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1. Motivation and objectives

The modeling of the laminar-to-turbulent transition is one of the key challenges in
the numerical simulation of wall-bounded flows, especially at coarse grid resolutions.
As described in NASA’s CFD Vision 2030 Study (Slotnick et al. 2014), this issue is
of particular concern for wall-modeled large-eddy simulations (WMLES), in which the
laminar region of the flow can require 10–100 times more grid points than the turbulent
regime to properly capture the amplification of disturbances leading to transition. Though
the extent of the laminar region of the flow is typically small in practical engineering
applications, such as flow over an airplane wing, the associated problems with under-
resolving this region have far-reaching consequences for the prediction of mean quantities
of interest such as lift and drag.
Boundary layer transition to turbulence is a complex process that can advance through

several distinct pathways. In the absence of external perturbations such as freestream
turbulence, the transition process often begins with the amplifications of exponential
instabilities. For example, the Tollmien-Schlichting (TS) wave is a streamwise unstable
wave that arises in bounded shear flows and becomes active past a critical Reynolds
number. For simulations to accurately capture the effect of the TS wave on the laminar
flow, the flow must be able to resolve its wavelength, which is on the order of the boundary
layer thickness. For this reason, direct numerical simulation (DNS) of the Navier-Stokes
equations is the most robust technique for investigating transitional flows. However,
the high computational cost is impractical in engineering flows of interest where the
Reynolds number is high. Choi & Moin (2012) have shown that the number of grid

points required for DNS is proportional to Re
37/14
Lx

, where Lx is the characteristic length
in the streamwise direction. In comparison, the grid point requirement for WMLES is
N ∼ ReLx . However, by extending the analysis for WMLES to accurately resolve the
laminar region of the flow, Slotnick et al. (2014) found that seventy times more grid
points are required in the laminar region than in the turbulent region of the boundary
layer for flow over a NACA0012 airfoil at chord Reynolds number Rec = 107, a significant
increase in computational cost.
The parabolized stability equations (PSE), introduced by Herbert (1991) and Bertolotti

et al. (1992), are an effective and computationally cheap method of studying the evolution
of small disturbances in spatially evolving flows. In particular, PSE calculations can be
on the order of 100 times cheaper (Schmid & Henningson 2000) than DNS. PSE analysis
can incorporate both nonparallel and nonlinear effects and therefore can capture the flow
physics more faithfully than classical linear theory, which is based on the assumption of
parallel flow.
A new wall model based on the Falkner-Skan similarity solution of laminar wedge flows

has been developed for laminar boundary layers, particularly for use near the leading edge
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of airfoils (Gonzalez et al. 2020). Following the work of Hack & Moin (2015) and Lozano-
Durán et al. (2018), we propose to use the Falkner-Skan wall model (FSWM) to generate
a baseflow for PSE simulations. Our study examines the potential for linear PSE to be
used in conjunction with the FSWM to provide an accurate yet computationally efficient
treatment of the disturbances in the pre-transitional zone for coarse calculations.

2. Methodology

2.1. Model for wall shear stress and mean boundary layer profile

As convention we take x to be the streamwise coordinate and y to be the wall-normal
coordinate. The similarity solution for two-dimensional laminar flow over planar wedges
assumes a freestream flow of the form

Ue(x) = kxm (2.1)

where k and m are parameters determined by the wedge angle and incoming velocity.
The velocity profile in the boundary layer is governed by the Falkner-Skan similarity
solution (White & Corfield 2006) given by

f ′′′ + ff ′′ +
2m

1 +m

[
1− (f ′)2

]
= 0, (2.2)

subject to the boundary conditions

f(0) = f ′(0) = 0, f ′(∞) = 1, (2.3)

and the definitions

η = y

√
m+ 1

2

Ue(x)

νx
, (2.4)

u

Ue(x)
= f ′(η), (2.5)

v

Ue(x)
= f(η)− m− 1

m+ 1
ηf ′(η), (2.6)

where η is the similarity variable, f is the similarity function, u is the streamwise velocity,
v is the wall-normal velocity, and ν is the kinematic viscosity.
This leads to an expression for the wall shear stress given by

τw = µ

√
m+ 1

2

Ue(x)3

νx
f ′′(0), (2.7)

where µ is the dynamic viscosity.
The FSWM applies Eq. (2.7) as a boundary condition to the flow, analogous to the

RANS-based wall-stress boundary conditions used in WMLES calculations (Cabot 1995);
(Park & Moin 2014). To use Eq. (2.7) as a boundary condition, values of m, Ue(x), and
f ′′(0) are required. For a control volume j, the value of Ue(xj) can be estimated by
probing the outer flow solution. The values of mj and kj are computed by solving a
linear least-squares problem fitting the outer flow assumption of Ue(xj) = kjx

mj

j with
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data from neighboring cells. Once the values of mj and kj are computed, then the value
of f ′′

j (0) comes from solving the associated similarity problem.

2.2. Parabolized stability equations for modeling disturbance growth in the
pre-transitional region

Within the field of transitional flows, the PSE have become a well-established method for
the study of disturbance growth up to the breakdown stage (Herbert 1997). Specifically,
the PSE offer a computationally efficient alternative to DNS in the study of convectively
unstable flows such as laminar boundary layers. Comparisons of the amplification of
instabilities in boundary layers between the PSE and DNS have been carried out and
shown excellent agreement in the amplification of exponential disturbances (Bertolotti
et al. 1992). Let z and w be the spanwise direction and velocity, respectively. Assuming
a two-dimensional baseflow so that W = 0 and a spanwise periodic disturbance w, we
decompose the state vector q into a base state Q = (U, V,W, P )T and a perturbation
component q′ = (u, v, w, p)T , such that q(x, y, t) = Q(x, y) + q′(x, y, t), where p is the
pressure. Then the governing equations for the perturbation linearized about a mean
velocity profile U = (U(x, y), V (x, y),W (x, y))T are

∇ · u = 0, (2.8)

∂u

∂t
+U · ∇u+ u · ∇U+

1

ρ
∇p− 1

Re
∇2u = 0, (2.9)

where ρ is the fluid density. The disturbance is decomposed into a slowly varying ampli-
tude function and a fast-changing oscillatory part according to

q(x, y, z, t) = q̃(x, y) exp

(
i

∫ x

x0

α(ξ)dξ + iβz − iωt

)
, (2.10)

where α is the streamwise complex wave number, β is the real spanwise wave number,
and ω is the real frequency of the disturbance. Substituting the ansatz, Eq.(2.10), into
the governing equations Eqs. (2.8)-(2.9) and eliminating terms of O(Re−2) and higher,
we obtain the linear PSE

Aq̃+B
∂q̃

∂y
+ C

∂2q̃

∂y2
+D

∂q̃

∂x
= 0. (2.11)

The operators in Eq. (2.11) are given by

A =




∆+ ∂U
∂x

∂U
∂y 0 iα

0 ∆+ ∂V
∂y 0 0

0 0 ∆ iβ
iα 0 iβ 0


 , (2.12)

B =




V 0 0 0
0 V 0 1
0 0 V 0
0 1 0 0


 , (2.13)
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C =




− 1
Re 0 0 0
0 − 1

Re 0 0
0 0 − 1

Re 0
0 0 0 0


 , (2.14)

D =




U 0 0 1
0 U 0 0
0 0 U 0
1 0 0 0


 , (2.15)

with

∆ = −iω + iαU +
α2 + β2

Re
. (2.16)

Last, there is an ambiguity in the x dependence of the amplitude function and the
streamwise wave number that is removed by the auxiliary condition

∫ ∞

0

q̃H ∂

∂x
q̃ dy = 0. (2.17)

When using the PSE to track disturbances, the definitions of growth rate are altered from
the standard definitions used in linear theory to account for changes in the amplitude
function. We define the growth rate σ of an arbitrary disturbance quantity ξ as

σ = −αi +Real

[
1

ξ

∂ξ

∂x

]
. (2.18)

Similarly, the streamwise wave number is defined as

α = αr + Im

[
1

ξ

∂ξ

∂x

]
. (2.19)

Marching the PSE in x requires a set of both initial and boundary conditions. In our
case, homogeneous boundary conditions are used at both the wall and the freestream.
The initial condition requires values for the eigenvalue α and the disturbance q̃ applied to
the baseflow. In our calculations, the initial condition is found through the use of linear
stability theory by solving the three-dimensional Orr-Sommerfeld equations for locally
parallel flow. While our baseflow indeed has a nonzero V component, its magnitude is
small compared to U , so the value of α found computed serves as a good initial condition.
The spanwise wave number is set to β = 0 as to permit TS waves, which we expect to
be most relevant for transition on a flat plate in low-disturbance environments.

2.3. Computational setup

We examine the specific case of the FSWM applied to two-dimensional stagnation flow.
This baseflow was chosen because the local solution for viscous incompressible flow over
the leading edge of an airfoil in the vicinity of the attachment line can be represented
as stagnation flow if the boundary layer thickness is small compared to the radius of the
leading edge (Lin & Malik 1996), shown schematically in Figure 1.
The computational domain is shown in Figure 2. The region of the stagnation flow

that we are simulating is some distance away from the stagnation point at the symmetry
plane. Therefore, inflow conditions must be specified on the left and top boundaries to
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Figure 1. Flow in the vicinity of the leading edge of an airfoil can be approximated as planar
stagnation flow when the boundary layer thickness is smaller than radius of the leading edge.

Figure 2. Problem setup considered within this study. The bottom boundary is a wall, the
right boundary is an outlet, and the left and top boundaries are inlets at which U , V , ρ, and T
profiles are specified to generate planar stagnation flow.

Case Nx Ny Stretching ratio

DNS 256 256 20
FSWM 256 64 1

Coarse no-slip 256 64 1

Table 1. Mesh resolution and stretching ratio for the three cases studied. The DNS mesh
provides 87 points in the boundary layer, while the FSWM and coarse no-slip cases have 10
points in the boundary layer.

produce a stagnation flow, an outflow is prescribed on the right, and the bottom boundary
is a wall. Simulations are completed using charLES, a cell-centered, finite-volume code
that solves the compressible Navier-Stokes equations on arbitrary unstructured meshes
(Brès et al. 2018). It uses a third-order Runge-Kutta scheme for time advancement, and
a nondissipative, energy- and entropy-conserving, second-order spatial discretization. All
simulations performed for this study are two dimensional and nondimensionalized by the
displacement thickness δ∗. Note that although the code is a compressible solver, we are
running it the incompressible regime because the Mach number is small (M < 0.2). Inflow
conditions are generated by solving the similarity solution for stagnation flow (m = 1)
using a a fourth-order Runge-Kutta shooting method. The profiles for temperature T
and density ρ are generated using the isentropic flow relations. Results are shown for an
inflow condition at Reδ∗ = 5500 and Ue = 0.15.
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Figure 3. Comparison between DNS and the corresponding similarity solution. The contours
are nondimensional (a) DNS U , (b) similarity U , (c) DNS V , and (d) similarity V .
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Figure 4. Eigenvalue spectrum produced by the baseflow at the inlet of charLES simulations.
We see good agreement between the spectra of the DNS and FSWM calculations, while the coarse
no-slip calculation has produced several erroneous eigenvalues due to the low mesh resolution.

The goal of this study is to investigate the effect of various wall treatments on distur-
bance growth. In particular, comparisons are made between no-slip at DNS resolution,
no-slip on the coarse mesh, and the wall modeled boundary condition on the coarse
mesh. The three cases were run as specified in Table 1. A high-resolution DNS case was
simulated to compare results to, and was verified against, the similarity solution and is
shown in Figure 3. A coarse mesh was used for simulations in which the wall boundary
condition was set to (1) the FSWM and (2) no-slip. The coarse mesh supports 10 points
across the boundary layer thickness. In the case of the DNS and coarse no-slip, the profile
at the inlet was used as an input to a linear stability solver to generate an eigenspec-
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Figure 5. (a) Growth rate and (b) streamwise wave number computed using the maximum
value of u′ as the disturbance of interest.

0 50 100 150
x

10−8

10−7

10−6

m
ax

(u
rm

s)

DNS
FSWM
Coarse no-slip

Figure 6. Amplitude of u′
rms as a function of streamwise location.

trum of the flow. After the most unstable mode mode was identified, the inlet baseflow
and eigenmode were used as initial conditions for the PSE solver. The PSE solutions
are then marched in space, updating the baseflow profile used from the respective DNS
and coarse no-slip simulations. For the FSWM case, the values of k and m computed
by the wall model were used to solve the Falkner-Skan similarity equation and generate
a high-resolution boundary layer profile on the same grid as the DNS case, which then
serves as the baseflow for the linear stability and PSE solvers.
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3. Results

The eigenvalue spectra at the inlet of the DNS, FSWM, and coarse no-slip calculations
are shown in Figure 4. The TS mode for the DNS case is located at αTS,DNS = 0.18601+
i0.02860 and for FSWM at αTS,FSWM = 0.18965 + i0.02995. Here, the error in the
imaginary component of the mode, which is the component that leads to instability,
is 4.7%. This agreement indicates that at this streamwise location, the wall model is
accurately predicting the values of k and m based on the outer flow to fit a Falkner-
Skan profile that matches the DNS flow. The coarse no-slip case, on the other hand, has
produced several erroneous eigenvalues and lacks a clear eigenvalue to identify as the TS
mode.
Results for the predicted growth rate and streamwise wave number based on march-

ing the different baseflows using PSE are shown in Figure 5. There is initially a good
agreement in the growth rates predicted by PSE for the DNS and FSWM baseflows.
The agreement begins to diverge approximately halfway through the domain, likely due
to nonlinearities taking hold or contamination from the outlet boundary condition. The
average error is 7% between DNS and FSWM. In contrast, the growth rate predicted
from the coarse no-slip baseflow completely mispredicts the growth rate throughout the
entirety of the domain, at an average error level of 18%. The predicted streamwise wave
number shows even better agreement between DNS and FSWM at an average level of
2%. Figure 6 demonstrates the effect of mispredicting the growth rate: the average 18%
error in the growth rate from the coarse calculation leads to a 97% error in the amplitude
of u′

rms.

4. Conclusions

In the present study, we have investigated the capability coupling the FSWM for
laminar boundary layers with PSE to track the growth rates of exponential instabilities
in the pre-transitional zone of flows. High-resolution subgrid boundary layer profiles
are generated using outputs from the FSWM to be used as a baseflow for PSE. An
initial eigenmode to march is found by solving the Orr-Sommerfeld equations. The spatial
growth of exponential modes in stagnation flow is tracked and compared for wall modeled,
coarse no-slip, and DNS. The results demonstrate that the combined FSWM-PSE can
more accurately predict growth rate than the coarse no-slip case can. In the next stage
of this work, we intend to increase the Reynolds number so that the flow transitions and
to couple the FSWM-PSE to a WMLES for the turbulent region. In addition, we intend
to implement curvature terms into the PSE solver for application on airfoils.
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