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1. Motivation and objectives
Transient autoignition (AI) plays a critical role in flame stabilization such as in diesel
fuel ignition, vitiated flows, industrial furnaces, and staged combustors (Güthe et al. 2009;
Arndt et al. 2019). In the presence of turbulence and an inhomogeneous mixture composition, AI is a stochastic and transient process that requires consideration of detailed
chemistry, local mixture composition, temperature, and turbulent flow environments.
Flame stabilization by AI in lifted flames has been studied experimentally and computationally in a jet-in-hot-coflow (JHC) setup with well-defined boundary conditions (Cabra
et al. 2002; Domingo et al. 2008; Ihme & See 2010; Schulz et al. 2017). Lift-off height was
found to increase with jet and coflow velocities and decrease for increasing temperature
(Cabra et al. 2002). Domingo et al. (2008) developed a hybrid formulation that combines ignition in a homogeneous reactor (HR) ignition model with a partially premixed
flame propagation model. An unsteady flamelet model, developed by (Ihme & See 2010),
introduces the scalar dissipation rate to describe the transient ignition dynamics. Both
modeling approaches employed presumed probability density functions (PDF) closures
for turbulence-chemistry interaction. More recently, Schulz et al. (2017) used an analytically reduced chemistry model in conjunction with the dynamically thickened flame
model to describe AI and identify different combustion regimes.
Transient AI was studied experimentally using a pulsed methane JHC configuration
(Meier et al. 2010; Arndt et al. 2012, 2013; Papageorge et al. 2014; Arndt et al. 2016,
2019; Arndt & Meier 2019). Different fuels were used, and several operating conditions
with different coflow temperatures were investigated. Stochastic features of transient
AI dynamics were reported by Arndt et al. (2016) in the form of PDFs of AI time
and ignition location. This configuration was examined by Inanc & Kempf (2019) using
flamelet-based combustion models to study the transient and stochastic features of AI.
While the transient ignition kernels’ location and ignition time were reproduced with
good accuracy, the flame lift-off height was under-predicted.
The prediction of AI and flame stabilization in turbulent flames requires consideration
of multi-mode combustion regimes (Domingo et al. 2008; Ihme & See 2010). Schulz et al.
(2017) demonstrate that, first, AI takes place at the most reactive mixture. Subsequently,
heat diffuses toward richer mixtures that combust in an opposed mixing mode (Yoo et al.
2009) followed by a diffusion-dominated combustion regime. Lean and rich propagating
flames are present near the centerline (Domingo et al. 2008). Hence, to properly model
such flames, adaptive combustion models that describe the transient ignition dynamics
are needed.
An adaptive combustion modeling approach in the form of the Pareto-efficient combustion (PEC) framework was recently developed to model multi-mode combustion (Wu
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et al. 2015; Wu & Ihme 2016; Wu et al. 2019b). This formulation employs a combustion
sub-model assignment to accommodate different combustion regimes. The compliance of
combustion models with the underlying flow physics is assessed through the construction
of a drift term, which takes into consideration user-specific requirements for quantities
of interest (QoIs). So far, this formulation has been limited to scalar flow-field quantities
such as pollutant emission, temperature, or species, and model extensions are needed to
accurately describe AI and transient combustion processes.
By addressing this need, this work aims to extend the PEC formulation to the prediction of AI in turbulent unsteady flow environments. To this end, we consider the AI delay
time as a physical process of interest (PoI), and the drift term formulation is extended to
incorporate AI as a controlling parameter. This formulation is validated in an application
to the DLR-JHC configuration operated by DLR (German Aerospace Center).
The remainder of this manuscript has the following structure. Section 2 presents the
PEC framework, and its extension to AI is discussed in Section 3. The experimental configuration and numerical setup are presented in Section 4. In Section 5, PEC is applied to
the DLR-JHC configuration, and the model mapping is analyzed and compared to monolithic flamelet/progress variable (FPV) and finite-rate chemistry (FRC) calculations.

2. Governing equations and PEC formulation
In this study, the fully compressible Navier–Stokes equations for reacting flows are
solved. The system of Favre-averaged conservation equations for mass, momentum, and
energy for large-eddy simulations (LES) are presented in (Wu et al. 2019b), and the
scalar transport equations take the following form

e = −∇ · j + j
e tφ
(2.1)
ρ̄D
sgs + S φ ,

iT
h
e
e = φ
e ,··· ,φ
e t = ∂t + u
e · ∇ is the material derivative, φ
combines the
where D
mN
m1

scalar solution vectors of the sub-models considered by PEC, M = {m1 , · · · , mN }, and
S φ is the vector of filtered chemical source terms. PEC employs a sub-models assignment
e of the assigned comso that each region solves transport equations for the scalars φ
m
bustion model m. The thermochemical state is evaluated from the manifold-describing
variables as well as from the reconstruction of the scalar transport equation for model
coupling (Wu et al. 2015), which is detailed for FPV and FRC Wu et al. (2019b).
In the PEC framework, an optimization is performed to obtain a sub-model assignment
that maps the computational domain Ω to the set of models M , M : Ω → M
Z
Z
min
e(M(x), x)dx + λ
c(M(x), x)dx,
(2.2)
M:Ω→M

Ω

Ω

where e and c are the local error and cost of the model mapping, and the user-defined
parameter λ expresses balance between cost and accuracy. In practice, the current PEC
formulation solves Eq. (2.2) via a greedy strategy (Wu et al. 2015). A set of QoIs Q =
{ψe1 , . . . , ψeNQ } is defined, and the local error e of a particular model m ∈ M is defined
P
e
e m (ψ)|,
from the weighted sum of the errors of each QoI ψe ∈ Q, e(m, x) = ψ∈Q ξψ |D
m
e is the drift term of ψe and ξψ is a normalization constant (Wu et al. 2015),
e (ψ)
where D
so that the error associated with each QoI is of order of unity. The drift term provides a
consistent method to assess the compliance of a combustion model with the underlying
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flow-field description. The drift term associated with model m for a QoI ψe is
e = ρ̄D
e
e m (ψ)
e t (ψ)
D

e ψ
e∗
ψ=
m

∗
e t (ψem
− ρ̄D
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(2.3)

∗
where ψem
is the QoI evaluated in the manifold solution of model m. For models employing a low-dimensional manifold, the QoIs are expressed in terms of manifold-describing
h
iT
e , such that ψe∗ = ψe∗ (φ
e ), with φ
e = Z,
e C
e for the FPV model, so that
variables φ
m

m

m

m

m

the last term of Eq. (2.3) can be written as

 
 
∂ ψe∗
∗
e
= ρ̄ m · Dt φ
ρ̄Dt ψem
m .
e
∂φ
m

(2.4)

On the right-hand side of Eq. (2.3), the first term is the material derivative of QoI ψe eval∗
uated from the transport equation with initial conditions ψem
. The second term is the ma∗
e (Eq. (2.1)).
terial derivative of ψem
predicted from the manifold-describing variables φ
m
The difference between these quantities provides a direct measure of the compliance
between a particular combustion model and the underlying flow-field description.
Note that the PEC formulation only compares the compliance of combustion manifold
and that it employs a hierarchical sub-model formulation, with FRC representing the
model of highest fidelity. Finally, the impact of subgrid-scale closures on the drift term
is not taken into consideration (Wu & Ihme 2016).

3. PEC extension to a process quantity
In the section, the drift term formulation is extended to describe AI which is a dynamic
and non-local combustion process. We consider AI delay time as a PoI π that is a function
of PoI-specific quantities ψπ , where π = π(ψπ,1 , ..., ψπ,N ). By employing a chain rule, we
can express the drift term for a PoI of a particular model m as
e m (π) =
D

N
X
∂π e m
D (ψπ,i ),
∂ψπ,i
i=1

(3.1)

e m (ψπ,i ) is the drift
where ∂ψi π is the sensitivity coefficient of π with respect to ψπ,i and D
term of ψπ,i for model m as defined by Eq. (2.3). As AI occurs in low-turbulence regions,
e m (ψπ,i )
it is assumed that the sensitivity coefficients are statistically independent from D
^
g
so that π(ψ
π,i ) ' π(ψπ,i ). This allows us to pre-compute the Jacobian and estimate the
e m (π)|.
model error as e(m, x) = |D
The focus of this study is to predict the AI time τAI in a JHC burner. To construct
a PoI, we assume that τAI can be approximated by the AI delay time τig in an isobaric
HR, i.e., τAI ' τig , so that the PoI is represented as π = τig , which provides a direct
closure for the evaluation of the Jacobian ∂ψπ π. For diffusion flames, it has been shown
that the AI delay time is a function of temperature, composition, and scalar dissipation
rate χ (Mastorakos 2009). As shown by Ihme & See (2010), τig varies slowly as a function
of scalar dissipation such that, to first approximation, the dependency to χ is neglected,
which enables us to simplify the drift term formulation.
In the manifold models, the composition is generally parameterized in terms of mixture
fraction Z and progress variable C, which is evaluated here as C = YCO2 + YCO + YH2 O +
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Figure 1. (a) Equilibrium temperature, (b) post-ignition equilibrium temperature, and (c)
autoignition time employed to compute the sensitivity coefficients ∂ψπ π. The progress variable
is normalized by the equilibrium solution. The mixing line is represented by a dashed line, and
the isocontour of the heat release parameter is shown.

YH2 . The sensitivity coefficients in Eq. (3.1) are computed and pre-tabulated using the
composition from the flamelet solutions. First, Cantera (Goodwin 1998) is used to compute τig from HR simulations at the thermochemical states corresponding to each value
in the FPV manifold. To ensure smoothness of the solution, the Z and C parameters are
discretized using 250 points in each direction, leading to 62,500 separate HR calculations.
Figure 1 shows (a) the adiabatic temperature, (b) the equilibrium temperature after ignition, and (c) the AI delay time τig , as a function of Z and C. Figure 1 shows τig as a
function of Z and C. The mixing line is shown as a dashed line. There exist endothermic
(Z, C) conditions for which the AI delay time is not defined and endothermicity is characterized by the heat release parameter α = (Teq − Tad )/Teq . Regions where α > 0.05,
shown by an isocontour of α = 0.05 in Figure 1(c), are considered ignited; otherwise,
τig = ∞. As π = π(ψπ ) and ψπ = ψπ (φm ), the sensitivity coefficients are evaluated using
a second-order finite-difference approximation via the chain rule
∂τig ∂φm
∂τig
m =
∂ψπ (φ )
∂φm ∂ψπ

T

with φm = [Z, C] .

(3.2)

However, the evolution of a given species may deviate from this two-variable representation (Wu & Ihme 2016). It is thus necessary to extend the analysis by assessing
the sensitivity of τig to changes in the local mixture composition. To do so, a sensitivity analysis for τig at the most reactive mixture fraction Zmr is performed (Mastorakos 2009), corresponding to a value of Zmr = 0.0048, which shows that τig is mostly
sensitive to variation of YOH , so that hydroxyl radical is included as an additional independent variable of the AI delay time. From this analysis, it follows that π = τig ,
e Te, YeCO , YeCO , YeH O , YeH , YeOH }, and φ = {Z,
e C}.
e
ψπ ∈ {Z,
2
2
2
With these quantities, the drift term for AI is computed from Eq. (3.1), and the drift
terms of ψeπ in Eq. (3.1) are computed using the methodology of Wu et al. (2019b). Note
that, in the regions of AI, diffusion is small compared to the source term. As such, the
material derivative of Te is approximated by the temperature source term, which allows
e m (Te) without solving for an additional transport equation.
one to evaluate D

4. Experimental and numerical setup

4.1. Experimental configuration
The DLR-JHC configuration of Arndt et al. (2016) is considered in this work, and the
operating conditions are summarized in Table 1. The CH4 fuel is supplied by a central
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Table 1. Fuel and coflow conditions.
Jet

Coflow

Mixture fractions

T [K]
290

T [K] XN2 XH2 O XO2 XOH
1490 0.712 0.178 0.102 8.2 ×10−5

Zst
Zmr
0.0279 0.0048

jet of diameter D = 1.5 mm surrounded by a slow (4.1 m/s) hot coflow provided by a
square section of 75×75 mm obtained from a lean H2 /air mixture (φ = 0.465) The jet is
pulsed to study transient AI and reaches a high steady-state velocity (Ubulk = 178 m/s)
with a jet Reynolds number based on the injector diameter of 16,000. Ignition kernels are
identified from OH* chemiluminescence (Arndt et al. 2012, 2013) and both temperature
and mixture fraction are obtained via Rayleigh scattering measurements (Papageorge
et al. 2014).
4.2. Numerical setup
The compressible reacting Navier–Stokes equations are solved with the finite-volume
solver CharLESx . A hybrid 4th-order central/2nd-order WENO scheme (Khalighi et al.
2011) is applied to solve the Euler fluxes to decrease numerical dissipation (Ma et al.
2017). Subgrid-scale stresses are modeled by the Vreman eddy-viscosity model (Vreman
2004). The reaction chemistry is integrated using a semi-implicit Rosenbrock–Krylov
scheme (Wu et al. 2019a) which is fourth-order accurate in time and has linear cost
with respect to the number of species, and dynamic sub-model assignment has been
implemented.
4.2.1. Computational setup
The three-dimensional domain, of size 75×75×120 mm, is considered, and the coflow
inlet is located 8 mm below the jet nozzle exit. The unstructured mesh contains 5.7
million hexahedral elements with a resolution of ∆x = 75 µm in the injector and the
shear layer. The characteristic cell size in the flame region is 0.2 mm, which is sufficient to
resolve the minimum ignition kernel having a characteristic length of lig = 1.5 mm (Arndt
et al. 2016). At the jet inlet a fully developed turbulent velocity profile is imposed with
5% of turbulence intensity that is generated using a digital filter technique (Klein et al.
2003). The pulsed jet is operated at thermal equilibrium and heat transfer is neglected,
so that the injector lip and the outer walls are considered adiabatic no-slip walls.
To obtain the correct ignition time, the transient injection has to be accurately modeled. To do so, we follow Inanc & Kempf (2019) and model the transient injection by
a linear ramp. Papageorge et al. (2014) estimated the initial velocity of the jet to be
between 40 and 50 m/s, and an initial velocity onset of 45 m/s was used. The duration of
the transient injection is 0.4 ms. Figure 2(a) shows the temporal evolution of the mean
velocity profile at the centerline and a velocity probe during the simulation. As shown in
Figure 2(b) the results obtained for the jet penetration length compare favorably with
measurements (Arndt et al. 2016), and the combustion models do not have an influence
on the pulsed jet dynamics during injection.
4.2.2. Combustion modeling domain
Two sub-models were used for the PEC simulations: FRC and FPV. For both models,
a reduced CH4 /air mechanism derived by Jaravel et al. (2019) was used, and an OH* submechanism (Hall & Petersen 2006) was added in order to enable a direct comparison with
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Figure 2. (a) Transient injection and (b) jet penetration length.

experimental data resulting in a total of 21 species. Simulations with the dynamically
thickened flame model (Colin et al. 2000) have shown a marginal effect at this Reynolds
number and grid resolution, so that no separate closure model is employed to account for
turbulence-chemistry interaction and constant turbulent Prandtl and Schmidt numbers
are used (P rt = 0.7 and Sct = 0.7). The thermochemical state in the FPV model is
retrieved from a tabulated set of steady flamelets along the S-curve, including the unstable
branch. To avoid inconsistencies due to preferential diffusion effects, the mixture fraction
is transported throughout the entire domain (Wu et al. 2019b).

5. Results and discussion
To assess the capability of the drift term to predict AI dynamics, a LES-PEC simulation
is performed with the drift term formulation for AI presented in Section 3. To target AI
as a process quantity, the penalty parameter λ is chosen such that the simulation utilizes
approximately 4% of the domain for FRC.
Figure 3(a-c) shows instantaneous fields of temperature after ignition for the monolithic
LES-FPV, the monolithic LES-FRC, and the LES-PEC simulation after ignition at t =
3.2 ms. Steady flamelet models have been shown to under-predict hLO (Ihme & See 2010).
Here, a difference in the prediction of flame lift-off height hLO is observed between the
FPV and FRC monolithic simulations. In contrast to the FRC model that predicts small
ignition kernels upstream of larger flame portions, the flame predicted by the FPV model
is continuous and the flame base is wider. For the PEC simulation, the flame obtained
is similar to the prediction of the FRC model where small ignition kernels are located
upstream of a thin flame root and hLO is in good agreement with the value from the
monolithic FRC simulation. The FRC and PEC results are in agreement with the work
of Schulz et al. (2017) as AI is identified to be the flame stabilization mechanism.
The results obtained by the PEC calculation are explained by the model mapping,
shown in Figure 3(d)). The drift term for AI (Eq. (3.1)) detects the Zmr regions and
assigns them to the FRC sub-model. Finally, as expected, the burned product regions
are computed by FPV.
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(b)
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PEC

FRC

(d)
PEC

Figure 3. (a–c) instantaneous fields of temperature for monolithic (a) FPV, (b) FRC simulations, and (c) the PEC model. (d) is the sub-model assignment where the dark regions corresponds to the FRC model and the remainder of the field corresponds to the FPV model, and
the most reactive mixture fraction iso-contour is shown in white. Iso-contours of temperature
(T = 1600 K) are shown in (a–c).

The terms in Eq. (3.1) with the current ψπ were individually estimated in the FRC
regions. In most FRC cells (72%), more than half of the total drift term contribution
comes from ψπ,YeOH and 27% comes from the temperature dependence ψTe . In contrast,
only 1% of the FRC domain is dominated by the terms for the progress variable species,
which indicates that these terms can be omitted.
Figure 4 shows the centerline profiles of the CH4 mass fraction and temperature averaged over 7.5 ms. All models show good agreement with the measurements. Note that
FRC performs better than FPV, especially for the temperature far from the nozzle exit,
and this trend is accurately reproduced by the PEC simulation. The computation costs of
the monolithic FPV and FRC sub-models are 850 and 12,500 CPUh/ms (physical time).
The PEC calculations lead to a cost of 5600 CPUh/ms, a factor of 2.3 lower than the
monolithic FRC simulations, using static domain partitioning. Further improvements are
obtained by dynamic load rebalancing (Wu et al. 2019a).
Figure 5 shows a comparison of radial profiles of mean and root mean square (RMS)
at five axial locations (shown in Figure 4). The statistical results for PEC are compared
with monolithic FRC and FPV simulations and measurements. The mean temperature
and YCH4 profiles of FRC are in good agreement with experimental results for all axial
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Figure 4. Comparison of centerline profiles of a) mean CH4 mass fraction and b) temperature
for PEC, FPV, FRC and experimental data.

locations, indicating that the flame stabilization and hLO are well captured. The flame
spreading angle for the steady flame, visualized by the radial location of the maximum
temperature, is also correctly predicted by FRC. Predictions from monolithic FPV simulations under-predict hLO , resulting in a large discrepancy in both temperature profiles
and spreading angle. The probability distribution of the dynamic PEC model assignment
to FRC is shown in Figure 5. A probability of 0% corresponds to regions where FPV is
always used and 50% to regions where FRC is assigned half of the time. PEC is able to
retrieve the mean FRC profiles and, thus, the correct spreading angle and hLO . Although
the RMS are over-predicted for all simulations, PEC retrieves profiles in good agreement
with FRC, even in regions where only FPV predicts a flame, e.g., x = 30 mm, which can
be attributed to the fact that FRC is assigned to the flame root (Figure 3). The local
assignment of FRC reduces with downstream distance, which is well described by the
FPV model. Overall, PEC is capable of retrieving FRC profiles in the regions of interest
with only 3% of FRC sub-model assignment in the domain.

6. Conclusions and future work
In this study, the PEC framework is extended to predict AI in a pulsed jet flame with
vitiated coflows. Ignition delay time is introduced as a PoI into the drift term formulation
by relating the AI to the ignition delay time of a HR. A sensitivity analysis is performed
to identify parametric dependencies on thermochemical quantities, consisting of temperature, mixture fraction, progress variable, and OH mass fractions. FRC and FPV are
used as sub-models for the PEC simulations. Monolithic simulations demonstrate the
capability of FRC to accurately model transient ignition features and lift-off height. In
contrast, monolithic FPV simulations over-predict the ignition time and ignition location
and under-predict the lift-off height. The extended PEC formulation improves ignition
predictions and the lift-off height at steady conditions. This was achieved by assigning
the FRC sub-model in regions corresponding to the most reactive mixture.
The use of PEC improves the solution accuracy by targeting deficiencies of the steady-
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Figure 5. Radial profiles of temperature and CH4 mass fraction and probability function of
model assignment at five axial locations (cf. Figure 3) for FRC, FPV, PEC, and experimental
results (Arndt et al. 2019); personal communication. The probability of dynamic PEC model
assignment to FRC is shown in blue.

state FPV combustion model. Further improvements in PEC accuracy can be achieved
by modulating the penalty term λ to increase the FRC sub-model assignment.
The next step of this study will involve performing ensemble simulation to record
probability distributions of the AI time τAI , ignition height hAI , and radial position rAI
in order to assess the capability of PEC to capture the stochastic AI dynamics.
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