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1. Motivation and objectives
Shock-wave propagation through multi-material and multi-phase media is a common phenomenon in a variety of detonation and high-velocity material impact deformations. Recent interest in the improvement of accuracy for the simulation of this
phenomenon in elasto-plastic deformation has been motivated by inertial confinement
nuclear fusion (ICF) efforts, which require extreme shock compression of elasto-plastic
material (Lindl et al. 2014). These deformations exhibit strong shock waves and the
development of hydrodynamic instabilities, including those of the Richtmyer-Meshkov,
Rayleigh-Taylor, and Kelvin-Helmholtz varieties (Zhou 2017). Material strength is also
of interest as a means of suppressing these instabilities and increasing the compression
efficiency. The resulting deformation requires a simulation methodology capable of handling shock/turbulence interactions (Adler & Gaitonde 2018, 2019), material interfaces,
elasto-plastic phenomena, and phase changes in a unified framework.
A variety of approaches can be applied to treat the material interfaces, including
Lagrangian (Benson 1992), arbitrary Lagrangian-Eulerian (ALE) (Donea et al. 2004), and
fully Eulerian methods. For the ICF application, in which the material interface seeds the
hydrodynamic instability and undergoes severe distortions in the turbulent regime, the
fully Eulerian approach is advantageous because it does not encounter mesh entanglement
or extensive mesh-remap issues common to the Lagrangian and ALE approaches. Within
the Eulerian approach, sharp-interface and diffuse-interfaces methods exist. Here, the
strongly conservative diffuse-interface approach presents an advantage over the sharpinterface approach, because the time scales of the relevant deformation features are short
relative to the time scales of numerical diffusion of the diffuse interface; thus, no interface
sharpening procedure is necessary.
Seminal theoretical developments of fully Eulerian diffuse-interface approaches for
elasto-plastic deformation are described by Godunov & Romenskii (1972), Plohr & Sharp
(1988), and Trangenstein & Colella (1991). Recent applications of these approaches are
presented by Hank et al. (2017), Ndanou et al. (2015), and Ortega et al. (2014), who
have demonstrated the success of the method for a variety of high-velocity solid–solid
and solid–fluid impact scenarios. Several areas of improvement are still needed, including
improved physical aspects such as the inclusion of strain and strain rate in the parameterized plasticity model, more robust treatment of thermal softening and melting, and
improved equations of state, as well as improved numerical aspects such as the incorporation of adaptive mesh refinement to increase spatial resolution and more efficiently
capture the instability/material-interface evolution.
A limiting aspect of many efforts to date has been the use of relatively low-order
explicit spatial schemes in conjunction with a potentially costly and dissipative multi-
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material Riemann solver. An alternative approach has been recently examined, employing
a combination of high-order compact difference schemes and localized artificial diffusivity (LAD) (Ghaisas et al. 2018); such methods have proven successful for a variety
of shock/turbulence interactions and other complex multi-scale flows (Johnsen et al.
2010; Tritschler et al. 2014). This approach provides the necessary low-dissipation/highresolution numerical scheme for accurate reproduction of fine-scale turbulence and, by
means of the LAD, functions as a high-dissipation/(inherently low-resolution) scheme for
shock-wave and material-interface capturing. Recent extension of this method for use in
diffuse-interface capturing of multi-material interfaces has demonstrated superior resolution properties relative to non-compact reconstruction schemes (Subramaniam et al.
2018).
This current work primarily concerns the topic of strain-dependent plasticity, with
the examination of several possible frameworks for the incorporation of strain-hardening
effects into the existing numerical method. For many materials, plastic deformation alters
the microstructural properties of the material, increasing its strength. For metals, this
strain hardening can increase the ultimate strength of the material in excess of several
times the pre-hardened yield strength (Barton & Romenski 2012). In the context of ICFrelevant deformations, the effect of strain hardening can be significant on the development
of hydrodynamic instabilities (Ortega et al. 2015), suppressing the Richtmyer-Meshkov
growth rate, increasingly so for smaller Mach numbers.
However, in the context of fully Eulerian diffuse-interface methods, the examination
of strain-dependent plasticity has thus far been fairly limited. A few notable examples
include the work of Plohr & Sharp (1992), who present a theoretical framework for transport of a plastic strain tensor (6 additional equations per material) and work-hardening
variable (+1 equation). Later, Miller & Colella (2001) examine the use of the full plastic
deformation gradient tensor (+9 equations) for strain-hardening parameterization. More
recently, Barton & Romenski (2012) propose the use of a reduced dimension formulation based on plastic entropy transport (+1 equation). In all, the proposed formulation
space spans a wide range of possibilities. The optimal strategy remains unclear and is
certainly dependent on the deformation scenario and calculation objectives regarding
accuracy and computational efficiency. We examine several of these potential strategies,
assessing differences among the methods and trends in numerical convergence for a 2-D
elasto-plastic shock/material-interface interaction, which engenders the development of
the Richtmyer-Meshkov instability of a solid–solid interface.
The remainder of this brief is outlined as follows. The numerical framework for the
Eulerian, multi-material, diffuse-interface approach, with recent advancement in strainhardening parameterization and thermal softening is described in Section 2. The RichtmyerMeshkov instability of a 2-D multi-material interface is described in Section 3, including
the coupled effects of thermal softening, with a discussion of the non-coupled development
of hardening variables for various strain-hardening frameworks. Concluding remarks are
made in Section 4.

2. Theoretical and numerical framework
2.1. Conservation equations
The governing equations for the evolution of the multi-material continuum in conservative
Eulerian form are reproduced below, including the conservation of species mass, total
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Concerning notation, t and x represent time and the Eulerian position vector, respectively. Ym describes the mass fraction of each constituent material, m. The variables u,
ρ, , and σ describe the mixture velocity, density, internal energy, and Cauchy stress,
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and temperature T . The second term in the artificial enthalpy flux expression is the
enthalpy diffusion term (Cook 2009), in which hm = m + pm /ρm is the enthalpy
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of species m. The artificial
diffusion of species m is described by (Jm
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2.2. Kinematic equations for elasto-plastic deformation

The above system of conservation equations is accompanied by a set of kinematic equations describing the evolution of the elastic and plastic components of material deformation. To describe the deformation of the solid in the Eulerian framework, the inverse
deformation tensor is employed, gij = ∂Xi /∂xj , in which X and x describe the position
of a continuum parcel in the material (Lagrangian) and spatial (Eulerian) perspectives,
respectively. In this work, an inverse deformation gradient is tracked for each material
constituent; however, it is possible to assume a single inverse deformation gradient for the
entire mixture without loss of accuracy for specific scenarios (Ghaisas et al. 2017, 2018).
Following Miller & Colella (2001), a multiplicative decomposition of the total inverse
deformation gradient tensor, g, into elastic, g e , and plastic g p , components is assumed,
p e
gij = gik
gkj , reflecting the assumption that the plastic deformation is recovered when
−1
p
the elastic deformation is reversed, gij
= gik (g e )kj . It is additionally assumed that the
plastic deformation is volume preserving (Plohr & Sharp 1992), providing compatibility conditions for the inverse deformation gradient tensor determinants, g p = 1 and
g = g e = ρ/ρ0 , in which ρ0 represents the pre-deformed density. With these assumptions, the kinematic equations describing the evolution of the total, elastic, and plastic
inverse deformation gradient tensors are described below.
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The left-hand side of the kinematic equations describes the Eulerian time derivative and
advective terms, whereas the right-hand-side describes the curl compatibility, density
compatibility, artificial diffusion, and elasto-plastic source terms. Equation 2.5 (or some
variant thereof) must be solved to describe the elastic deformation, and, in addition,
either Eq. 2.4 (referred to as the g–g e formulation) or Eq. 2.6 (g p –g e formulation) must
be solved to fully describe the plastic deformation for the strain-hardening model. Employing Eqs. 2.5 and 2.6 is similar to the approach of Miller & Colella (2001); however,
that formulation solves for the plastic deformation gradient tensor (not the inverse deformation gradient tensor) in concert with the elastic inverse deformation gradient tensor.
An alternative reduced-dimension formulation for the kinematic equations involves
the solution of Eq. 2.5 along with a simpler one-variable equation for plastic entropy, as
described by Eq. 2.7 (S p –g e formulation).
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Here, S p represents the entropy generated by plastic deformation and LS represents the
plastic entropy source term. This reduced-dimension formulation is based on the work of
Barton & Romenski (2012), which has since been discussed by Ortega et al. (2014, 2015)
and Ghaisas et al. (2018).
2.3. Localized artificial diffusivity
The localized artificial diffusivity properties, including the artificial shear viscosity, µ∗ ;
artificial bulk viscosity, β ∗ ; artificial thermal conductivity, κ∗ ; artificial diffusivity of
∗
species m, Dm
; and artificial inverse deformation gradient diffusivity, g ∗ , are described
below, in which the overbar denotes a truncated Gaussian filter applied along each grid
direction; ∆i is the grid spacing in the i direction; ∆i,µ , ∆i,β , ∆i,κ , ∆i,Ym , and ∆i,g are
weighted grid length scales in direction i; cs is the linear longitudinal wave (sound) speed;
H is the Heaviside function; and  = 10−32 .

µ∗ = Cµ ρ

3
X
∂rS

k=1

∂xrk

∆rk ∆2k,µ ;

∆i,µ = ∆i ,

(2.8)

Strain-hardening Eulerian framework for multi-material elasto-plastic...

β ∗ = Cβ ρfsw

3
X
∂ r (∇ · u)

∂xrk

k=1

κ∗ = Cκ

∗
Dm
= max





C D cs

3
X
∂ r h

ρcs
T

∂xrk

k=1

3
X
∂ r Ym

∂xrk

k=1

∆i,D = ∆i P



3
k=1

g ∗ = Cg cs

∆i,β = ∆i P
∆i,κ = ∆i P

3
k=1

∂ρ
∂xk

∂h
∂xi



2

2

∂h
∂xk

2

2

,

(2.9)

+

,

(2.10)

+


3

X
cs
∆k,Y ;
, CY (|Ym | − 1 + |1 − Ym |)

2

2

∂Ym
∂xk

∂xrk

2

;

+

∆rk ∆k,g ;

∂Ym
∂xi

∆i,Y = ∆i r
P3

k=1



∆i,g = ∆i P

3
k=1

2

fsw = H (−∇ · u)

Here, S =



3
k=1



∂ρ
∂xi

k=1

3
X
∂ r eg

k=1

∆rk ∆k,κ ;

∆rk ∆k,D

∂Ym
∂xi



∆rk ∆2k,β ;



261

(∇ · u)

2

2

∂eg
∂xi





2

∂eg
∂xk

(∇ · u) + (∇ × u) + 

.

∂Ym
∂xk

2

2

(2.11)

,

+

,

(2.12)

+
(2.13)

q
p
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the Almansi finite strain tensor associated with the g equations, egij = 21 (δij − gki gkj ) We
observe that LAD is not strictly necessary to ensure stability for the g e equations; in fact,
it has not been included in previous simulations (Ghaisas et al. 2018; Subramaniam et al.
2018), because the elastic deformation is often small relative to the plastic deformation,
but LAD is necessary to provide stability for the g and g p equations, especially when
the interface is re-shocked, resulting in sharper gradients in the plastic (and total) deformation relative to the elastic deformation. The form for LAD is identical between the
three sets of deformation equations, except for the choice of Almansi finite strain norm,
which is chosen to reflect the component of deformation associated with the specific set
of equations. Typical values for the model coefficients are ζ e = ζ p = 0.5, ζ = ζ p ζ e = 0.25,
Cµ = 2 × 10−3 , Cβ = 1, Cκ = 1 × 10−2 , CD = 3 × 10−3 , CY = 1 × 102 , and Cg = 1 × 10−3 .
2.4. Equation of state
A hyperelastic equation of state (EOS), in which the elastic stress–strain relationship
is compatible with a strain energy-density functional, is assumed to close the thermodynamic relationships in the governing equations. The internal energy, , is additively
decomposed into a hydrodynamic component, h , and an elastic component, e . The
hydrodynamic component is analogous to a stiffened gas, with

2 
p + γp∞
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 = h (p, ρ) + e ĝ ,
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G , G = g eT g e , p is the pressure, p∞ (with units of pressure)
in which ĝ = |G |
and γ (nondimensional) are material constants of the stiffened gas model for the hydrodynamic component of internal energy, and µ is the material shear modulus. With this
EOS, the Cauchy stress, σ, satisfying the Clausius-Duhem inequality is described by
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dev (Ge ) − |Ge |
dev (Ge ) ,
(2.15)
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in which dev (Ge ) signifies the deviatoric component of the tensor: dev (Ge ) = Ge −
tr (Ge ) /3, with tr (Ge ) signifying the trace of the tensor. The elastic component of
the internal energy, e , is assumed to be isentropic. Therefore, the temperature, T , and
entropy, η, are defined by the hydrodynamic stiffened gas component of the EOS, as
follows.
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Here, η0 is the reference entropy at pressure, p0 , and temperature T0 .
2.5. Plasticity model

Plastic deformation is incorporated into the numerical framework by means of a viscoelastic Maxwell relaxation model, which has been employed recently in several Eulerian
approaches (Ndanou et al. 2015; Ortega et al. 2015; Ghaisas et al. 2018). The plastic
source terms are described by
Lpij =
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and the plastic relaxation time scale is described by
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in which, σ 0 = dev (σ). The ramp function R (x) = max (x, 0) turns on plasticity effects
only when the yield criterion is satisfied.
Thermal softening effects are incorporated by a parameterized modification to the yield
strength and shear modulus.


T
;
σY = fm σY,0 ,
µ = fm µ0 ,
(2.19)
fm = exp −cm
R (Tm − T )
in which Tm denotes the material-specific melting temperature, σY,0 and µ0 denote the
pre-softened yield strength and shear modulus, and cm is a thermal softening model
parameter. Coupled strain-hardening effects will be included in a similar way, using a
combination of plastic strain, plastic strain rate, and plastic entropy as parameterization
variables. In many cases, the elasto-plastic source term is stiff due to the small value of
τrel relative to the convective deformation scales. To overcome this time step restriction,
implicit plastic relaxation strategies are used based on the method of Favrie & Gavrilyuk
(2011) and described by Ghaisas et al. (2018).
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2.6. High-order numerical method
The equations are discretized on an Eulerian Cartesian grid. High-order spatial derivatives are computed using a high-resolution, penta-diagonal, 10th-order, compact finite
difference scheme. This scheme is applied in the domain interior and near the boundaries
in the cases of symmetry, anti-symmetry or periodic boundary conditions. Otherwise
boundary derivatives are reduced to a 4th-order, one-sided, compact difference scheme.
Time advancement is achieved using a five-stage, 4th-order, Runge-Kutta method, with
an adaptive time step based on a CFL condition.
A spatial dealiasing filter is applied after each stage of the Runge-Kutta algorithm
to each of the conservative and kinematic variables to remove the top 10% of the gridresolvable wavenumber content, thereby mitigating against aliasing errors and numerical
instability in the high-wavenumber range, which is not accurately resolved by the spatial
derivative scheme. The filter is computed using a high-resolution, penta-diagonal, 8thorder, compact Padé filter, with cutoff parameters described by Ghaisas et al. (2018).

3. Richtmyer-Meshkov instability of a 2-D multi-material interface
3.1. Problem description
We examine the proposed numerical framework in the context of a two-dimensional
shock/material-interface interaction, similar to those described by Ortega (2013) and
Subramaniam et al. (2018). A copper–aluminum material interface is subjected to the
passing of a normal shock wave. The interface location is initially perturbed in the streamwise (x) direction with a nonzero spanwise (y) wavenumber to engender the development
of the Richtmyer-Meshkov instability with the imposed wavelength. The simulation spatial domain spans [−4 ≤ x ≤ 8] × [0 ≤ y ≤ 2] (nondimensionalized by the spanwise interface perturbation wavelength; half the span length). Copper is on the left (x < x0 ),
and aluminum is on the right (x > x0 ), with the mean position of the material interface
located at x = x0 = 4. Periodic boundary conditions are employed in the spanwise direction, an adiabatic, perfectly rigid wall is assumed at the right boundary (x = 8), and
a numerical sponge zone to minimize wave reflection from the left boundary is enforced
for x < 0. The initial volume fraction of the material (copper) on the left is described by



x − x0 − η (y)
1
1 − (1 − 2αmin ) erf
,
(3.1)
α1 =
2
δt ∆ x
with αmin = 10−6 , δt = 3, and ∆x describing the grid spacing, with ∆x = ∆y = 1/64
unless otherwise stated. The spanwise wavenumber perturbation is defined by η (y) =
η0 sin (ky), with η0 k = 0.4 and k = 2π. A normal shock with pressure ratio of 25 moving
toward the Cu–Al interface from left-to-right is initialized in the copper at x = xs = 3,
using the Rankine-Hugoniot relations with the kinematic variables set to maintain density
consistency. The nondimensional pressure profile across the shock is described by



1
x − xs
,
(3.2)
p = p1 + (p2 − p1 ) 1 − erf
2
∆x
with p1 = 5 × 10−2 and p2 = 25p1 . The reference density and γp∞ of copper are employed for nondimensionalization. The material properties are γ = 2, p∞ = 68.23 GPa,
3
µ = 39.38 GPa, σY = 0.12 GPa, and ρ0 = 8930 kg/m for Cu and γ = 2.088, p∞ = 32.98
3
GPa, µ = 27.09 GPa, σY = 0.297 GPa, and ρ0 = 2712 kg/m for Al. Figure 1 describes
the development of the instability over time in terms of copper mass fraction (left) and
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Figure 1. Development of copper mass fraction (left) and temperature (right) in the 2-D Richtmyer-Meshkov flow. Frames depict instances before the first shock (from left), t = 0.5 (a, f);
before the second shock (from right), t = 1.6 (b, g); before the third shock (from right), t = 2.2
(c, h); after the fourth shock (from right), t = 2.8 (d, i); and at a later time of development,
t = 5.0 (e, j). With each successive shock, vorticity is deposited on the perturbed interface,
accelerating roll up of the interface and mixing of the materials.

temperature (right). The interface is shocked several times, first by the left-to-right traveling initial shock and subsequently by re-shocks reflecting from the right boundary. With
each shock/material-interface interaction, vorticity is deposited on the interface, resulting
in the more dense material (copper) forming “spikes” into the less dense material (aluminum), which develops “bubbles” in between the spikes; in late stages of development
the interface rolls up, resulting in significant scale separation.
3.2. Effect of material yield strength and thermal softening
The effect of material yield strength on development of the instability is described in
Figure 2. The yield strength of both materials is amplified from the physical value (frame
a) by a factor of 2 (b), 4 (c), and 8 (d). With increasing material strength, the growth
rate of the instability is reduced, and is nearly completely stabilized with an amplification
factor of 8. Because strain hardening in metals can increase the material strength in
excess of several times the pre-deformed strength, this suggests that strain-hardening
effects could also have a significant impact on instability growth.
The effect of thermal softening on the development of the instability is described
in Figure 3. Thermal softening, as modeled by Eq. 2.19, acts to reduce the material
strength as the temperature approaches the melting temperature, countering the effect
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Figure 2. Copper mass fraction at an advanced time of development (t = 10), depicting the
suppression of the instability with increasing material yield strength. The yield strength of
both materials is increased from the physical values (a) by a factor of 2 (b), 4 (c), and 8 (d),
suggesting that the material strength increase from hardening effects will impact the instability
development.

Figure 3. Comparison of flow development with thermal softening (b-d) and non-softening case
(a), at an advanced time of development (t = 10). Copper mass fractions are compared (a, b),
demonstrating greater mixing during roll up and more significant thinning of the spike neck
with thermal softening. The temperature of aluminum (right) is significantly raised (c) leading
to a decrease in the yield strength (d), effectively representing the loss of material strength with
melting.

of strain hardening. The nondimensional model parameters for this exercise are taken
as Tm = 4.52 and cm = 0.21 for Cu and Tm = 3.11 and cm = 0.27 for Al. In this
problem, the aluminum, having a lower melting temperature, has nearly all melted due
to shock-induced heating after the second re-shock (third shock) has passed through the
material. This is evident in frame (d), as the yield strength of aluminum has reduced
to zero, resulting in purely plastic flow. Comparing the copper mass fraction between
the hard (a) and thermally soft (b) cases, the effect of thermal softening can be seen to
enhance mixing in the spike-tip roll up and lead to more prominent thinning of the spike
shaft.
3.3. Comparison of strain-hardening frameworks
The differences between the various strain-hardening frameworks are examined in Figures 4 and 5. For this exercise, strain-hardening effects are decoupled from the solution,
and the plastic strain or plastic entropy is only tracked as a passive variable; this facilitates the isolation of the differences in the strain-hardening variable with the same
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Figure 4. Comparison of the Almansi plastic strain norm calculated from the g–g e (a, c, e, g)
and g p –g e (b, d, f, h) strain-hardening frameworks. Frames facilitate comparison at various
times, including before the first shock (from left), t = 0.4 (a, b), after the first shock, t = 0.75
(c, d), before the second shock (from right), t = 1.5 (e, f), and after the second shock, t = 2.0
(g, h). Both methods agree quantitatively over the short-time horizon; over the long-time horizon, the results are qualitatively similar; however the g p –g e framework predicts larger strain
magnitudes in the region of roll up.

Figure 5. Comparison of the Almansi plastic strain norm for the g p –g e strain-hardening framework (a, c) with the plastic entropy for the plastic entropy strain-hardening framework (b, d)
very shortly after initialization (t = 0.025) and after the second shock passes the interface
(t = 2.0). The two methods agree quantitatively well for the very short time comparison but
differ significantly for long-time prediction, reflecting the fact that the plastic entropy framework
is absent information regarding the Lagrangian deformation.

underlying flow. Figure 4 compares the Almansi plastic strain norm for the full tensor
transport strain-hardening frameworks (g–g e in frames a, c, e, g, and g p –g e in frames
b, d, f, h) at various times: before the first shock (a, b), after the first shock (c, d),
before the second shock (e, f), and after the second shock (g, h). Before the first shock,
the methods agree quantitatively well. After the first shock, quantitative agreement is
maintained away from the interface; however, only qualitative agreement is maintained
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Figure 6. Comparison of the Almansi plastic strain norm for the g–g e (left) and g p –g e
(right) strain-hardening frameworks for various levels of grid refinement: ∆x,y = 1/64 (a, d),
∆x,y = 1/32 (b, e), and ∆x,y = 1/16 (c, f), after the interaction of the second shock (from right)
with the material interface (t = 2.0). With increasing grid refinement, the plastic strain norm
increases in the region of roll up for both frameworks, reflecting the greater resolution of the
interface instability.

at the interface, with the g p –g e formulation exhibiting larger magnitudes of plastic flow,
indicating that the shock/material-interface interaction is not fully numerically resolved.
Similar behavior is observed concerning the second shock, after which the g p –g e formulation predicts much larger plastic flow in the region of roll up relative to the g–g e
formulation. In practice, these differences will likely not be of major concern, because
the strain-hardening effect will saturate well before the strain norm approaches the magnitude observed preceding the second shock.
In a similar manner, the plastic entropy formulation (S p –g e : frames b and d) is compared to the g p –g e formulation (frames a and c) in Figure 5. In this case, we observe
good quantitative agreement between the two formulations immediately after initialization (a, b), but the two formulations diverge quickly as plastic flow occurs, and do not
share the same qualitative agreement as do the g p –g e and g–g e formulations over longer
time horizons (c, d). The reason for this stems from the fact that the plastic entropy formulation has no knowledge of the Lagrangian deformation, and is essentially an Eulerian
measure with respect to the elasto-plastic source term – a consequence of the reduced
complexity (only one additional equation as opposed to nine equations for the full tensor
formulations). Therefore, the plastic entropy formulation should be expected to diverge
from the g p –g e and g–g e formulations in the case of significant plastic flow, as is observed
in this multi-material Richtmyer-Meshkov flow.
3.4. Effect of grid refinement and localized artificial diffusivity
The effects of grid refinement and choice of localized-artificial-diffusivity coefficient on
the development of the instability are described in Figures 6 and 7, respectively. The
Almansi plastic strain norm is employed to describe the differences. With increasing grid
refinement, greater plastic strain is indicated in both the g p –g e and g–g e strain-hardening
frameworks. Increased strain reflects the fact that the more refined grids resolve finer features of the interface roll up; resolving these fine features as opposed to dissipating these
features results in greater resolved plastic flow. A similar effect is observed with respect
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Figure 7. Demonstration of the effect of localized artificial diffusivity coefficient magnitude
(g ∗ ) in the kinematic equations on the development of the Almansi plastic strain norm using
the g–g e strain-hardening framework (t = 10). Increasing the artificial diffusivity suppresses
non-physical solution oscillations but also decreases the maximum resolved strain, indicating
that the fine-scale features are not fully resolved.

to the LAD coefficient magnitude. Decreasing LAD magnitude, which is associated with
less numerical diffusion of the interface (less dissipation of fine-scale features), results in
greater resolved plastic flow. Of course, decreasing LAD magnitude also results in the
introduction of non-physical oscillations into the solution and instability in the g and
g p equations for very small magnitudes. In all, it is evident that the Almansi plastic
strain norm is not converged with respect to grid resolution or LAD after re-shock of the
interface, with potentially much finer grids necessary to demonstrate grid convergence.

4. Concluding remarks
Several frameworks to introduce strain-hardening effects into fully Eulerian simulations of multi-material elasto-plastic flow have been presented. To describe the elastic
material deformation, evolution equations are included for the elastic inverse deformation
gradient tensor, which is required to calculate the elastic contribution to internal energy.
To completely describe the plastic material deformation and subsequent strain-related
quantities for the strain-hardening model, additional evolution equations are required
to describe either the plastic inverse deformation gradient tensor or the total inverse
deformation gradient.
In theory, both approaches are equivalent; however, in application, the approaches differ slightly due to the effects of numerical regularization, which is exacerbated during
re-shock events. Regularization differences originate from the means of enforcing the compatibility conditions on the inverse deformation gradient tensors (i.e., ensuring that the
inverse deformation gradient tensors are consistent with (1) the simulation density, (2)
isochoric plasticity, and (3) curl-free gradients), as well as from local artificial diffusivity
and dealiasing processes which are equation specific. These differences compound in time
with increasing plastic flow, especially during re-shock of the material interface. However,
in practice, the strain-hardening effect will saturate in the short-time/small-plastic-flow
limit, and thus the differences between these approaches after re-shock of the interface
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may not be crucial; this assumption should be evaluated based on problem-specific concerns.
A reduced-dimension strain-hardening framework based on the evolution of a plastic
entropy variable is also examined. This approach presents an advantage over the full
tensor formulation in terms of computational efficiency because only one additional evolution equation is required per material reduced from the nine-equation tensor evolution.
However, because the one-equation framework does not explicitly track the plastic deformation, differences between the one- and nine-equation frameworks quickly arise as
plastic flow occurs. The cost versus accuracy benefits of the plastic entropy approach relative to the full plastic deformation approach should be evaluated on a problem-specific
basis.
The various methods are assessed in the context of a 2-D shock/material-interface
interaction between copper and aluminum. The material interface is initially perturbed
to engender the development of the Richtmyer-Meshkov instability with a pre-determined
wavelength, in which significant vorticity builds on the material interface, leading to
a richly complex distribution of plastic flow. Subsequent re-shocks of the developing
instability lead to significant scale separation between the initial interface perturbation
wavelength and the fine-scale features of interface roll up.
The effect of material strength to suppress the instability growth rate and the effect
of thermal softening to enhance mixing in the later stages of interface roll up are demonstrated. The various strain-hardening formulations are then evaluated by tracking the
passive strain-hardening variables; the strain-hardening model is not coupled back to
the flow, allowing all frameworks to be compared with the same underlying flow. The
differences in plastic strain norm between the full tensor g–g e and g p –g e approaches that
develop in the long-time/large-plastic flow limit are minor relative to the difference between the tensor and scalar (S p –g e ) approaches in the long-time limit. The plastic entropy
formulation has no information of the plastic deformation state, and the elasto-plastic
source term is based on the Eulerian Cauchy stress, so the accuracy of this approach is
expected to decrease with increasing plastic flow.
Current efforts include comparing these various approaches in a high-velocity solidsolid impact problem, for which experimental comparison can provide guidance as to
which strategy is optimal. Challenges exist because the internal variables necessary for
strain-hardening calibration are not accessible by current experimental techniques, and
model choice and optimization are certainly problem dependent.
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