
∥∥UJ

qe − U
J
split

∥∥
L2︸ ︷︷ ︸

O(η)

+
∥∥UJ

split − U
MR
split

∥∥
L2︸ ︷︷ ︸

O(ε)

, (3.4)

where U
J
qe corresponds to a reference quasi-exact solution of the fully coupled reaction-

diffusive-convection problem (2.2), discretized on the uniform grid SJ . The latter solution
is usually not available or too expensive to compute. Considering (3.4), the first term
in the right-hand side stands for the splitting errors, i.e. the time integration errors;
whereas the second one, for the space adaptive multiresolution procedure. The spatial
discretization errors are not included in (3.4) and are settled by the order of discretization
of the spatial operators† and by SJ , which in turn is limited by computational resources.

4. Ignition of diffusion flames

In this section, we evaluate the performance of the proposed strategy to numerically
describe the ignition dynamics of a diffusion flame interacting with a vortex. The math-
ematical model considered in this section is the same as the one used by Thévenin &
Candel (1995).

Let us consider a 2D computational domain where pure and fresh hydrogen with mass
fraction YF,0 at temperature TF,0 occupies initially the upper half part; and the remaining
lower part is occupied by hot air at TO,0 with YO,0. A single vortex modeled by (2.4) and
centered on the planar interface between the two media, is then introduced to transport
and accelerate the mixture of both fluids. The dynamics of this system are described by
the general set of equations (2.2) with (2.3), where the reaction rate is modeled by

ẇ =
ρ2

νFWF
AYOYFe(−Ta/T ), (4.1)

where A is a pre-exponential factor and Ta the activation energy.
If we construct Schwab-Zeldovich variables by combining the reacting species mass

fractions with proper coefficients, one obtains a balance equation without source term,
analogous to the equation (2.3) governing YN. Thus, introducing the reduced total heat

† In this application, second and third order spatial discretizations were considered for the
diffusion and convection subsystems in (2.2), respectively.
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released χ; the normalized temperature difference between reactants τ ; the product to
fuel stoichiometric ratio σ; the absolute equivalence ratio corresponding to a complete
mixing between reactants in their initial state φ; and the stoichiometric factor s, defined
respectively by

χ =
QYF,0

cpTO,0
, τ =

TF,0 − TO,0

TO,0
, σ =

νPWP

νFWF
, φ = s

YF,0

YO,0
, s =

νOWO

νFWF
, (4.2)

one may define the following variables (Thévenin & Candel 1995):

Z1 =
χYF/YF,0 + τθ

χ + τ
,

Z2 =
χYO/(φYO,0) − χ/φ + τθ

−χ/φ + τ
,

Z3 =
−χYP/(σYF,0) + τθ

τ
,





(4.3)

where θ is the reduced temperature given by

θ =
T − TO,0

TF,0 − TO,0
. (4.4)

This set of variables (Z1, Z2, Z3) are initially equal and follow the same balance equation
without reaction term and with the same boundary conditions. Therefore, they are equal
at each point and for all times to the same value Z.

Considering a square computational domain of size 2L, and characteristic diffusion
time τd = L2/D and diffusion velocity V = D/L, we define the following dimensionless
variables: x⋆ = x/L, y⋆ = y/L, vx,⋆ = vx/V , vy,⋆ = vy/V , and t⋆ = t/τd. This choice
yields a reduced system of equations of the form (Thévenin & Candel 1995):

∂t⋆
Z + vx,⋆∂x⋆

Z + vy,⋆∂y⋆
Z −

(
∂2

x⋆

Z + ∂2
y⋆

Z
)

= 0,

∂t⋆
θ + vx,⋆∂x⋆

θ + vy,⋆∂y⋆
θ −

(
∂2

x⋆

θ + ∂2
y⋆

θ
)

= F (Z, θ),



 (4.5)

with

F (Z, θ) = Da φχYO,0

[
1 − Z

φτ
+

1

χ
(Z − θ)

] [
Z +

τ

χ
(Z − θ)

]
e(−τa/(1+τθ)), (4.6)

where τa = Ta/TO,0 is the reduced activation temperature and the Damköhler number
defined by Da = ρAτd. The dimensionless velocity field (2.4) is given by

vθ,⋆(r⋆, t⋆) =
Re Sc

r⋆

[
1 − e−r2

⋆
/(4 Sc t⋆)

]
, (4.7)

for the Reynolds and Schmidt numbers: Re = Γ/(2πν) and Sc = ν/D.
In what follows, we consider the numerical solution of (4.5)-(4.6) with (4.7), with Neu-

mann homogeneous boundary conditions in a 2D computational dimensionless domain
of [−1, 1]2, i.e. L = 1. All the simulations were performed on an AMD Shanghai 2.7 GHz
processor with a memory capacity of 32 GB. The initial condition is given by

Z(x⋆, y⋆) = θ(x⋆, y⋆) =
1

2
(1 + tanh(αy⋆)) , (4.8)

where α = 200. Notice that according to (4.3) and (4.4), Z(x⋆, y⋆) = θ(x⋆, y⋆) = 1 in the
upper half-plane for the fresh fuel, and Z(x⋆, y⋆) = θ(x⋆, y⋆) = 0 in the lower part for the
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Figure 1. Two-dimensional flame ignition in a vortex field. Time evolution of the temperature T
at t⋆ = 5×10−5 (right), 10−4 (center) and 1.5×10−4 (left). Initial temperature of the fresh fuel:
TF,0 = 300 K, and of the hot air: TO,0 = 1000 K. Bottom: dynamic adapted grid corresponding
to 10242 points at the finest level J = 10 with ε = 10−3.

hot air. Therefore, considering the time dependent equation for Z in (4.5), Z must verify
Z ∈ [0, 1] at any time. Additionally, θ ≤ 1 according to (4.4). The initial mass fractions
and temperatures of the gases are given by YF,0 = 1, YO,0 = 0.23, TF,0 = 300 K, and
TO,0 = 1000 K. The following values define the characteristic parameters (4.2) that allow
the evaluation of the reaction rate (4.6) and the velocity field (4.7): Q/cp = 5 × 104 K,
s = 8, Da = 1.65 × 107, Ta = 8000 K, Re = 1000, and Sc = 1. The velocity field is given
by the counterclockwise vortex defined by (4.7) and centered at (0, 0).

Regarding the numerical strategy, the adaptive splitting accuracy tolerance in (3.2) is
set to η = 10−3, with ηROCK4 = 10−5 and ηRadau5 = 10−7 for the accuracy tolerances
of the ROCK4 and Radau5 solvers. The third order OSMP scheme was considered for
the convection problem with a stability CFL condition equal to 1. The time domain
of integration is given by t⋆ ∈ [0, 1.5 × 10−4]. The grid adaptation was performed with
ε = 10−2 and ε = 10−3, for a finest grid corresponding to a spatial discretization of 10242

points, i.e. J = 10 as finest grid level.
Figure 1 shows the evolution of the temperature in the domain. The temperature is de-

duced from θ by (4.4). In the upper half-plane there is initially fresh fuel at TF,0 = 300 K,
whereas the remaining lower half contains hot air at TO,0 = 1000 K. The counterclock-
wise rotating vortex centered on the planar interface is introduced immediately at t⋆ = 0.
The resulting forced transport superposes to the diffusive mechanisms and accelerates
the mixture of the gases. As a consequence, the local temperatures increase progressively
from the vortex braids toward the vortex core along the contact surface of both media. A
diffusion flame ignites along this contact surface. Notice that the velocity field entrains
initially fresh gas into the vortex core and, subsequently, delays the fuel consumption
of this central core by the diffusion flame. The complete behavior is clearly a function
of the initial configuration of the gases and on the imposed velocity field, as studied in
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Figure 2. Two-dimensional flame ignition in a vortex field. Time and space adaptation given
by the time evolution of splitting time steps ∆t with accuracy tolerance η = 10−3 (left), and of
data compressions DC for ε = 10−2 and ε = 10−3 (right).

detail in Thévenin & Candel (1995). The configuration described in this part reproduces
the physics encountered in these previous studies and it was chosen in this work because
it exposes important numerical issues. These issues are related to the severe transport
conditions and the stiffness of the governing equations. Furthermore, this phenomenon is
characterized by a sudden change of the physics at some instants, which are not known
at hand.

The corresponding adapted grids are also shown in Figure 1. One notices that the
mixture lengths and the corresponding flame thickness are of the order of 0.025 in some
regions where the flame surface is sheared by the locally high velocity gradients. In this
context, a spatial mesh of 10242 points involves approximately 10 discretization points
throughout the flame front and generates a reasonably good numerical representation
of the problem. From a numerical point of view, the latter issue imposes a fine spatial
discretization for a localized structure 100 times smaller than the global scale of the
computational domain and naturally justifies an adaptive mesh refinement technique.
Figure 1 shows that the finest regions identify dynamically the local rise in temperature
until the ignition of the entire contact surface. In particular, the initial fronts do not
require a full representation on the finest grid for a threshold tolerance of ε = 10−3,
recalling that the multiresolution analysis is performed on the dimensionless variables,
i.e. θ instead of T . Notice that for lower threshold values, the front will remain in the finest
grid during the whole time period because the ignition and the subsequent formation of
steeper gradients happens precisely at the flame front.

Figure 2 illustrates the time and space adaptivity featured by the numerical strategy.
An initial splitting time step of ∆t0 = 10−8 was considered to handle the inclusion of the
vortex and avoid unnecessary rejections at the beginning of computations. The splitting
step increases until t⋆ ≈ 6.5 × 10−5 (∆t ≈ 2 × 10−5) during the mixing phase, and then
a series of rejected steps occurs for the given accuracy tolerance. The splitting time step
is thus reduced down to the time scale needed to guarantee the prescribed accuracy:
∆t ≈ 10−7. This behavior coincides naturally with the sudden ignition of the flame and
the subsequent fast propagation along the contact surface, once a certain temperature
is locally reached after the initial mixture of the gases. A dynamic adaptation of the
splitting time step is hence mandatory to identify these changes in the physical behavior
of the phenomenon and to suitably describe this process. Notice that the time integration
is performed on a constant adapted grid during each splitting time step, where the
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Figure 3. Two-dimensional flame ignition in a vortex field. Time evolution of the splitting time
step ∆t and the maximum temperature for different initial temperatures of the hot air TO,0 and
TF,0 = 300 K. Tolerances η = 10−3 and ε = 10−3.

remeshing period is actually settled by this time step. Therefore, the reduction of the
splitting time steps allows one to update the spatial representation and to consequently
refine as much as necessary the spatial configuration of the new physical scenario during
the ignition. Figure 2 also illustrates the time evolution of the data compressions DC,
defined as one minus the ratio between the number of cells on the adapted grid and those
on the finest uniform grid (10242 in this case), expressing the whole as a percentage. The
capability to rapidly update the mesh is illustrated by this limit case for which the chosen
threshold parameter does not suffice to completely refine the initial front (see Figure 1).

Other possible scenarios are illustrated in Figure 3 for different initial temperatures
of the air TO,0 and the same temperature on the fuel side where TF,0 = 300 K. Each
configuration involves different dynamics in terms of time scales and final temperatures.
It can be seen that for the time window of t⋆ ∈ [0, 1.5 × 10−4], there is mixing only for
TO,0 = 800 K, whereas for TO,0 > 1100 K ignition happens during the initial transition
phase of the splitting time step so that no step reduction is needed. The interesting cases
are obviously given by those in which ignition occurs at some unknown intermediate time.
In any case, it can be seen that such an adaptive scheme can handle all the possibilities
without any preliminary information.

Denoting by EMR
split =

∥∥UJ
qe − U

MR
split

∥∥
L2

, EJ
split =

∥∥UJ
qe − U

J
split

∥∥
L2

and EJ
MR =∥∥UJ

split − U
MR
split

∥∥
L2

respectively the combined time-space, the time adaptive splitting
and the space adaptive multiresolution approximation errors, Table 1 shows these esti-
mates evaluated for θ at different times t⋆. We have computed U

J
qe and U

J
split to estimate

these errors and evaluate the validity of the expression (3.4). Both were computed on
the uniform 10242 grid, respectively with a small fixed splitting time step ∆t = 10−7,
such that the splitting errors are negligible, and with η = 10−3. It can be seen that the
splitting errors EJ

split are effectively controlled by the local error accuracy η and that
the global integration errors are approximately of the same order taking into account
that for this particular case, only a few time steps are required within the time interval
under consideration. The multiresolution errors EJ

MR verify the proportionality with the
threshold value ε into (3.3). We remark that the latter behavior would not be possible
without an adequate updating of the mesh issued from the adaptive time stepping tech-
nique during the ignition of the flame front, which proves the efficiency of the coupled
adaptive time-space procedure. Finally, we can see that for this configuration the global
error EMR

split of the method is mainly controlled by the multiresolution errors for ε = 10−2,



356 M. Duarte et al.

t⋆ EJ
split

EJ
MR EMR

split

ε = 10−2 ε = 10−3 ε = 10−2 ε = 10−3

0.5 × 10−4 4.56 × 10−4 6.48 × 10−3 2.12 × 10−3 6.48 × 10−3 2.11 × 10−3

1.0 × 10−4 2.25 × 10−3 1.31 × 10−2 5.77 × 10−3 1.29 × 10−2 5.35 × 10−3

1.5 × 10−4 1.53 × 10−3 3.77 × 10−2 2.69 × 10−3 3.79 × 10−2 3.65 × 10−3

Table 1. L2 numerical errors for the time adaptive splitting (EJ
split), space adaptive multires-

olution (EJ
MR) and time-space adaptive (EMR

split) solutions evaluated at different times. Finest

grid: 10242.

MR/splitting ε =
splitting quasi-exact

10−2 10−3

CPU time (m) 6.43 8.93 207.52 674.69

Table 2. CPU time in minutes for the time-space adaptive, the time adaptive splitting and
the quasi-exact strategies for t⋆ ∈ [0, 1.5 × 10−4]. Finest grid: 10242.

whereas for ε = 10−3 the global error is a combination of time and space errors because
both the splitting and the multiresolution errors are approximately of the same order.
Based on these and the previous results (see e.g., Duarte et al. 2012), we can verify that in
general considering the same time and space accuracy tolerances, i.e. η = ε, constitutes a
good compromise and yields satisfactory results in terms of accuracy and computational
costs.

Table 2 summarizes the CPU times in minutes for the three solutions: U
MR
split, U

J
split,

and U
J
qe. Important gains in CPU time are achieved with the adaptive splitting tech-

nique, which are moreover improved with the time-space adaptive strategy. The reduc-
tions related to the multiresolution representation are consistent with the achieved data
compressions in Figure 2. On the other hand the gains related to the adaptive split-
ting technique are less important because of the influence of the initialization phase in
a rather short time domain. Finally, using only space adaptive multiresolution with con-
stant splitting time step ∆t = 10−7, as in the quasi-exact approach, needs about 56.80
minutes of simulation.

Considering the time-space adaptive solution U
MR
split, Figure 4 shows the corresponding

reaction, diffusion and convection time integrations steps for η = 10−3 and ε = 10−2 or
ε = 10−3. The minimum reaction steps are of the order of ∆tR ≈ 10−6 and ∆tR ≈ 5×10−7

at the flame front (shown in Figure 4) before and after ignition, and they progressively
increase up to ∆tR = ∆t/2 for the points lying away from the highly reacting area.
Diffusion time steps are of the order of ∆tD ≈ 10−6, whereas the convective step ranges
from ∆tC ≈ 10−9 in the beginning to ∆tC ≈ 10−7. All time steps are reduced down to
∼ 5 × 10−8 when ignition takes place. In this particular problem, the convection time
step is the most constraining step which is fixed by stability criteria, considering the high
Reynolds values in the velocity field. In particular, a qualitatively similar behavior for
both ε = 10−2 and ε = 10−3 reflects a good coupling of the time resolution with the
corresponding space discretizations.
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Figure 4. Two-dimensional flame ignition in a vortex field. Time evolution of the splitting time
step ∆t, reactive ∆tR1 and ∆tR2, diffusive ∆tD1 and ∆tD2, and convective ∆tC substeps in the
Strang scheme (3.1) with tolerances η = 10−3 and ε = 10−2 (left) or ε = 10−3 (right).

5. Concluding remarks

Numerical results obtained with the present time-space adaptive technique support
the conclusion that different physical configurations of the same problem can be suc-
cessfully simulated and provide an effective error control. Along with other advantages
already illustrated, the time adaptation procedure turns out to be a critical tool to prop-
erly handle the initial strong transients associated with the velocity fields, whereas the
efficiency of the method is assessed for a difficult problem such as the sudden ignition
of a flame, with remarkably different physics and time scale spectra with respect to the
initial and final configurations. In all cases, important gains in computational efficiency
are achieved because of highly compressed data representations, as well as a dedicated
splitting technique with adequate solvers and independent time stepping procedures. We
recall that all the inner solvers are based on high-order schemes so that considerably
smaller time steps would have been required for standard lower order schemes. Never-
theless, we can still observe a decoupling of the time scale spectra that allows one to
overcome standard stability restrictions associated with the explicit solvers and provides
gains in efficiency for splitting time steps not limited by the numerical particularities
associated with each subproblem. Finally, the numerical accuracy is settled by only two
parameters: the threshold value ε of the multiresolution decomposition, which balances
data compression and numerical errors associated with compressed data representations;
and the accuracy tolerance η of the time splitting integration technique, which limits the
degree of decoupling of the physical phenomena and hence, controls the numerical time
integration errors.
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