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1. Motivation and objectives
Multimode combustion appears in various combustion devices. For such configurations,
low-dimensional (i.e., high-computational efficiency) manifolds fail to predict the combustion process in the whole domain. To overcome this issue, an adaptive combustion
modeling framework was developed by Wu et al. (2015, 2019b) in the form of ParetoEfficient Combustion (PEC) modeling. To accommodate different combustion modeling,
PEC utilizes a submodel assignment. To do so, an optimization problem is solved in which
the submodel assignment, i.e. the spatial distribution of the different combustion models
used during a simulation, minimizes an objective function defined from a combination of
error and cost of the combustion modeling with a scalar quantity, the λ parameter, to
adjust the error/cost balance. This PEC optimization problem, referred to as the global
PEC (GPEC) problem, is defined based on the total error and the global cost over the
entire computational domain. Such an optimization problem has been shown to be computationally intractable due to its similarity to Potts energy minimization, a well-known
NP-hard problem (Boykov et al. 2001; Wu et al. 2015).
To substantially reduce the computational burden associated with this problem, a
simplified local PEC (LPEC) problem was considered in all work that used the PEC
framework so far (Wu et al. 2015; Wu & Ihme 2016; Wu et al. 2019b; Douasbin et al.
2021). In this approach, an optimization problem is solved in each control volume.
Two issues are raised when solving LPEC instead of GPEC: (1) there is no mathematical proof that the solution of the LPEC problem is a global optimum, and (2) the
penalty parameter λ does not give a direct control over the global cost or the global
error of the simulation. In this context, it is difficult for the user to know which value of
λ is suitable for a given application. In practice, if λ is too low, a large fraction of the
computational domain will be assigned to the highest-fidelity model, resulting in a large
computational cost. Conversely, overly high values of λ will degenerate the combustion
modeling to the lowest-fidelity model.
In this work, we propose a reformulation of the GPEC problem to address these two
limitations. In Section 2, we describe the governing equations before presenting the PEC
framework and its reformulations into multiple-choice knapsack problems (MCKP). Section 3 will briefly presents the experimental and numerical setups considered for the
validation of the NP-hard problem solver, presented in Section 4. Results are presented
in Section 5, focusing on the scaling of the algorithm and demonstrating its applicability to Large Eddy Simulations (LES) via a priori testing of the solver and a posteriori
comparisons of results of LESs of the DLR (german aerospace center) jet-in-hot-coflow
configuration.
† Presently at CERFACS, France.
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2. Governing equations and methods
2.1. Governing equations
The fully compressible Navier-Stokes equations for reacting flows are solved. The system
of Favre-filtered conservation equations for mass, momentum and energy for LES takes
the following form
e t ρ̄ = −ρ̄∇ · u
e,
D
e
e = −∇p̄ + ∇ · (τ + τ sgs ) ,
ρ̄Dt u

e
e ) − ∇ · q + q sgs ,
ρ̄Dt ee = −∇ · (e
up̄) + ∇ · (τ · u

(2.1a)
(2.1b)
(2.1c)

e t = ∂/∂t + u
e · ∇ is the material derivative, ρ is the density, u is the velocity
where D
vector, p is the pressure, e is the specific total energy, τ is the stress tensor, q is the heat
flux, and the subscript sgs refers to a turbulent subgrid scale quantity. The LES scalar
transport equations take the following form

e = −∇ · j + j
e tφ
(2.2)
ρ̄D
sgs + ω̇ φ ,
i
h m1
T
e mN
e ,...,φ
e= φ
combines the scalar solution vectors of the mN submodels
where φ

considered by PEC, M = {m1 , . . . , mN }, and Ṡ φ is the vector of filtered chemical source
terms.
In the present work, two submodels are considered. First, the Flamelet/Progress Variable (FPV) formulation (Pierce & Moin 2004; Ihme et al. 2005), where the mixture
h
iT
e m1 = φ
e FPV = Z,
e C
e . Second,
fraction Z and a progress variable C are transported, φ
a Finite Rate Chemistry (FRC) submodel is used. Ns − 1 species mass fractions are
transported and the Ns th species mass fraction is inferred from total mass conservation
YeNs = 1 −

NX
s −1
k=1

Yek ,

(2.3)

e m2 = φ
e FRC = [Ye1 , . . . , YeN −1 ]T .
and the vector of transport species is φ
s
PEC employs a submodel assignment M that maps the computational domain Ω to the
set of models M ; here, M = {m1 , m2 }. The domain is partitioned into Np subdomains
Ω̄i with a boundary ∂Ωi and an interior Ωi , such that Ω̄i = Ωi ∪ ∂Ωi . This submodel
mapping uniquely determines the partitions and satisfies the following properties:
Np
(a) the entire domain is recovered by the subdomains, ∪i=1
Ω̄i = Ω̄;
(b) the subdomains are non-overlapping: Ωi ∩ Ωj = ∅ ∀i 6= j;
(c) in each subdomain, a single model is used, M(x) = M(y) ∀x ∈ Ωi , y ∈ Ωi ;
(d) all subdomains that are separated by a common boundary use different models,
M(x) 6= M(y) ∀i 6= j, x ∈ Ωi , y ∈ Ωj , ∂Ωi ∩ ∂Ωj 6= ∅.
The thermochemical state is evaluated from the manifold-describing variables as well as
the reconstruction of the scalar transport equation for model coupling (Wu et al. 2015),
which is further discussed in Wu et al. (2019b).
In the PEC framework, spatially heterogeneous combustion modeling is obtained via a
submodel assignment so that for an assigned combustion model m, the scalar transport
e . The coupling between models is done via the reconequations are solved only for φ
m
struction of the scalar transport equation and the thermochemical state is evaluated from
the manifold-describing variables of the assigned combustion model (Wu et al. 2015).
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2.2. Pareto-efficient combustion optimization problems
In the GPEC optimization problem, the submodel assignment M mapping the computational domain Ω to the set of models M , M : Ω → M , is sought, namely,
min

M(x)

Z

e(M(x), x)dx + λ

Ω

Z

c(M(x), x)dx,

(2.4)

Ω

where x = [x, y, z]T is the spatial vector coordinate, e and c are the local error and cost
of the model mapping, and the user-defined parameter λ expresses the balance between
cost and accuracy as a Lagrange multiplier.
Considering a piecewise constant error and cost, the discrete counterpart of this problem, can be expressed as,
min

M(x)

|Ω|
X
i=1

e (M(xi )) + λ

|Ω|
X

c(M(xi )),

(2.5)

i=1

where |Ω| is the number of cells in the computational domain Ω and xi is the ith cell.
Equation 2.5 highlights the combinatorial nature of the optimization problem. Indeed, the
loss function is expressed from the sum of the local costs and the sum of the local errors.
As such, a change of submodel assignment in a single cell i, say, M(xi ) = m2 instead of
M(xi ) = m1 , will affect the result of the objective function to be minimized. This leads
to O(|M ||Ω| ) possibilities, where |M | is the number of candidate models. Equation 2.5
belongs to the class of NP-hard problems.
To overcome this issue, Wu et al. (2015) proposed to solve a simplified optimization
problem in each of the control volumes, leading to |Ω| local optimization problems. For
the ith cell, the LPEC problem reads
min e (M(xi )) + λc(M(xi )),

M(xi )

(2.6)

which leads to a complexity of O(|M | · |Ω|).
While this approach is appealing due to the drastic reduction of the computational
burden associated with the submodel mapping determination, several issues remain:
(a) in practice, the value of λ is case dependent and no guidelines exist to determine
a priori a range of acceptable λ values that lead to nonmonolithic submodel assignment
mappings.
(b) LPEC (Eq. 2.6) uses the Lagrange multiplier λ on the local error and cost, such
that the user has no direct control over the accuracy or the cost of the simulation as a
whole; and
(c) in addition, to the best of the authors’ knowledge, no mathematical proof of the
optimality of the resulting submodel assignment was derived.
To solve all of these issues, two reformulations of the GPEC problem and straightforward ways of solving them are discussed in the remainder of this manuscript.
2.3. Knapsack problems
Many combinatorial optimization problems can be formulated in the form of knapsackproblems (KP), which are well-known NP-hard problems. Deriving efficient algorithms
to solve KP has been, and still is, an active field of research due to their wide range of
applications (e.g., combinatorial optimization, portfolio optimization, transport and/or
menu planning, management, cryptography, computer science). The simplest version of
KP, the 0-1 KP, can be formulated as follows: given a set of items i, each associated
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with a profit pi and weight wi , find which items to add in a knapsack so that the total
value is maximum and that the total weight is lower than or equal to the capacity of the
knapsack ckp , formally
maximize

n
X

pi si ,

s. t.

i=1

n
X
i=1

ci si ≤ ckp ,

si ∈ [0, 1],

(2.7)

where si ∈ [0, 1] is a Boolean number that indicates whether an item is selected or
not and “s.t.” stands for “subject to”. Similarly to Eq. 2.5, in which a change in the
solution submodel mapping M(xi ) in any control volume xi changes the loss function to
be optimized, any change in the solution vector si changes the value of the loss function.
2.4. Global Pareto-efficient combustion problem as a multiple-choice knapsack problem
By constraining the GPEC problem in order to have explicit control over the global error
or global cost of the simulation, it can be recast as a set of multiple-choice knapsack
problem (MCKP). MCKP are 0-1 KP with the addition of a disjoint multiple-choice
constraints, namely, items are separated into classes and the solution involves finding
which item in each class is to be selected (Martello & Toth 1990; Kellerer et al. 2004). In
the PEC framework, this constraint can be used to select exactly one combustion model
for each control volume while ensuring the control over the global cost or the global error.
The cost-constrained GPEC (GPEC-C) by a global cost C0 reads
minimize

|Ω| |M |
X
X

eij sij ,

s.t.

i=1 j=1

|Ω| |M |
X
X

cij sij ≤ C0 ,

i=1 j=1

m
X

sij = 1,

j=1

sij ∈ [0, 1],

(2.8)

where i and j refer to the control volume and model indices, respectively. eij and cij
represent the contribution of the ith control volume to the global error and global cost
if the jth model is selected (sij = 1). GPEC-C, gives direct control over the cost of the
simulation.
Similarly, the global error of the simulation can be constrained, leading to the errorconstrained GPEC (GPEC-E) by the global error E0
minimize

|Ω| |M |
X
X
i=1 j=1

cij sij ,

s.t.

|Ω| |M |
X
X
i=1 j=1

eij sij ≤ E0 ,

m
X

sij = 1,

j=1

sij ∈ [0, 1].

(2.9)

3. Experimental and numerical setup
LES calculations of the DLR jet-in-hot-coflow configuration (Arndt et al. 2016) are
performed with the CharLESx solver to validate the MCKP solver. The experimental
and numerical setup are briefly presented here.
3.1. DLR jet-in-hot-coflow configuration
The schematic of the experimental setup is shown in Figure 1. A H2 /air premix is fed
to the plenum and a lean laminar planar flame provides a hot laminar coflow through a
sinter matrix at a velocity of 4.1 m/s. The methane is supplied by a central round jet of
diameter D = 1.5 mm and a bulk velocity of 178 m/s, leading to a jet-Reynolds number
of 16,000. The temperature and composition are presented in Table 1. The combustion
chamber has a square cross section of 75 × 75 mm.
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Figure 1. Schematic of the DLR Jet-in-hot-coflow-burner (reproduced from Arndt et al. (2016)).
Table 1. Fuel, coflow conditions, mixture fraction and most reactive mixture fraction.
Jet

Coflow

Mixture fractions

T [K]
290

T [K] XN2 XH2 O XO2 XOH
1490 0.712 0.178 0.102 8.2 ×10−5

Zst
Zmr
0.0279 0.0048

3.2. Numerical setup
The fully compressible LES solver CharLESx is used in this work (Khalighi et al. 2011).
The Euler fluxes are solved via a hybrid numerical scheme (fourth-order central and
second-order WENO) to achieve low levels of dissipation. Subgrid-scale stresses are modeled by the Vreman model (Vreman 2004). A fourth-order accurate in time RosenbrockKrylov scheme is employed for the temporal evaluation of the chemical source terms and
the operator splitting scheme is second-order accurate (Wu et al. 2019b).
3.3. Computational setup
The entire combustion chamber is considered in the computational domain, starting
directly downstream of the sinter matrix and 8 mm upstream of the injector tip. Consistent with the experimental measurements, t = 0 is defined as the time when the methane
jet reaches the origin (Figure 1). An unstructured mesh of 5.7 million hexahedral elements is used with a resolution of ∆x = 75 µm in the injector and in the shear layer.
Both the mean velocity profile and the turbulence intensity (5%) are computed from the
jet-Reynolds number. Turbulent velocity fluctuations are imposed using a digital filter
technique (Klein et al. 2003).
The mean velocity profile ramps linearly from this initial value to the steady-state value
in 0.4 ms. This was validated in Douasbin et al. (2021), leading to a very good agreement
with the measurements of the temporal evolution of the jet penetration length.
Two combustion models are considered in the PEC simulation, the FPV and a 21species FRC submodel derived by Jaravel et al. (2019) and augmented by a submechanism
for OH* (Hall & Petersen 2006).
3.4. Drift term formulation
Douasbin et al. (2021) developed an extension of the PEC formalism to account for the
error of nonlocal quantities with possible history effects. In this work, the drift term
developed to accurately predict autoignition events is used (Douasbin et al. 2021). This
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drift term uses the autoignition delay time of a homogeneous reactor as a surrogate model
to reproduce the sensitivity of autoignition time and height in a turbulent jet.

4. Multiple-Choice Knapsack Problem (MCKP) solver
Although approximate solvers can provide close estimates of the optimal solution,
only exact algorithms are considered in this work. Due to the complexity of the problem,
brute force approach is out of reach and advanced optimization algorithms are needed.
Dynamic programming offers an exact algorithm but is too costly for large datasets
without the joint use of other techniques (Martello & Toth 1990). In the 1970s and
1980s, advances in the algorithms to solve the linear MCKP, where sij is relaxed from
the Boolean constraint and can take any real value from zero to unity, have led to the
creation of several algorithms for MCKP. A complete review of the algorithms developed
to solve MCKP is beyond the scope of the current work and further details can be found
in Nauss (1978), Sinha & Zoltners (1979), Dyer et al. (1984), Dudziński & Walukiewicz
(1984), and Kellerer et al. (2004).
Most algorithms rely on the three following steps:
(a) the application of dominance criteria: if a candidate model m1 is both more expensive and less accurate than another candidate model m2 , m1 cannot be the solution
to the problem and is discarded;
(b) the solution of the linear MCKP problem to derive an upper-bound constraint for
the solution: the solution to the linear MCKP gives a first approximation to the optimum
solution. As typically done in a branch-and-bound algorithm, this solution is used as an
upper bound to discard all states that cannot improve further than this upper bound;
and
(c) the use of dynamic programming to enumerate all the possible states left until the
optimum is reached.
In these approaches, the dynamic programming stage is, by far, the more computationally
demanding for large datasets.
A breakthrough was done by Pisinger (1995), who replaced the last stage with a socalled expanding core enumeration, in which only a very small subset of the possible
states are enumerated via a hybrid dynamic programming/branch-and-bound approach.
The minimality of the algorithm, i.e. that the algorithm finds the optimal solution in a
minimum number of enumerations, was mathematically proven (Pisinger 1995).

5. Results
5.1. Multiple-choice knapsack problem solver implementation for LES
The MCKP solver of Pisinger (1995) was implemented and coupled to the LES solver
CharLESx . As noticed by several authors (Pisinger 1995; Kellerer et al. 2004), the time
needed to solve a MCKP can be highly dependent on the considered dataset. To assess
the applicability of the MCKP solver to high-fidelity simulations such as LES and DNS,
it is necessary to study the scaling of the MCKP solver when applied to the GPEC-C
(Eq. 2.8) and GPEC-E (Eq. 2.9) problems.
To do so, LES fields from a PEC simulation are used (Douasbin et al. 2021). The
performance of the solver is estimated by randomly selecting 103 , 104 , 105 and 106 cells
in the domain. The solver is run on a single core of a desktop computer using a i7-8650U
CPU, and shorter execution times are expected in the CPU used in high-performance
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Figure 2. Scaling of the MCKP solver with respect to the number of cells considered. Here,
two submodels are considered in the PEC simulation.

computing (HPC) architecture. Figure 2 shows the results of the scaling with respect
to the number of nodes for the MCKP solver for both GPEC-C and GPEC-E. A linear
scaling is observed when solving both GPEC problems, which indicates that most of the
cells are attributed to the optimal model during the partitioning algorithm that solves the
linear MCKP to provide an initial upper bound. The resulting solver is able to compute
the optimal submodel assignment for a million cells in 2 s.
Several studies suggested that, in many applications, most of the computational domain
may be accurately modeled by low-order manifolds (Wu et al. 2015, 2019b; Wu & Ihme
2016; Douasbin et al. 2021).
As such, the error associated with a cell in these regions is low; thus, this cell does
not need to be considered by the MCKP solver: below a given error threshold, the cells
will be assigned to the least expensive model. Since the execution time of the MCKP
scales linearly with the number of considered cells, considering only the “hard” cells in
the optimization problem leads to a large speedup. Preliminary results show that, for a
GPEC-C with a cost-constraint corresponding to a simulation with 90% utilization of
a low-order manifold, considering only 15% of the cells was sufficient to systematically
retrieve the optimal submodel assignments, leading to 85% of speedup compared to the
results reported in Figure 2.
The error field is estimated by using the methodology of Wu et al. (2019a) to accurately
predict the progress variable (YCO , YCO2 , YH2 , YH2 O ) and the methodology of Douasbin
et al. (2021) to capture the autoignition dynamics. As proposed by Wu et al. (2015), a
scalarization of the two error contributions as well as a normalization is used to ensure
that each term contributes to order 1 to the error field. Figure 3(a) shows an instantaneous
error field of the low-order manifold (FPV). Figures 3(b–d) show the Pareto-optimal
submodel assignment resulting from solving the GPEC-C problem for three different
cost constraints, for a simulation cost corresponding to 0.5%, 10% and 20% of FRC
utilization, respectively. In practice, due to the inequality sign in Eq. (2.8), the resulting
submodel assignment can result in a global cost that is slightly lower (∼ 0.1%) than the
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Figure 3. (a) Equilibrium temperature, (b) post-ignition equilibrium temperature, and (c)
autoignition time employed to compute the sensitivity coefficients ∂ψπ π. The progress variable
is normalized by the equilibrium solution. The mixing line is represented by a dashed line, and
the iso-countour of the heat release parameter is shown.

constraint. The results show that the regions with the largest error are first included
in the FRC region. When the cost constraint C0 increases, regions of lower error are
gradually incorporated into the FRC regions, leading to a lower global error.
5.2. Validation
Considering only two submodels, it can be shown that the solution of the LPEC problem
(Eq. 2.6) is the same as the solution of the constrained GPEC problems (Eqs. 2.8 and 2.9)
with equivalent costs and errors; hence, the two problems are equivalent (not shown here).
Proof of equivalency can be achieved as the submodel mapping solution of the LPEC
problem is an analytical threshold (Wu et al. 2015). Namely, submodel m1 is selected
if e1 ≤ λ(c1 − c2 ); otherwise, submodel m2 is used. For a given distribution of error
field and costs of submodels (c1 , c2 ), the global cost C0,λ and error E0,λ of LPEC can
be computed. Solving the GPEC-C for C0 = C0,λ leads to the equivalent solution model
mapping and, in particular, the global error of E0 = E0,λ .
While this result holds in the two-submodel case only, it can be used to validate the
implementation of the MCKP optimization solver in CharLESx .
Figure 4 compares of the global costs and errors obtained by solving the LPEC problem
in each cell and by solving the GPEC-C problem using the cost obtained by a given value
of λ. It is noted that a slightly less costly solution is found by the MCKP solver due to a
roundoff error and to the inequality constraint in Eq. 2.8. Each solution lies in the Pareto
front as both approaches are Pareto-optimal here.
Figure 5 shows the time-averaged profiles of temperature and methane mass fraction
for both LPEC (λ = 10−4 ) (Douasbin et al. 2021) and the GPEC-C problem constrained
by the time-averaged global cost of LPEC. The profiles were averaged over 7.5 ms, corresponding to 890 flow timescales based on the bulk velocity and the diameter of the fuel
injector. All profiles obtained by the GPEC-C LES recover the results of LPEC. These
results show that the GPEC implementation in CharLESx is validated.
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Figure 4. Normalized global cost and error for two submodels with different λ-values for the
LPEC problem, and the results obtained by the MCKP solver for the GPEC-C problem constrained with the equivalent costs.
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Figure 5. Profiles of time-averaged temperature and methane mass fraction on the DLR jet-inhot-coflow configuration with a coflow temperature of 1490 K for both LPEC-λ and GPEC-C.

6. Conclusions
In this work, the GPEC optimization problem is considered. This problem is defined
from the global error and cost of the combustion models, that is, from the sum of the
errors and costs of all the control volumes in the domain, leading to a NP-hard problem. As solving this optimization problem via the brute force method is intractable, a
simplified optimization problem, the LPEC optimization problem, was solved in the previous studies. No proof of optimality of this method exists for an arbitrary number of
submodels. In addition, no direct control on the total cost (or error) of the simulation is
available. Instead, an indirect control is given via a λ scalar value that can be adjusted
to provide more or less cost and error, without clear guidelines on reasonable λ values.
Here, two reformulations of the GPEC problem are proposed to tackle these issues.
The first, GPEC-C, gives the user direct control to the user over the computational cost
associated with a CFD simulation. The second, GPEC-E, gives the capability to control
the global error of the simulation. Both reformulations are identified as a MCKP, from
which many exact algorithms have been derived over the past decades. The MCKP solver
of Pisinger (1995) is chosen.
Although, this solver has been proven to be exact and to require a minimum number
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of state enumeration, its performance is known to depend on the nature of the considered
dataset (Pisinger 1995; Kellerer et al. 2004). The application of the MCKP solver to error
and cost fields of a PEC simulation shows that the time complexity of the algorithm
retrieves a O(n) scaling, similarly to the LPEC currently used.
The solver was then used in LES of a reacting jet-in-hot-coflow burner. It was shown
that the GPEC-C lead to submodel assignment that fulfills the cost-constraint and the
fields resulting from three different cost-constraints were shown to exemplify this.
Finally, the implementation in the LES solver is validated by two test cases. First,
in the special case where only two models are considered, the solution mapping to the
LPEC problem is mathematically equivalent to the solutions of the GPEC-C and GPECE problems constrained by the global cost and global error of the LPEC solution. This
was used in an a priori analysis of the global costs and errors obtained by LPEC for
several λ values. The global costs and errors for the solutions of the LPEC and GPEC-C
problems are in good agreement. Then, the MCKP solver for the GPEC-C problem is
used in a LES of the DLR jet-in-hot-coflow configuration, and time-averaged profiles of
temperature and methane mass fraction using LPEC and GPEC-C are compared with
the experiment. The LPEC profiles that have been validated in Douasbin et al. (2021)
are fully recovered by the Pisinger MCKP solver that seeks the solution of the GPEC-C
constrained by the average global cost of the LPEC LES. Future studies should focus on
using the MCKP solver with more than two submodels because, contrary to the GPEC-C
and GPEC-E solutions, no proof of optimality of LPEC solutions exist for an arbitrary
number of submodels.
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