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1. Motivation and objectives
The ability to predict and understand Rayleigh–Taylor instabilities (RTI) with timedependent acceleration is important. Many industrial applications and flows in nature
involve RTI with time-varying acceleration, such as blast wave–driven Rayleigh–Taylor
mixing in the collapsing cores of exploding supernovae, heat transfer in laser micromachining, formation of hot spots in inertial confinement fusion, and control of turbulent
mixing in free-space optical telecommunications and aeronautics (Arnett 1996; Abarzhi
2010; Swisher et al. 2015; Boffetta & Mazzino 2017; Zhou 2017a,b; Abarzhi et al. 2019;
Livescu 2020, and references therein). Foundational insights into RTI were provided
by Taylor (1950) a few decades ago. However, a thorough understanding of the phenomenon remains exceptionally challenging (Abarzhi 2010).
The development of RTI occurs when two fluids of different densities are accelerated
against their density gradient. The complexity of RTI lies in the asymmetry of the bubble
and spike evolution with time. The spike is defined as the protrusion of the heavy fluid
(henceforth denoted h) into the light fluid (henceforth denoted l), while the bubble is
conversely defined as the protrusion of the light fluid into the heavy fluid.
While the acceleration magnitude in RTI often varies with time, the bulk of existing
studies is focused on constant and impulsive acceleration (e.g., Layzer 1955; Garabedian
1957; Abarzhi 1998; Zhang 1998; Goncharov 2002; Liu et al. 2020). Conversely, studies on
RTI with variable acceleration are limited in number (Abarzhi et al. 2019). Recently, Hill
et al. (2019) and Abarzhi & Williams (2020) focused on power-law time-varying accelerations using group theory and provided a comprehensive analysis of hexagonal twodimensional (2D) and three-dimensional (3D) RTI in finite and infinite domains. Hwang
& Abarzhi (2020a,b) also applied the approach of Abarzhi & Williams (2020) to timevarying 2D and 3D RTI in a finite domain with square periodicity.
RTI is interfacial in nature (Hwang & Abarzhi 2020b). In other words, strong fluid
motion is expected in the vicinity of the interface, whereas no motion exists in the bulk
fluid far away from the interface. In addition, small-scale Kelvin–Helmholtz instabilities
are expected to accompany the evolution of RTI due to intense shear at the interface.
While several models to predict the growth rates of bubbles and/or spikes have been
proposed (Goncharov 2002; Sohn 2003; Mikaelian 2014; Ramaprabhu et al. 2016), these
models do not directly address the interfacial nature of RTI. This is borne out by the
diverse nature of the velocity-field predictions in these models. The theory developed
by Abarzhi & Williams (2020), Naveh et al. (2020), and Hwang & Abarzhi (2020b)
systematically relates interfacial velocity to interfacial shear over a broad range of acceleration exponents in a manner consistent with the interfacial nature of RTI.
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Figure 1. Schematic of the problem setup.

In this study, we conduct numerical studies of 2D RTI with variable acceleration
in a finite domain, and perform comparisons with the corresponding theory developed
by Hwang & Abarzhi (2020a) in the linear regime for validation. The interfacial amplitude and velocity field predicted by the theory are compared with simulations using
two different schemes: the volume-of-fluid (VoF) and diffuse-interface (DI) methods. An
acceleration of the form g(t) = G0 (t + 1)a , where G0 is a predefined constant and a is
the acceleration exponent, is considered with five different exponents, a = −2, −1, 0, 1,
and 2, and three different Atwood numbers, A = 0.15, 0.5, and 0.9, where the Atwood
number is defined as the nondimensional ratio of densities A = (ρh − ρl )/(ρh + ρl ).

2. Methodology
In this section, we briefly recapitulate the results of Hwang & Abarzhi (2020a,b) to
define the problem and provide the resulting theoretical solutions for linear time-varying
2D RTI in a finite domain with square periodicity. Two different interface-capturing
schemes for numerical simulations and the simulation setup are also introduced.
2.1. Theory
We consider two parallel layers of different fluids with different densities, where the
heavier fluid is located above the lighter fluid as depicted in Figure 1. As noted in
Section 1, the acceleration g(t) follows a power law in time, g(t) = G0 (t + 1)a , and is
applied in the direction normal to the unperturbed interface such that g(t) = g(t)êy .
Thus, small perturbations lead to the onset of RTI. Conservation of mass, momentum,
and energy governs the dynamics of RTI. Together with the boundary condition u·êy = 0
at the top and bottom ends of the domain (maximum and minimum y), where u =
(u, v), the governing equations constitute a well-posed boundary value problem. Group
theory (Landau & Lifshitz 1987; Abarzhi 2010) is applied with the subspace group pm11
for 2D periodic flows (Naveh et al. 2020). The Fourier series of the fluid potential Φh,l
with the space group pm11 may be expressed as (Hwang & Abarzhi 2020a)


∞
X
cos (mkx)
cosh [mk(y − Y )] + fh (t) + c.c.,
Φh (x, y, t) =
Φm (t) y sinh (mkY ) +
mk
m=1
(2.1a)


∞
X
e m (t) −y sinh (mkY ) + cos (mkx) cosh [mk(y + Y )] + fl (t) + c.c.,
Φl (x, y, t) =
Φ
mk
m=1
(2.1b)
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e m (t) are, respectively, the Fourier amplitudes of the heavy- and lightwhere Φm (t) and Φ
fluid potentials of order m. fh (t) and fl (t) are time-dependent functions (not defined here)
and c.c. denotes cross terms. We note that the velocity is related to the fluid potential
as uh,l = ∇Φh,l and the continuity condition is automatically satisfied as ∇2 Φh,l = 0.
Consideration of the periodicity and symmetry of the flow, as well as the fluid potential
and moment expressions, leads to a dynamical system as formulated by Hwang & Abarzhi
(2020a). Obtaining moments to the first harmonic leads to
f0
M
M0
= 0, ζ̇ + k 2
= 0,
ζ̇ − k 2
2
2


"
#
ḟ0
Ṁ0
M
(1 + A) k
− g(t)ζ = (1 − A) k
− g(t)ζ  .
2 tanh (kL∗ )
2 tanh (kL∗ )
f0 = 0,
M0 + M

(2.2)

Note that the linear regime assumes t  1, where t has been nondimensionalized with
the time scale τ characterizing the instability. For example, τ is determined by the acceleration for Rayleigh–Taylor–type flows, whereas the initial growth rate specifies τ for
Richtmyer–Meshkov–type flows. The initial conditions for curvature ζ1 (t = 0) and velocity v0 (t = 0) are assumed to be small, leading respectively to 0 < |ζ1 (t = 0)k|  1 and
0 < |v(t = 0)(k/g)1/2 |  1. {M, N } are the moments of interest [see Hwang & Abarzhi
(2020a)], A is the Atwood number defined in Section 1, k is the initial perturbation
wavenumber, and L∗ is the length of the finite domain in the vertical (y) direction. The
solution of the dynamical system in the linear regime, Eq. (2.2), is

s
p
√
(t − 1)
1
ξ = C1 t − 1I 2s
+
A tanh (kY )
s

s
p
√
(t − 1)
1
A tanh (kY )
,
(2.3)
+ C2 t − 1I− 2s
s
2 dξ
,
(2.4)
k dt
where s = (a + 2)/2, Ip is the modified Bessel function of the pth order, and ξ is the
dimensionless curvature, defined as ξ = ζ/k. The curvature, ζ, has a negative value for
bubbles as it is concave down (ζ < 0) in the configuration considered here. Note that
the bubbles are defined to move upwards; i.e., v > 0. The height of the bubble, h, is
evaluated as the integral of the velocity in Eq. (2.4) as follows
v=

2
ζ,
(2.5)
k
where h0 is the initial height of the bubble. In the present study, h is one of the main
quantities that will be compared with simulations.
h − h0 =

2.2. Numerical methods
2.2.1. Volume-of-fluid method
The VoF-based solver used in this work has been comprehensively documented by Bravo
et al. (2018). Specifically, the piecewise-linear interface calculation (PLIC)-VoF method
is used. PLIC-VoF methods describe the interface by a series of disconnected planes, each
oriented by a unit normal, n̂, and positioned by a constant, C, such that
n̂ · x + C = 0,

(2.6)
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where n̂ points outwards with respect to the reference phase with positive volume fraction, and C enforces the volume fraction in each cell (Youngs 1982). PLIC-VoF methods
provide discrete mass conservation. This is important for many two-phase engineering
applications, including those involving large density ratios, as well as those involving a
wide range of length scales associated with breakup of the dispersed phase.
In the employed solver, the equations governing the PLIC-VoF scheme are as follows.
The volume fraction is advected geometrically using a variant of the nonintersecting flux
polyhedron advection scheme described by Ivey & Moin (2017). The evolution of the
volume fraction, f , is governed by
∂f
+ ∇ · (f u) = 0,
(2.7)
∂t
where 0 ≤ f ≤ 1. The momentum equation is given by
n h
io
∂ρu
>
+ ∇ · (ρu ⊗ u) = −∇P + ∇ · µ ∇u + (∇u)
+ ρg + T,
(2.8)
∂t
where P is the hydrodynamic pressure, and the surface tension force per unit volume T
is
T = σκn̂δΣ ,

(2.9)

where δΣ is a numerical Dirac delta function. Curvature values and the normal vector are
computed using a reconstructed distance function along with the direct-front-curvature
method, and are utilized in computing T via the continuum-surface-force method as
shown in Eq. (2.9). In addition, density and viscosity fields are coupled to Eq. (2.7) via
ρ = (ρl − ρh )f + ρh ,

µ = (µl − µh )f + µh .

(2.10)
(2.11)

The flow is incompressible, thus satisfying
∇ · u = 0,

(2.12)

and an adaptation of the fractional-step time integration method of Ham & Iaccarino
(2004) is used to advance Eq. (2.8) in time while enforcing Eq. (2.12). A balancedforce discretization of the surface tension forces is used to allow pressure gradients to
balance the surface tension forces at equilibrium, and thereby reduce spurious currents
of capillary origin. To handle large density ratios, momentum is advected in a manner
consistent with the geometric operator used for mass advection at the interface. Other
details of the solver were documented by Ivey & Moin (2017) and Bravo et al. (2018).
It is noteworthy that this discretization of the one-fluid formulation discretely conserves
mass, momentum, and kinetic energy in the absence of viscous and capillary effects.
2.2.2. Diffuse-interface method
We will use the conservative DI method by Jain et al. (2020) that is based on the fiveequation model of Allaire et al. (2002). This five-equation model, along with the recently
proposed interface regularization (diffusion–sharpening) terms in Jain et al. (2020), can
be written as
∂φ1
+ ∇ · (uφ1 ) = φ1 (∇ · u) + ∇ · a1 ,
(2.13)
∂t
∂mj
+ ∇ · (umj ) = ∇ · Rj ,
j = 1, 2,
(2.14)
∂t
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∂ρu
+ ∇ · (ρu ⊗ u + p1) = ∇ · Σ + ∇ · (fR ⊗ u) + σκ∇φ + ρg,
(2.15)
∂t
2
X
∂E
+ ∇ · (uE) + ∇ · (pu) = ∇ · (fR k) + ∇ · (Σ · u) +
∇ · (ρj hj aj ) +
∂t
j=1
+ σκu · ∇φ + ρg · u,

and is supplemented with the stiffened-gas equation of state (EOS)
 


 φβ
φ
(1 − φ)β2 
1 − φ
1
÷
.
+
+
p = ρe +
α1
α2
α1
α2

(2.16)

(2.17)

Equation (2.13) is the volume fraction advection equation expressed in terms of the phase
field of the first phase φ1 , Eq. (2.14) is the mass balance equation for phase j, Eq. (2.15)
is the momentum equation, and Eq. (2.16) is the total energy equation. If a general EOS
for phase j is written as pj = αj ρj ej + βj , where αj and βj are constants, then by
invoking the isobaric closure law for pressure in the mixture region (p = p1 = p2 ), the
generalized mixture EOS can be written as in Eq. (2.17) with φ = φ1 .
In Eqs. (2.13)–(2.16), a1 = Γ{∇φ1 − φ1 (1 − φ1 )n̂} is the flux of the interface regularization term for phase 1, a2 = −a1 , n̂ = ∇φ/|∇φ| is the outward interface normal, and
Γ and  are interface parameters. Rj = ρj aj is the flux of the regularization term in the
P2
mass equation for phase j, where ρj is the density representing phase j, fR = j=1 Rj is
the net mass regularization flux, mj = ρj φj is the mass per unit total volume for phase
P2
j, and ρ = j=1 mj is the total mixture density. In Eq. (2.14), mj is written instead
of ρj φj only to show that mj is the variable being solved and not ρj . σ is the surface
tension coefficient, and g is the gravitational acceleration. The Cauchy stress tensor is
written as Σ = 2µD − 2µ(∇ · u)1/3, where µ is the mixture dynamic viscosity evaluP2
ated using the one-fluid mixture rule as µ = j=1 φj µj , D = {(∇u) + (∇u)> }/2 is the
strain-rate tensor, and E = ρ(e + k) is the total energy per unit volume. If each of the
phases is assumed to follow a stiffened-gas EOS, then the EOS constants may be written
as α = γ − 1 and β = −γπ ∗ , where γ is the polytropic coefficient and π ∗ is the reference
pressure. In Eq. (2.16), hj = ej + p/ρj represents the specific enthalpy of phase j.
We use a second-order central-difference scheme for all the discretizations since loworder central-difference schemes have advantages for turbulent-flow simulations (Moin
& Verzicco 2016) due to their nondissipative nature, low aliasing error, computational
efficiency, and improved numerical stability.
2.3. Simulation setup
The simulations are run in a 2D domain of size L × 10L, where L is the wavelength of the
initial perturbation and L∗ = 10L. The initial interface is set at a distance of 5L away
from both far ends of the domain, i.e., along the shorter symmetry axis of the domain,
as depicted in Figure 1, while the amplitude of the initial perturbation is set to be 5%
of its wavelength. The kinematic viscosity of both fluids is set to be equal to 10−3 , while
the densities of both fluids are adjusted accordingly in each case to satisfy the Atwood
number being tested. The nondimensional acceleration imposed on the system is given
by g(t) = (t + 1)a , where the time shift ensures that the acceleration is finite at t = 0.
The Reynolds number of the heavy fluid, defined as ρh g(0)L/µh , is 2π × 103 ∼ 6 × 103 ,
where µh is the dynamic viscosity of the heavy fluid. The baseline VoF simulations have
102 × 103 = 105 grid points, while the baseline DI simulations have 128 × 1280 ∼ 2 × 105
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a

DI

VoF

−2
−1
0
1
2

15.7%
15.7%
15.4%
14.5%
13.2%

6.4%
6.6%
6.8%
7.1%
7.4%

Table 1. Percentage difference between the theoretical and numerical spike heights at t = 1,
relative to the difference in the theoretical spike heights between t = 0 and t = 1, for A = 0.15
and various values of a.

grid points. Both grids have mesh support for the interfacial perturbation. The surface
tension coefficient is set to zero, corresponding to an infinite physical Weber number.

3. Results
3.1. Interfacial amplitude
3.1.1. Comparison between simulation and theory
Figure 2 plots the nondimensional spike height as a function of time for various Atwood
numbers and acceleration exponents. Note that the bubble and spike heights should be
equivalent and the interface should be symmetric in the linear regime. Reasonable agreement is obtained between theory and simulations over a wide range of physical parameters. The percentage difference between the theoretical and numerical spike heights at
t = 1 is documented in Table 1 for various acceleration exponents and A = 0.15. The
percentage difference is maintained around O(10%) over a range of acceleration exponents, with the VoF method yielding a slightly smaller difference than the DI method
for a comparable grid resolution.
Figure 3 plots the time evolution of the same nondimensional spike height, this time on
linear–logarithmic axes. If the growth of the interface was to be exponential, then the time
evolution of the spike height should present as a straight line on linear–logarithmic axes.
For the acceleration exponent of a = 0, the theory predicts that there is a superposition
of exponentially growing and decaying perturbations. Therefore, at late times (t & 1)
when the decaying contribution is sufficiently small, a straight line may be observed for
a = 0 and all three values of A considered in Figure 3. At large A and a, the growth is
seen to be superexponential at late times.
3.1.2. Grid convergence
Figure 4 plots the time evolution of the nondimensional spike height as simulated by
the DI method for three different grid resolutions. The spike height appears to be less
sensitive to the grid resolution as the resolution increases, suggesting that the results
are approaching grid convergence with 128 × 1280 grid points. The spike height also
increases with grid resolution, further suggesting that the simulation results should converge towards the theoretical results with higher grid resolution, since the theoretical
spike heights were consistently higher in Figures 2 and 3. This error convergence behavior is also plotted in Figure 5, which suggests that the DI simulation has a first-order
error convergence rate.
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Figure 2. Nondimensional spike height hs against nondimensional time t for (a) A = 0.15, (b)
A = 0.5, and (c) A = 0.9. The spike height is nondimensionalized by the initial perturbation
amplitude. The various shades of lines correspond to different acceleration exponents, increasing
from −2 to 2 with decreasing shade intensity.

3.2. Velocity field comparison
The velocity field may be predicted from the theory of Section 2.1 by evaluating the
gradient of the fluid potentials in Eq. (2.1). This is illustrated in Figure 6(a), which plots
the first harmonic of the corresponding Fourier series. Due to the interfacial nature of
RTI, the motion of the fluids on both sides of the interface is strong near the tip of
the bubble, i.e., (x, y) = (0, 0). The fluids are largely stagnant in the regions far away
from the interface. Shear may also be observed across the interface as we move away
from the tip along the bubble interface. This intense shear drives the onset of Kelvin–
Helmholtz instabilities (Abarzhi & Williams 2020; Hwang & Abarzhi 2020b). The flow
field from VoF simulation in Figure 6(b) qualitatively corroborates these observations.
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Figure 3. Nondimensional spike height hs against nondimensional time t for (a) A = 0.15,
(b) A = 0.5, and (c) A = 0.9, on linear–logarithmic axes. For more details on the plots and
nondimensionalization, refer to the caption of Figure 2.

The DI simulations results also shows qualitative agreement to Figure 6(b) which further
supports the the observations from the theory.

4. Conclusions
This brief provides a direct comparison between the theoretical formulation of Hwang
& Abarzhi (2020a,b) and numerical simulations from two interface-capturing schemes.
Reasonable agreement is obtained between the theoretical and numerical approaches for
the interfacial amplitude and velocity in the linear regime. The results demonstrate that
the growth rate can be superexponential for large acceleration exponents. The two numerical schemes yield comparable results for the quantities of interest at comparable
resolution and cost. Grid convergence in the numerical solution indicates that the numerical solution is reliable and insensitive to the underlying grid. Comparison of the flow
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Figure 4. Nondimensional spike height hs against nondimensional time t for A = 0.15 and
a = 1 from numerical simulations using the DI method. The legend denotes the number of
grid points used in each simulation. For more details on the nondimensionalization, refer to the
caption of Figure 2.
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Figure 5. Difference between the theoretical and numerical spike heights at t = 1 as a fraction
of the difference in the theoretical spike heights between t = 0 and t = 1, for A = 0.15 and a = 1
at various nondimensional grid sizes for the DI simulation. The dashed line denotes a first-order
error scaling.

fields shows qualitative agreement between theory and simulations. The interfacial nature of RTI is well demonstrated in both results. This suggests that the proposed theory
is capable of reconstructing the flow field from the derived fluid potential. Corroboration
between theory and simulations for this foundational case motivates a deeper analysis of
the nonlinear regime for 2D RTI, as well as further analysis of 3D RTI.
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Figure 6. Flow field at t = 1 for A = 0.15 and a = 0 from (a) theory and (b) the baseline VoF
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