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Discontinuous Galerkin scheme for turbulent flow
simulations

By P. C. Ma, Y. Lv AND M. Thme

1. Motivation and objectives

Recent progress in applying the discontinuous Galerkin (DG) schemes for direct numer-
ical simulation (DNS) and large eddy simulation (LES) of turbulent flows is attributed to
the improvement in the stability and robustness of conventional methods. In particular,
significant advances have been made with regard to the development of DG discretiza-
tion for elliptic equations, including schemes of symmetric interior penalty (Arnold et al.
2002), BR1 (Bassi & Rebay 1997), BR2 (Bassi & Rebay 2000), local DG method (Cock-
burn & Shu 1998) and compact DG method (Peraire & Persson 2008). Another algo-
rithmic contribution to enable DG for turbulence flow is its improved robustness. More
suitable stabilization techniques of the DG scheme for turbulence simulation are proba-
bly the positivity-preserving (Zhang & Shu 2010, 2011) and the entropy-bounded (Lv &
Thme 2015) DG schemes, each ensuring generality and practical simplicity. Both methods
have rigorous mathematical foundation to guarantee the scheme’s robustness.

Given the considerable progress made towards diffusion discretization and algorith-
mic robustness, the DG scheme currently is better established for high-fidelity simula-
tions of turbulence. The question that arises naturally is whether the high-order varia-
tional scheme has advantages over classical finite difference (FD) and finite volume (FV)
schemes. Carton de Wiart et al. (2014) compared the performance of the DG scheme to
a non-dissipative FD scheme in predicting inviscid vortical flow. It was found that the
benefit of the non-dissipative property of the FD scheme was offset by the dispersive
error apparent for medium wavenumbers of the energy spectrum. In the context of LES,
Gassner & Beck (2013) attempted to assess the performance of DG for highly underre-
solved turbulent flows. They found that simulations without explicitly adding sub-grid
scale (SGS) terms are comparable to results generated by low-order schemes with SGS
models. In order to support model development, greater insight into the aspect of nu-
merics of the DG discretization and behavior compared to classical non-dissipative FD
and FV methods is required.

The remainder of this report has the following structure. Section 2 introduces the
DG discretization for Navier-Stokes equations. Algorithmic details about the FV solver,
CharlesX, are introduced in Section 2. After test cases are described in Section 3, the
accuracy in predicting characteristic turbulent quantities are compared and the effects
of refinement strategy on solutions are discussed in Section 4. The report finishes with
conclusions in Section 5.
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2. Mathematical formulations
2.1. Governing equations

The governing equations are the conservations of mass, momentum and total energy as
follows

Owp+V-(pu)=0, (2.1a)
O(pu) +V - (puu+pIl) =V -1, (2.1b)
Di(pe) + V- (pule +p/p) = =V -q+ V- (r-u), (2.1¢)
where the viscous stress tensor and conductive heat flux are written as
T=p {Vu + (VU)T} — %,u(V ~u)T, (2.2a)
q=—-\VT. (2.2b)

This system of equations is closed with the ideal gas relation

p=(H-1 (pe - ;plu2> : (2:3)

where - is the heat-capacity ratio. For notational convenience, in the following the scheme
formulation is written in the vector form as

BU+V F=V.Q, (2.4)

in which U, F and Q refer to the solution vector, the convection flux and the viscous flux,
respectively.

2.2. DG discretization

To discretize Eq. (2.4) with a variational approach, a broken space is used as the test
space

VP ={¢p € L*(Q): ¢ = dla, € Pp, ¥ € Q}, (2.5)
in which a polynomial space with order p is defined on each individual element 2.
resulting from the domain partition. The test function ¢ is then multiplied to Eq. (2.4)

to derive the weak form. The left-hand-side of Eq. (2.4) is the classical Euler equations,
and the corresponding weak and Galerkin forms can be obtained

SOV +V-Fyde =Y (/ (¢e0eU — Ve - F)da +
Q

- Qe Qe

OFF- nds)
(2.6)
~> ( bepl dUei(t)dx — | Ve - F(Ue)dz + (;S;Lﬁ‘ds) :
- Qe Qe 9
in which the superscript “+” refers to interior quantity on element edge and the dis-
cretized solution U (together with U, and U, ;), following the Galerkin method, takes
the form

U~ U =alU.,, (2.70)
N, _
Uelt, ) =Y Uei(t)dei(z) - (2.7b)
=1

To complete the discretization, the Riemann flux Fin Eq. (2.6) needs to be specified,
for which we consider the preconditioned Roe scheme (Turkel et al. 1997) for the current
study.
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Since Q involves multi-entries, here we only consider a general form for each of them to
simplify the explanation. Q; denotes the diffusion flux of Navier-Stokes equations for the
i*? solution variable. This can be further represented using a linearization Q; = Zj D;jo
VU;, where o refers to Hadamard product. Because the discretization is subject to the
distributive property of addition, the problem can be further simplified by discretizing
Dij o VU; = Q;; taking the following form

Z/ OV - Qijdz = (—/ (Dij 0 VU;) - Vedr + 0eQij 'nds)

e Qe e Qe ane

= Z( U;V - (Dij o Ve )da — U;(Dyj 0 Vo) - nds + $Qij -nds)
- Qe Q. Q.

~D ( U,V - (Dij o Vée)dr — | T;(Dijo V)™ -nds + qs:@“-ds)
- Qe ONe e

:Z (_ o V¢e-(DijOVUj)da:+/8 (U;__ﬁj)(DijOVqﬁe)-"-nds-y ¢j@ijd8> .

Qe Qe

With this, the discretization of V - Q; can be written as

Z OV - Qidx =
Q.
‘ (2.8)
> (* / Ve - ([D:]"VU)dx + / (DI (U = U)o V) - nds + aﬁ@ds) :
e Qe e Qe
where the diffusion Jacobian [D;] has number Ny of rows composed of D;;. The three
terms on the right-hand side account for interior diffusion, dual consistency and inter-
element diffusion. U and @ can be selected in various ways, which distinguish different
diffusion-discretization schemes. In this study, we consider the standard interior penalty
(SIP) method (Arnold et al. 2002) and U is chosen to be {U} f, then we have

Qi = {[Di]"VU} + osip ( max_ ,u(x)) U1k, (2.9)
r€INZ

where o refers to constant parameters to ensure numerical Stabilit}i.\ As for ogrp, we use

the suggested values in Shahbazi (2005). The stabilization term for @; in Eq. (2.9), which

has a consistent form of that in the Riemann solvers, always behaves as a dissipation

term, but the entire term, @);, is not guaranteed to be always dissipative.

2.3. Finite volume solver CharlesX

To facilitate a comparison of DG scheme with a FV discretization, we consider CharlesX.
This solver has been developed by researchers at Center for Turbulence Research, Stan-
ford University. CharlesX has been applied to studies of aeroacoustics (Nichols et al.
2012), supercritical flow (Hickey et al. 2013), supersonic combustion (Larsson et al. 2015),
and aerodynamic flows (Bodart et al. 2013), etc. The governing equations for mass, mo-
mentum, and total energy are solved along with the ideal gas law (Egs. (2.1)-(2.3)). Here
a brief summary of the numerics is presented, and for more details we refer the reader to
the work by Ham & Iaccarino (2004) and Khalighi et al. (2011). CharlesX was developed
based on a reconstruction-based FV scheme. Polynomials with maximum third-order ac-
curacy are used to reconstruct the left- and right-biased face centroid values of the flow
variables, and a blending between the central and Riemann flux is computed based on the

t{=O"+07/2  [I=0""+("n"
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Case No. Rey M; v P n
1 40 0.1 1.25 x10° 214.3 0.04
2 40 0.6 1.25 x10° 5.95 0.04
3 100 0.6 5.0 x10° 5.95 0.026
4 100 1.5 5.0 x103 0.95 0.026

Table 1. Operating conditions for the HIT cases; initial values at ¢t = 0 are listed.

local grid quality. This flux computation procedure yields formally second-order accuracy
and has maximum fourth-order accuracy on perfectly uniform Cartesian mesh, without
numerical dissipation. For computations of shock-related problems, CharlesX utilizes a
sensor-based hybrid Central-ENO scheme to minimize the numerical dissipation while
stabilizing the simulation. For regions where shocks are present, a second-order ENO
reconstruction is used on the left- and right-biased face values, followed by an HLLC
Riemann flux computation. A number of different hybrid sensors/switches are available
within CharlesX. For the current study, the relative solution (RS) sensor is adopted.
This sensor compares the difference between the left- and right-biased polynomial recon-
structed face values of density and pressure to the minimum of the corresponding values
in the two neighboring cells of the face. When the difference exceeds a certain fraction of
the minimum cell value, the ENO reconstruction scheme will be used. For the following
study, a value of 0.5 was found to be sufficiently effective. The semi-discretized form is
solved using a fully explicit, fourth-order Runge-Kutta time integration scheme.

3. Problem setup and flow configurations

In order to mimic realistic turbulence, we consider the decaying homogeneous isotropic
turbulence (HIT) for comparative study. Four different cases are considered covering
a range of representative operating conditions. As listed in Table 1, these cases are
characterized by the initial turbulent Reynolds number, Rey = (p)A\/(u?/3)/{u), and
the initial turbulent Mach number, M; = /(u2)/{(c), where u = \/u? + u2 +u3, c is
the speed of sound, and A is the Taylor microscale. Conservation equations are solved
in a 3D periodical domain of [—7, @] X [—m, 7] x [—m, 7]. The specific heat ratio, v, is
set to a value of 1.4. The molecular viscosity is calculated by considering the power-law
dependence on temperature, p/jiret = (T/Trer)®7°. Initial conditions for the current study
are given by a divergence-free velocity field and constant thermodynamic quantities. The
energy spectrum for the initial field for w is prescribed to be

B (k) ~ E'exp(—2k?/k2) , (3.1)

where kg is the most energetic wavenumber, related to the Taylor microscale A. In Ta-
ble 1, a combination of different Rey and M, is presented along with the corresponding
thermodynamic quantities and Kolmogorov length scale 5. In the following, results are
presented with time normalized by the eddy turnover time 7 = A\//(u?/3).

Two different mesh configurations are considered for this study, as illustrated in Fig-
ure 1, consisting of regular hexahedral and tetrahedral elements. The tetrahedral mesh
is generated by cutting one hexahedron into five tetrahedra. To represent the elemental
geometry in the DG solver, linear Lagrangian nodal bases are employed.
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Figure 1. Illustration of the mesh settings in 2 x 2 x 2 setting.

4. Results and discussions
4.1. Comparison of converged solution

This section compares the solutions obtained from DG and FV solvers on the finest mesh
in order to examine the consistency of the resolved solutions. For this part of the study,
the regular hexahedral mesh is employed, for which the FV solver provides a fourth-
order non-dissipative discretization. To retain a consistent discretization, a fourth-order
DG scheme, DGP3, is used as the counterpart. Based on the estimation of the Kol-
mogorov scale, it is found that cases with Re = 40 are sufficiently resolved using 128 cells
in each direction with CharlesX, whereas cases with Re = 100 are well-resolved using
2563 cells. For the case with M; = 1.5, the resolution requirement is more restrictive
due to the presence of strong dilatation effects. Because of the strong dilatation, the
shock-capturing capability of CharlesX is activated. About one percent of the overall
cells are detected by the built-in shock sensor and treated with the ENO discretization
when 2562 cells are used. The convergence for all the characteristic quantities is achieved
and verified through a mesh-refinement study. Under the resolved mesh resolution, ex-
cellent agreement on the predicted characteristic quantities is presented and observed in
Figure 2. Since the predictions are obtained from two completely different methods and
implementations, this agreement on different aspects further underpins the credibility of
the solution predicted by both methods. The only noticeable difference is in the devia-
tion of the energy close to the cutoff wavenumber. The FV scheme obtains a coherent
energy cascade, consistent with turbulence physics. The pile-up of energy for the DG-
scheme might be due to the aliasing error accumulated in the DG solutions, or have been
generated during signal sampling onto the FFT grid. The same issue was also found by
Carton de Wiart et al. (2014). Given this small difference in the energy spectrum, the
predicative capability of the FV- and DG-schemes can be considered identical.

4.2. Comparison of under-resolved solutions

In this section, we focus on under-resolved solutions. The accuracy of different schemes is
assessed by observing the convergence speed with respect to the resolved reference data.
Furthermore, examining the solution behavior on a under-resolved mesh will provide
useful insight on how to develop LES modeling strategies taking into account the specific
scheme characteristics. We focus directly on the comparison of predicted velocity spectra,
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Figure 2. Resolved solutions obtained by both DG and FV solvers (solid line and +
symbol—Re = 40, Mt = 0.1; dashed line and o symbol—Re = 40, Mt = 0.6; dash-dot
line and * symbol-—Re = 100, Mt = 0.6; dotted line and A symbol—Re = 100, Mt = 1.5;
lines—FV results; symbols—DG solutions; the initial interpolated spectrum on DG space
is also shown as dashed line in the last figure).

which are presented in Figure 3. A fundamental difference in the predicted spectra can be
observed near the region around the cutoff wavenumber. Significant energy overshoots are
generated by the non-dissipative F'V scheme for under-resolved DNS. This was recognized
as a common issue of the scheme (Larsson et al. 2007) and led to the development
of compatible SGS models (Moin et al. 1991; Kosovi¢ et al. 2002). Besides this issue,
attention should also be drawn to the intermediate wavenumber range. As shown in
Figure 3(a), the zoom-in plot emphasizes a drainage of energy induced by the central FV
scheme between the wavenumbers 4 and 8. This spectral contamination at this range of
wavenumber was also recognized previously in Fureby et al. (1997), and it is likely due
to the dispersive error inherent in the non-dissipative scheme (Carton de Wiart et al.
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Figure 3. Velocity spectra of under-resolved solutions at ¢/7 = 4 (o symbol—converged
reference spectrum; dash-dot line—DGP4; solid line—DGP3; dotted line—DGP2; dashed
line—FV).

2014). For the DG-scheme, the inherent numerical dissipation from both convection and
diffusion flux stabilization terms leads to the energy undershoots at small scales. This
observation explains the good performance of the DG-scheme applied to certain implicit
LES-applications (Beck et al. 2014; Carton de Wiart et al. 2015). Note that because the
DG-scheme is already dissipative at small scales, in general we cannot expect performance
improvement by simply applying SGS models developed for non-dissipative schemes.
Hence, the LES modeling strategy for DG might have to rely on a completely new
perspective.

The compressibility introduces a significant interaction with turbulent flows. The effect
of compressibility is typically characterized in forms of changes of induced thermody-
namic variables. For this, the density root-mean-square (RMS) is selected to assess the
performance and results are given in Figure 4. Generally speaking, DGP3 seems more
effective in accurately predicting density RMS. At a low-Mach case, DGP3 and the fourth-
order FV scheme perform equally well, while DGP2 leads to overshoots in the coarsest
mesh. This observation implies that improvement of polynomial order is more effective
in representing thermodynamic fluctuation than refining element size. This is likely be-
cause the thermodynamic variation is acoustic-controlled under this operating condition
and the prediction of acoustics often requires spectral-like resolution, thereby being im-
proved by using schemes with higher order. At an intermediate Mach-number regime,
the central-based FV scheme overpredicts the density fluctuation, induced by the more
energetic small scales generated by the non-dissipative numerics. For the DG scheme, the
performance of DGP2 and DGP3 are comparable given the same number of degree of
freedoms (DoF's). For the fourth case (M; = 1.5), the CharlesX relies on a sensor-based
shock-capturing strategy for scheme stabilization, since fully central formulation leads
to solution divergence. Built on previous investigations and heuristics gathered from ap-
plications, the CharlesX shock-capturing become well-established for turbulent-oriented
applications. This advantage is clearly illustrated in Figure 4(d). Under the same reso-
lution, CharlesX provides more accurate predictions for density fluctuation than the DG
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Figure 4. Density RMS of under-resolved solutions (first two figures share the legend in
figure (a) and the last two share the one in figure (c)).

schemes, likely due to the strong shocklets generated in this case, a result which challenges
the local polynomial approximation of DG solutions. The underprediction by DG indi-
cates this solution approximation might overly constrain the evolution of thermodynamic
quantities. In addition, it is also interesting to see that DGP2 provides better overall pre-
dictions than DGP3, suggesting that h-refinement is more effective than p-refinement for
this operating condition.

In summary, for all the considered turbulence-related quantities, we do not observe
pronounced advantages of DG over CharlesX on the regular mesh for the same DoF and
order of accuracy. Comparing three DG schemes, namely third-order DGP2, fourth-order
DGP3 and fifth-order DGP4, the latter two have apparent advantages over the former in
representing turbulence-induced density fluctuation characteristics at relatively low Mach
number conditions. However, for a highly compressible turbulence regime, the observation
is the reverse. This issue is essentially associated with the smoothness of the solution.
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Higher-order schemes are more effective in resolving smooth solutions, while finer meshes
are more appropriate for capturing discontinuous solutions. This observation, although
contradictory, in fact agrees well with current understanding of high-order schemes (Wang
et al. 2013).

4.3. Comparison of solutions on tetrahedron meshes

For the F'V scheme CharlesX, a blending of central and Riemann flux based on the local
grid quality is required for stabilization (Khalighi et al. 2011). A heuristic blending pa-
rameter based on the skew-symmetric property of the differencing operator is employed.
The blending parameter is purely grid based and can be evaluated prior to the simu-
lation. For uniform Cartesian grids in previous subsections, the pre-computed blending
parameter yields a purely central flux for all computational faces since the differencing
operations in CharlesX using polynomial interpolation give a skew-symmetric operator.
However, for the tetrahedron meshes considered in this part of study, a bias of Riemann
flux is needed to ensure the scheme’s stability. A number of 7.5% of the computational
faces is found to be sufficiently efficient for this purpose. On these faces, the HLLC
Riemann solver is applied.

For comparison, resolutions used for the DG scheme are 5x 163 for DGP3 and 5x 223 for
DGP2, which yield a nearly identical resolution of 5 x 443 for the FV scheme. On this type
of mesh, apart from the effect of flux blending on accuracy, the convergence of CharlesX
also deteriorates to second order. The degradation of accuracy significantly impairs the
predictions of all turbulence quantities. As shown in Figure 5, under the same resolution
(5 x 443), the FV results are significantly poorer than those for the DG-schemes. Further
mesh refinement is conducted for the FV scheme, from which we can see that the FV
provides a comparable prediction for turbulent kinetic energy (TKE) and spectrum with
another two levels of mesh refinement; however, the prediction of density RMS is still
far off the DG predictions for the case with Rey = 40 and M; = 0.1, given the strong
sensitivity of density fluctuation to numerical error. The slow convergence also reminds
us of the difficulty of discretizing the viscous terms with FV scheme on unstructured
mesh (Diskin et al. 2010). In CharlesX, the viscous terms are not treated in a completely
weak sense, for which the derivatives, for example representing viscous stress and heat
conduction, still rely on the approximation of strong formulation. This treatment limits
the accuracy of F'V schemes on irregular meshes. However, the diffusion discretization
for the DG scheme, which is built completely on a weak formulation, provides more
attractive advantages for the scheme.

5. Conclusions

The DG scheme is compared to a state-of-art F'V solver, CharlesX, developed at the
Center of Turbulence Research, Stanford University. The turbulence case considered in
this study is the isotropic decaying turbulence for which the characteristic quantities,
including TKE, velocity spectrum, and density fluctuation, are predicted and compared.
It is found that on regular hexahedral mesh, the accuracy of DGP3 and the fourth-
order FV scheme is comparable, except for the fundamental difference in the under-
resolved velocity spectrum. Energy pile-up at small scales is found in the under-resolved
velocity spectrum of the non-dissipative FV scheme, while the DG scheme (P2 to P4)
leads to energy under-shoots at the same range of wavenumbers. This is attributed to
the numerical dissipation inherent in the scheme. This finding implies that the subgrid
modeling strategy for the DG scheme might require a new perspective.
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Figure 5. Turbulence quantities on tetrahedron meshes by both the DG and FV solvers.
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The comparison is also conducted on a set of tetrahedral meshes. Due to the cell
skewness and accuracy deterioration, CharlesX fails to compete with the DG scheme in
terms of predictive accuracy. The predicted characteristic quantities are not comparable
to those obtained by the DG scheme, even after two levels of mesh refinements (a factor
of 64 in DoFs). The comparison underlines the benefit of DG in performing DNS/LES
on complex geometries, and requires further demonstration.

Within the DG framework, the comparison between different polynomial orders is also
conducted, for which DGP2 to DGP4 are considered and used with the same DoF's.
It was found that higher-order polynomial approximation is superior in representing
the density fluctuation characteristics at lower Mach-number turbulence. However, for
highly compressible turbulence, the observation is reversed. Therefore, it is suggested the
solution representation of different orders be adapted in accordance with the turbulent
flow conditions. In general, higher-order approximations help resolving small scales, as
found by examining the velocity spectra.
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