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1. Motivation and objectives

Engine exhausts issuing from multiple engines in close proximity, such as in military-
style aircraft, produce complex flow fields around them. Such engines are often operated
under off-design conditions, generating high-amplitude screech tones in certain circum-
stances (Powell 1953). In this case, aeroacoustic coupling between the two jets can sig-
nificantly modify their screech characteristics (Raman et al. 2012).
Over the past few decades, the effects of an additional nozzle have been studied exten-

sively for nozzles with circular exits in both experiments and numerical simulations. In
contrast, whereas experiments on rectangular jets go back to 1980s, excessive amounts of
required computational resources have delayed numerical simulations of twin rectangular
jets (Viswanath et al. 2020; Jeun et al. 2020, 2021b,c).
Recent numerical campaigns using large-eddy simulations (LES) have documented

prediction of flow physics in both near- and far-fields to serve as stepping-stones to
further investigation of twin-jet coupling mechanisms. The resulting LES database agreed
quite well with the experimental measurements (Karnam et al. 2020; Jeun et al. 2021b)
for twin rectangular jets issuing from sharp converging-diverging nozzles with an aspect
ratio of 2:1. LES captured many screech tones at various inlet angles in the far-field and
even matched the screech amplitudes in some cases. In the smaller dimension direction,
intense flapping motions and antisymmetric coupling modes of the twin jets were reported
at the fundamental screech frequency, consistent with the experiments. Nevertheless,
physical mechanisms associated with screech generation or aeroacoustic coupling in the
twin rectangular jets have not been elucidated.
In this regard, the present paper utilizes the LES data from the authors’ previous

publication (Jeun et al. 2021b) to investigate screech feedback closure and reinforce-
ment by the twin-jet coupling. Due to the twin-nozzle geometry, there are two possible
screech excitation scenarios; in addition to the screech feedback closure of one jet by itself,
cross-excitation by the other must be considered. Spectral proper orthogonal decompo-
sition (SPOD) modes (Schmidt et al. 2018) at the screech fundamental frequency are
used to model coherent structures relevant to screech generation. We further decompose
the SPOD modes into upstream-traveling and downstream-traveling wave components
to extract modes relevant to the screech feedback closure (Wu et al. 2020; Edgington-
Mitchell et al. 2021). The cross-correlation analysis (Wu et al. 2020) is then applied to
identify spatially distributed source locations where disturbances originating from such
points satisfy a constructive phase criterion for screech resonance. This paper extends
the authors’ preliminary results (Jeun et al. 2021a) by relaxing the assumption of a
pair of acoustic sources located at the same downstream positions in each jet. Moreover,
while Powell (1953) originally described screech feedback closure by external upstream-
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Figure 1. Nozzle geometry: (a) mid-plane cross section along the minor axis, (b) mid-plane
cross section along the major axis, and (c) nozzle exterior. Figure not drawn to scale.

traveling acoustic waves, in recent years increasing evidence has supported upstream-
traveling waves trapped in the jet potential core as a closure mechanism (Tam & Hu
1989; Edgington-Mitchell et al. 2018; Gojon et al. 2019; Wu et al. 2021). Similarly, the
dominance of one path over the other (internal or external) in twin-jet screech will be
addressed in this paper.

2. Flow configuration and numerical setup

2.1. Nozzle geometry and operating conditions

We consider twin rectangular nozzles with an aspect ratio of 2:1 as shown in Figure 1,
which were designed and tested at the University of Cincinnati (Karnam et al. 2020).
Here, the coordinates are indicated by arrows with respect to the system origin denoted
by a dot. The +x-axis is chosen along the streamwise direction. The major and minor
axes are defined along the flat side (z-axis) and converging-diverging side (y-axis) at the
exit, respectively. Throughout this paper, the system is scaled by the nozzle exit height
h, unless otherwise stated. In this way, the nozzle center-to-center spacing is computed
as 3.5h, and the equivalent jet diameter De, which yields the same pressure drop between
a round nozzle and a rectangular nozzle, is given as 1.516h.
In our previous work, we examined flow-field produced by the same twin nozzles op-

erated at three different conditions using high-fidelity LES (Jeun et al. 2021b). Among
them, this paper focuses on the over-expanded jet with nozzle pressure ratio (NPR) = 3
only, which registered the maximum screech amplitudes. Here, the NPR was defined as a
ratio of total pressure to ambient pressure. A nozzle temperature ratio (TR) was defined
in a similar way, and it was given as 1. The nozzle design Mach number was Md = 1.5,
so the jets were considered cold. The fully expanded jet Mach number was computed
as Mj = Uj/cj , where Uj is the fully expanded mean streamwise jet velocity. Here, the
subscript j represents the fully expanded properties. The jet operating conditions are
summarized in Table 1.

2.2. Numerical setup

LES were performed using an unstructured compressible flow solver, charLES, devel-
oped by Cascade Technologies. Equipped with a novel Voronoi-based mesh generation
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Description NPR TR Mj Ma Tj/T∞ Rej M∞

Cold over-expanded supersonic jet 3 1.0 1.36 1.16 0.730 5.6× 105 0.005

Table 1. Summary of jet operating conditions

framework (Brès et al. 2018) and a shock-capturing method based on kinetic energy and
entropy preserving schemes, charLES has demonstrated its predictive capabilities for jets
issuing from various complex configurations (Brès et al. 2018, 2019; Wu et al. 2021; Jeun
et al. 2021b). Far-field sound was then computed by projecting the resulting near-field
flow data using the Ffowcs–Williams Hawkings (FW-H) method (Ffowcs Williams &
Hawkings 1969).
The mesh generation and the choices of FW-H surface for the LES database are pro-

vided in detail by Jeun et al. (2021b). The final mesh had approximately 190 million
cells. While the total simulation duration tsim was 1,400 acoustic times (h/c∞), the FW-
H surface data used to generate the far-field acoustics were collected for the later 900
acoustic times only. Both the near-field hydrodynamic data and the FW-H surface data
were sampled at 0.05h/c∞.
Note that the current LES database was obtained with the assumption of laminar

nozzle-exit boundary layer state without introducing inflow turbulent forcing. Neverthe-
less, as will be shown later, the current LES database captured important flow features
in the near-field that are similar to those observed in the experiments and achieved favor-
able agreement with the far-field noise measurement. Further simulations with turbulent
exit boundary layers are warranted for future investigation.

3. Comparison of LES database with experiment

Figures 2 and 3 show side-by-side comparisons between LES and experiments on the
normalized mean streamwise velocity contours in each jet axis and turbulent kinetic en-
ergy (TKE) contours in the major axis, respectively. Overall, LES capture important flow
features in the near-field of the twin rectangular jets. Some mismatch in strengths/phases
of the shock cells and TKE levels may be due in part to the inconsistent nozzle-exit
boundary layer state in LES with that in the experiments. On the other hand, the de-
viations are likely to decrease as the resolution of particle image velocimetry data is
increased (work in progress at the University of Cincinnati). Despite such discrepancies,
Figure 4 indicates that the shape of the far-field acoustic spectra remains very close to
the experimental measurements at various inlet angles, capturing multiple screech tones.
More on the post-processing of the LES data and the experimental validations can be
found in Jeun et al. (2021b).

4. Intermittent screech tones

The SPOD modes of the twin rectangular jets we consider in this work indicate anti-
symmetric coupling with respect to each other along the minor axis direction at the
fundamental screech frequency (Jeun et al. 2021b). In contrast, the twin jets seem to ap-
pear symmetrically in this direction at its second harmonic. At either frequency, however,
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Figure 2. Comparison of the normalized mean streamwise velocity contours between (a,c,e) the
LES and (b,d,f) the experiments in the (a,b) major, (c,d) minor, and (e,f) center axes for NPR
= 3, respectively.

Figure 3. Comparison of the normalized TKE contours between (a) the LES and (b) the
experiments in the major axis plane for NPR = 3.

magnitudes of coherence functions between the twin jet signals did not suggest perfect
phase-locking (1 or 0), indicating intermittent aeroacoustic coupling between the jets.
To examine this scenario, we perform the continuous wavelet transform (CWT) of

the pressure data using the Morse wavelet. Since sound propagates predominantly in
upstream angles at the fundamental screech frequency (St = 0.37), probe points are
placed near each jet right at the nozzle exit. As shown in Figure 5, the screech tones are
indeed intermittent. Similar observations were reported in the experiments conducted
by two different groups (Karnam et al. 2021; Esfahani et al. 2021) for over-expanded
twin rectangular jets. In contrast, the twin rectangular jets registered almost perfect
phase-locking under under-expanded conditions. Also note that the two jets exhibit very
different intermittency patterns. When the screech signal of Jet 1 is severely damped
(for example, tc∞/h = [330, 430] and [860, 930]), Jet 2 registers strong screech tones.
The magnitudes of the CWT coefficients also differ. On one hand, for Jet 1, the strong
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Figure 4. Comparison of the sound pressure levels between the LES (solid lines) and experi-
ments (circles) at 61.5De away from the nozzle exit in (a-c) the major axis and (d-f) the minor
axis for NPR = 3.

Figure 5. Scalogram of the acoustic pressure for NPR = 3. Dashed lines indicate the funda-
mental and second harmonic screech frequencies. (a) Probe at (x/y, y/h, z/h) = (0,1,1.75) and
(b) probe at (x/y, y/h, z/h) = (0,1,−1.75).

screech sound lasts for a longer time period, but there also exist relatively quiet time
intervals. On the other hand, for Jet 2, the loudest sound is damped after a relatively
short period, but its amplitude variation is not as severe as for Jet 1. It is interesting
that, despite the twin geometry, the two screech tones vary in time in an asymmetric
way. In the real world, some level of asymmetry is inevitable, and this may generate
flow disturbances that are not identical about the twin-jet mean field. Jet-to-jet coupling
also might amplify the asymmetry. In LES, some numerical instabilities triggered during
simulations might lead to an asymmetric time history of screech tones from them.
To investigate why screech tones appear to be irregular in time, the instantaneous

phase difference between the two jets is extracted using the Hilbert transform. For a
given signal x(t), the Hilbert transform x̃(t) = H[x(t)] is computed as

x̃(t) = H[x(t)] = x(t) ⋆
1

πt
, (4.1)
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Figure 6. Phase differences between the two jet signals, recovered by the Hilbert transform.

where ⋆ denotes the convolution operator. Based on the Hilbert transform, an analytic
function of the original signal z(t) can be defined as

z̃(t) = x(t) + ix̃(t), (4.2)

where i =
√
−1. In polar form, Eq. (4.2) can be rewritten as

z̃(t) = a(t)exp [iθ(t)] , (4.3)

where

θ(t) = arctan

[
x̃(t)

x(t)

]
(4.4)

represents the instantaneous phase. Finally, the phase difference between the two jet
signals as a function of time is expressed as

∆θ(t) = θ1(t)− θ2(t). (4.5)

Figure 6 shows the resulting phase difference between the two signals measured at
(x/y, y/h, z/h) = (0,1,±1.75) as a function of time. By recalling the scalograms in Fig-
ure 5, one may notice that the phase difference varies abruptly when the change of screech
amplitudes is measured in time. The phase difference represents out-of-phase coupling
(odd multiples of π) for a while, followed by a continuous variation between odd and
even multiples of π, until it reaches the next plateau of odd multiples. In other words,
the interruption of screech tones in our twin rectangular jets seems to be associated with
a competition between the antisymmetric and symmetric coupling of the two jets, simi-
larly to the discovery of intermittent tones from under-expanded round twin jets by Bell
et al. (2021).

5. Aeroacoustic coupling in twin rectangular jets

For twin-nozzle geometry, there are two possible screech excitation scenarios, as schemat-
ically depicted in Figure 7. In addition to the screech feedback closure of one jet by itself,
cross-excitation by the other jet must be considered. We first investigate self-excitation
process of each jet and then discuss the cross-effects later, linking the two different paths.
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Figure 7. Schematic representation of feedback processes: self-excitation versus
cross-excitation.

Figure 8. SPOD energy spectra computed using pressure components of (a) Jet 1 centered at
z/h = 1.75 and (b) Jet 2 centered at z/h = −1.75.

Twin-jet coupling is a highly intricate, nonlinear phenomenon, but for simplicity, we as-
sume that each self-excitation path can be successfully isolated from the other by probing
flow structures in the mid-plane cross section of it (in the xy-plane).

5.1. Decomposition of SPOD modes

Coherent structures associated with the screech generation are distilled by the leading
SPOD modes at the fundamental screech frequency. Figure 8 shows the SPOD energy
spectra computed using the pressure component. For both jets, sharp peaks are reg-
istered at the fundamental and second harmonic screech frequencies. In particular, at
the fundamental screech frequency (Stsc = 0.37), the leading SPOD mode contains ap-
proximately two orders of magnitudes greater energy than the higher-order modes. The
relative contribution by the leading mode was measured to be almost 98% of the total
energy.
To investigate upstream-traveling waves completing the screech feedback, the SPOD

modes can be further decomposed into upstream- and downstream-traveling compo-
nents. Here, the direction of the group velocity of a wave is determined by taking the
direction of a phase velocity (up = ω/kx), specifically, the sign of spatial wavenum-
ber in x kx, as a proxy for it. Figures 9 and 10 visualize the resulting isolated wave
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Figure 9. Decomposition of the leading SPOD modes for (top) Jet 1 centered at z/h = 1.75
and (bottom) Jet 2 centered at z/h = −1.75: (a,c) upstream-propagating components and (b,d)
downstream-propagating components. Computed by the pressure components.

Figure 10. Decomposition of the leading SPOD modes for (top) Jet 1 centered at z/h = 1.75
and (bottom) Jet 2 centered at z/h = −1.75: (a,c) upstream-propagating components and (b,d)
downstream-propagating components. Computed by the minor axis velocity components.

components computed using pressure and transverse velocity fluctuations. Note that
both the upstream- and downstream-propagating components show antisymmetric cou-
pling at the screech frequency. The upstream-travelling modes include both internal
modes (Tam & Hu 1989) and external modes, as shown in a similar analysis for a
single rectangular jet but with a higher aspect ratio (Wu et al. 2020, 2021). In con-
trast, the downstream-propagating modes correspond to the famous Kelvin-Helmholtz
(K-H) instability wavepackets. Throughout this study, we will denote the upstream-
propagating internal mode by k−, the upstream-propagating free-stream mode by c−,
and the downstream-propagating K-H mode by k+, following the same convention de-
fined by Wu et al. (2020).

5.2. Feedback path analysis

By following Wu et al. (2020, 2021), we consider a wave detected by two probes placed at
different streamwise locations with some time delay τ . For a given zero-mean stationary
signal q(x, y, t) taken along a constant line y = yc, one may write this as

q(x2, yc, t) = αq(x1, yc, t− τ) + n(t), (5.1)
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where the subscripts represent the two probes, α measures the growth or decay in wave
amplitude, and n(t) is the random noise with a zero mean. Using the auto- and cross-
correlation functions, at a given frequency f , one can write the optimal parameters α
and τ for a harmonic signal as

τ =
argζ

−2πf
, α = |ζ|, ζ =

q̂∗1 q̂2
q̂∗1 q̂1

, (5.2)

where q̂(f) is the Fourier transform of a given signal q(t), and the superscript ∗ denotes
the complex conjugate.
Screech is an aeroacoustic resonance phenomenon that can be established when a

constructive phase relationship is satisfied between the disturbances associated with the
feedback loop. Assuming the maximum receptivity at the nozzle exit, we seek to identify
a downstream streamwise location x for the screech feedback loop. Mathematically, such
eligible points of return can be expressed as

x s.t. [τk+(x) − τ−(x)]/Tsc = τt/Tsc = N, (5.3)

where τ− is the negative time delay, which can be either τk− or τc− , depending on the
choice of internal or external modes for the feedback closure. Additionally, τt means the
total time delay involved in the feedback loop, and N is a positive integer.
The screech feedback within one jet itself is reinforced by disturbances originating from

its twin, which we herein denote by a cross-excitation path. In this case, with respect to a
given acoustic source location in Jet 1 (x1), disturbances originating from eligible points
of return in Jet 2 (x2) must satisfy a constructive phase relationship at the receptivity
location. Note that this cross-excitation is purely external. Depending on the coupling
mode between the twins, x2 satisfying the phase criteria for the cross-excitation can be
mathematically written as

x2 s.t. τt,2→1/Tsc = [τk+,1(x1)− τc−,2→1(x2)]
/
Tsc

=

{
N (in-phase coupling)

N + 1
2 (out-of-phase coupling)

(5.4)

for the cross-excitation by Jet 2 onto Jet 1. Similar equation can be given for the excita-
tion by Jet 1 onto Jet 2.
For each feedback component, the time delay τ between probe signals and a certain

fixed reference point is shown in Figure 11(c,d,i,j). The relative amplitude variation is
shown in Figure 11(e,f,k,l), with identified points of return overlaid on top of it. To
represent the external acoustic mode, the upstream-propagating component of the lead-
ing p′-SPOD mode is taken along y/h = 1.5 with respect to the reference location at
(x/h, y/h) = (0, 1.5). In contrast, to consider instability waves inside the jet plume, the
leading SPOD modes of v′ is taken along y/h = 0.3. The upstream- and downstream-
traveling components are chosen to trace k− and k+ waves, respectively. The results
shown in Figure 11 are obtained with respect to Jet 1. Similar outcomes can be achieved
with respect to Jet 2 as well.
After the decomposition, the time delay of the c− and k− waves linearly decreases

as the probe location moves downstream, as shown in Figure 11(c,d). Here, the slopes
represent the phase velocity of the upstream-traveling external mode Uc− and internal
mode Uk− , respectively. In contrast, Figure 11(i) visualizes the positive phase velocity of
the K-H mode Uk+ . When scaled by the fully expanded jet velocity, the phase velocity
of the downstream-traveling K-H waves are found to be Uk+/Uj = 0.68, which is very

25



Jeun, Wu & Lele

Figure 11. Feedback path analysis for the self-excitation by Jet 1 itself and cross-excitation
by Jet 2 onto Jet 1. (a,b,g,h) Probe location is denoted by the white solid line on top of each
SPOD mode with respect to the reference point marked by the black diamond. (c,d,i,j) Time
lag with respect to the reference point in Jet 1. (e,f,k,l) Relative amplitude variation.

close to the typical convection velocity of large-scale eddies in turbulent jets. Lastly,
Figure 11(j) represents the time delay associated with the external cross-excitation path
by Jet 2 with respect to a reference location in Jet 1.
The relative amplitude variations of the signals are shown in Figure 11(e,f,k,l). Here,

the search for eligible points of return is limited to approximately x/h = 15, which
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corresponds to a part of the jet with strong acoustic sources associated with screech.
Compared with those of the K-H instability waves, the amplitudes of the upstream modes
remain small. Note also that the relative amplitude of the internal self-excitation mode
(k−) shown in Figure 11(f) is larger than that of the external self-excitation mode (c−)
shown in Figure 11(e). Their amplitudes increase downstream, culminating around x/h
= 7 for k− and x/h = 6 for c−, respectively, but both decay rapidly farther downstream.
Figure 11(l) measures the relative amplitude of the external acoustic mode originating

from Jet 2 and reinforcing the self-excitation of Jet 1. For both sets of source locations
identified in Figure 11(e,f), all candidates of eligible points of return are displayed to-
gether. While points identified for the screech feedback path closed with the internal
mode are represented by triangles, points associated with the external self-excitation
path are marked by crosses. The two cases have almost the same maximum amplitude
variation, which is still far lower than that of the internal self-excitation path.
Since upstream-traveling waves are generated from interactions of the shocks and the

K-H waves, one would like to check whether the identified points of return can be re-
lated to the locations where such interactions are strong. To quantify the strength of
shock-instability wave interactions, Wu et al. (2020, 2021) suggest using the product
of normalized mean transverse velocity V/Uj and the relative gain of the K-H mode
αk+ measured along y/h = 0.3. As shown in Figure 12(a,b), there are several cases in
which the eligible points identified for both the internal and external self-excitation paths
coincide with locations where the shock-instability wave interactions are strong. Inter-
estingly, the identified points of return for the cross-excitation feedback are synchronized
with acoustic source locations identified for the internal (downward arrows) or external
(upward arrows) self-excitation feedback paths. However, there is no clear evidence of
dominance by one path over the other. Furthermore, by taking into account the sym-
metry in y of the rectangular nozzle, the same feedback path analysis is repeated for
the signal measured along a constant y < 0, as shown in Figure 12(c,d). Again, it seems
that both the internal and external modes take part in screech generation. In contrast,
there are also several points at which the cross-excitation with respect to the internal
self-excitation points of return is synchronized with the external self-excitation path, or
vice versa, which is merely a coincidence.

6. Concluding remarks

In this work we utilize an LES database of twin rectangular jets with an aspect ratio of
2:1, which was validated against the experiments conducted at the University of Cincin-
nati in our previous publication (Karnam et al. 2020; Jeun et al. 2021b). This paper
aims to investigate the physical mechanism behind the twin-jet coupling and its effects
on jet screech using time-frequency analysis and feedback path analysis in concert with
a constructive phase criterion for resonance. Among the various jet operating conditions
simulated, we consider over-expanded twin jets with NPR = 3 because this case generates
the loudest screech tones from this nozzle configuration.
The time-frequency analysis using the CWT reveals that the screech tones are inter-

mittent. Such phenomena were also confirmed in the experiments (Karnam et al. 2021;
Esfahani et al. 2021). The instantaneous phase recovered by the Hilbert transform further
demonstrates that, while the twin jets are mostly coupled out of phase with respect to
each other, the competition between antisymmetric and symmetric coupling interrupts
screech tones. Recently, Bell et al. (2021) reported similar irregular jet screech in time,
induced by the aeroacoustic coupling in under-expanded circular jets. Nonetheless, what
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Figure 12. Eligible points of return overlaid on top of (Vy/h=±0.3/Uj)αk+ . Triangles represent
the identified points that close the cross-excitation feedback with respect to the acoustic sources
lying on the internal self-excitation (circles). Crosses denote the identified points that close the
cross-excitation feedback with respect to the acoustic sources lying on the external self-excitation
(squares). Synchronization of the cross-excitation with the internal self-excitation is marked by
downward arrows, while synchronization with the external self-excitation is indicated by upward
arrows. Note that the synchronization is counted over the shaded region, where there exist strong
acoustic sources: (a,b) y > 0 and (c,d) y < 0.

determines the dominant coupling mode at screech frequencies in twin rectangular jets
remains unresolved.

To examine the screech feedback loop in the twin rectangular jets and explore this
question, we adopt a phase criteria analysis similar to that suggested by Wu et al. (2020,
2021). To sustain screech resonance at the fundamental frequency, upstream-travelling
disturbances originating from some downstream location must arrive at the maximum
receptivity location exactly in phase. Such locations are defined as points of return for
closure of the jet screech. Due to the twin geometry, there are two possible paths for the
screech excitation. A screech feedback loop of one jet involves disturbances originating
from that jet (self-excitation). Alternatively, it is possible that disturbances arriving at
the receptivity location for one jet are reinforced by external acoustic disturbances from
the other jet (cross-excitation). For the self-excitation loop, however, there has been some

28



Screech feedback reinforcement in twin jets

debate in the aeroacoustics community about whether it is an external acoustic mode
or an internal jet mode that completes the screech feedback loop. We use leading SPOD
modes to educe coherent structures at screech frequencies. They are further decomposed
using the wavenumber in x, to determine upstream-traveling and downstream-traveling
waves by taking the sign of streamwise wavenumbers as a proxy for the group velocity.
While the amplitude gain of the internal mode is generally larger than that of the external
acoustic mode, overall, the current analysis does not favor one path over the other. Several
identified points of return for the cross-excitation are synchronized with both the internal
and external mode self-excitation.

For a single under-expanded rectangular jet, the same constructive phase criterion
showed a dominance of the internal path over the external path as the closure mech-
anism (Wu et al. 2020, 2021). However, note that the different explanations made for
our twin jets may be attributed to modifications of the nozzle geometry or operating
conditions. Of course, it would not be surprising that complex aeroacoustic coupling in-
duced by the addition of extra jet introduces different screech feedback loops. The strong
intermittency of screech tones may also play some role in making the current analysis
less effective, since Eq. (5.4) neglects the unsteady effect but rather assumes perfect
phase-locking.

For a more complete exploration of what selects the coupling mode associated with the
rectangular twin-jet screech, we could try applying the similar analysis at non-resonating
frequencies and see whether there exist different dynamics (Wu et al. 2021). Work is
currently underway, but an initial assessment shows that it is not very straightforward to
extend the current analysis as it is, because aeroacoustic coupling between the twin jets
are much more irregular at such frequencies. Another approach we could try is to extract
the LES data only over a period of perfect phase-locking and repeat the current analysis.
In this way, although the frequency resolution may be somewhat reduced due to the small
bin size, the effects of intermittency can be minimized, augmenting the effectiveness of
the current phase criterion.
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