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1. Motivation and objectives

The idea of augmenting physical viscosities with artificial viscosities for the purpose
of numerically capturing shocks dates back to the pioneering work of Von Neumann &
Richtmyer (1950). Cook & Cabot (2005) proposed a localized artificial viscosity method
that can be used along with high-order compact differencing schemes to accurately cap-
ture shock-turbulence interactions. Localized artificial viscosities are required to vanish
in smooth well-resolved regions of the flow and provide dampening in under-resolved
regions to capture discontinuities. Cook & Cabot (2005) introduced an artificial bulk vis-
cosity (ABV), β∗, for capturing shocks and an artificial shear viscosity, µ∗, for capturing
turbulence, given by

µ∗ = Cl
µρ∆

2l+2|∇2lS|, (1.1)

β∗ = Cl
βρ∆

2l+2|∇2lS|, (1.2)

where Cl
µ and Cl

β are user-defined constants, ρ is the local flow density, ∆ is the mesh

size, ∇2l represents a series of l Laplacians, S is the magnitude of the strain-rate tensor
(S =

√
SijSij), and the overbar is a filtering operation that eliminates high-wave-number

oscillations introduced by the Laplacian and absolute value operators. This dynamic lo-
calized artificial diffusivity (LAD) approach—using high-order spatial derivatives to de-
tect discontinuities and then filtering—has been widely adopted by other researchers.
Specifically, Fiorina & Lele (2007) extended the approach of Cook & Cabot (2005) to in-
clude artificial mass and species diffusivities, allowing for capturing of contact and species
discontinuities, respectively. Cook (2007) introduced artificial thermal conductivity into
the energy equation for large-eddy simulations of compressible turbulent mixing, and
Kawai & Lele (2008) extended this formulation to curvilinear and anisotropic grids. Rec-
ognizing that the magnitudes of the strain-rate tensor and dilatation are similar at shocks
but that the latter is much smaller in turbulent vortices away from shocks, Mani et al.
(2009) proposed a modification to the ABV model to limit the application of the ABV to
shocks. In particular, they suggested localization based on Laplacians of the dilatation
field and also a shock sensor that would switch on in compression zones and switch off in
expansion zones. Indeed, a comparison study by Johnsen et al. (2010) showed that this
modification results in significant improvement in predictions of compressible turbulence
statistics compared with the original LAD approach of Cook (2007). Additionally, Kawai
et al. (2010) showed that adding a switch based on the Ducros-type sensor can allow for
more finely tuned switch-off of the dilatation-based ABV in weakly compressible zones in
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addition to dilatational zones. More recently, Lee & Lele (2017) studied the performance
of these LAD models in problems involving deflagration and detonation.
All of the above efforts utilized high-order compact differencing schemes for spatial

discretizations (sixth to tenth order). The aforementioned advancements in localization
strategies for LAD methods allowed for high-resolution solutions away from discontinu-
ities. This resulted in high-resolution, low-cost, easy-to-implement, and modular numer-
ical methods for simulation of compressible turbulent flows involving shocks. Nonethe-
less, in this report we show that adopting LAD schemes along with lower-order central
schemes, namely second-order central differences (CD), is not as successful. We observe
that problem-dependent tuning of the nondimensional user-defined constants is required
for acceptable levels of accuracy. Moreover, there are no guarantees of robustness for the
LAD schemes. Motivated by their advantages for simulating turbulent flows (Moin &
Verzicco 2016) and their ease of implementation and adaptability, we commit to second-
order central spatial operations and control the large dispersion errors by augmenting
the mass, momentum, and total energy equations with artificial mass diffusivity (AMD),
artificial shear/bulk viscosities, and artificial thermal conductivity, respectively. The pres-
ence of AMD is consistently accounted for by additional terms in the momentum and
total energy equations, and compatibility conditions are satisfied during discretization.
Next, inspired by analysis of second-order total variation diminishing (TVD) flux lim-
iters, we present a novel approach for localizing the artificial diffusivity terms that in
contrast to previous phenomenological LAD schemes, achieves high accuracy using CD
without problem-dependent tuning or de-aliasing of the solutions via filtering. We derive
the model in a one-dimensional (1D) setting and assess its performance using canonical
1D tests. Finally, we present an approach for extending the proposed model to multi-
dimensional settings for collocated Cartesian grids.

2. Consistent, discontinuity-capturing compressible flow equations

The compressible Navier-Stokes equations for a calorically perfect gas, augmented by
the artificial diffusivity terms, are given by

∂ρ

∂t
+∇ · (ρ~u) = ∇ · ~m∗, (2.1)

∂(ρ~u)

∂t
+∇ · (ρ~u⊗ ~u) +∇P = ∇ · (~m∗ ⊗ ~u) +∇ · (τ + τ∗), (2.2)

∂(ρE)

∂t
+∇ · [(ρE + P )~u] = ∇ ·

(
~m∗ |~u|2

2

)
+∇ · [~u · (τ + τ∗)]−∇ · (~q + ~q∗), (2.3)

where ρ is the density, ~u is the velocity field, E is the total energy per unit mass, P is
the pressure, τ is the viscous stress tensor, ~q is the heat flux, and ~m∗, τ∗, and ~q∗ are the
artificial mass flux, artificial viscous stress tensor, and artificial heat flux, respectively.
Additionally, using e, the specific internal energy, we can write

E = e+
|~u|2
2
, (2.4)

P = (γ − 1)ρe, (2.5)

T =
(γ − 1)e

R
, (2.6)
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where R is the gas constant, T is the temperature, and γ is the polytropic coefficient of
the gas. The viscous stress tensor is then given by the constitutive relation

τ = µ[∇~u + (∇~u)T ] + (β − 2

3
µ)(∇ · ~u)δ, (2.7)

where µ is the dynamic shear viscosity, β is the bulk viscosity, and δ is the unit tensor.
Moreover, the heat flux is given by

~q = −k∇T, (2.8)

where k is the heat conductivity. Regardless of how ~m∗, τ∗, and ~q∗ are computed, it is
important to consistently account for their effect in the other equations to enforce kinetic
energy conservation and equilibrium conditions. Specifically, ∇ · (~m∗ ⊗ ~u) is required in
the momentum equation as noted in previous work on single-phase compressible flows
(Terashima et al. 2013; Haga & Kawai 2019), two-phase compressible flows (Tiwari et al.
2013; Jain et al. 2020), and two-phase incompressible flows (Huang et al. 2020; Mirjalili &
Mani 2021). Additionally, the effect of the artificial mass diffusion on the total energy is
encapsulated by∇·

(
~m∗|~u|2/2

)
. It is important to note that on a discrete level, consistency

conditions presented by Jain & Moin (2020) should be followed to ensure discrete kinetic
energy conservation and robustness.

3. Global artificial diffusivity

It is useful to examine global artificial diffusivity (GAD) schemes where the diffusivity
values do not vary in space, because they are more conducive to analysis compared with
their localized counterparts. From scaling and dimensional analysis, the global AMD
(χ∗), artificial shear viscosity (µ∗), ABV (β∗), and artificial heat conductivity (k∗) can
be computed by

χ∗ = Cχ|~u|max∆, (3.1)

µ∗ = Cµρmax|S|max∆
2, (3.2)

β∗ = Cβρmax|~u|max∆, (3.3)

k∗ = Ck
R

γ − 1
ρmax|~u|max∆, (3.4)

where χ∗ is used to compute ~m∗ = χ∗∇ρ, µ∗ and β∗ yield τ∗ = µ∗[∇~u + (∇~u)T ] +
[β∗ − (2/3)µ∗](∇ · ~u)δ, ~q∗ = −k∗∇T , and Cχ, Cµ, Cβ , and Ck are O(1) constants. It
can be shown that when Eq. (2.1) is spatially discretized using CD, Cχ ≥ 0.5 guarantees
positivity of ρ for explicit Euler time integration. However, a pen-and-paper analysis
of the coupled system given by Eqs. (2.1)-(2.3) to determine conditions for the TVD
property or the positivity of ρ~u and ρE is not straightforward. Instead, with the hope that
the parameters Cχ, Cµ, Cβ , and Ck are not too problem dependent and can also inform
their localized versions, we use canonical 1D problems to optimize them. Throughout this
report, we frequently use the 1D Sod shock tube (Sod 1978) and Shu-Osher problems
(Shu & Osher 1988).
Briefly, the Sod shock tube problem (Sod 1978) assesses the capability of a scheme in

capturing moving shocks and contact discontinuities. On a [0, 1] domain, at time zero,
an intially stationary shock at x = 0.5 separates a region with ρl = 8, ul = 0, and
Pl = 7.128 on its left from a region with ρr = 1, ur = 0, and Pr = 0.712 on its right,
while γ = 1.4. We use CD on a collocated uniform grid with ∆ = 0.005 and ∆t = 0.0005
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Figure 1. Results of simulations using optimal global artificial diffusivities plotted for (a) Sod
shock tube and (b) Shu-Osher. Simulation results from swapping diffusivity values in panels
(a,b) plotted for (c) Sod shock tube and (d) Shu-Osher.

for this problem. The solution is assessed at time tf = 0.2. Note that all numbers are
dimensionless for the canonical problems in this report. The Shu-Osher problem (Shu &
Osher 1988) provides a 1D idealization of shock-turbulence interaction. A Mach-3 shock
wave propagates into a field with density perturbations. On a [−5, 5] domain, at time
zero, a shock at x = −4 separates a region with ρl = 3.857, ul = 2.629, and Pl = 10.333
on its left from a region with ρr = 1 + 0.2sin(5x), ur = 0, and Pr = 1 on its right, while
γ = 1.4. We use CD on a collocated uniform grid with ∆ = 0.025 and ∆t = 0.001, and
the solution is assessed at tf = 1.8. RK4 time-stepping is used for all tests in this report.
An important criterion for assessing the performance of a scheme is the accuracy of
capturing the entropy waves in the post-shock zone. In particular, numerical dissipation
from upwind-biased schemes dampens these physical oscillations. Similarly, it is desirable
for an LAD scheme to be vanishing in this region with smooth fields.
The effect of artificial shear and bulk viscosity is the same for 1D problems. As such,

for global artificial diffusitivities, we perform a parameter sweep in the 3 dimensional
parameter space given by Cχ, Cβ , and Ck. Giving equal weight to capturing velocity,
density, and pressure, the optimal set of parameters for the Sod shock tube problem is
found to be Cχ = 0.026, Cβ = 0.105, and Ck = 0.021. The simulation result for these pa-
rameters at tf = 0.2 is shown in Figure 1(a). Similarly, we perform a parameter sweep for
the Shu-Osher problem to find the optimal free parameters to be Cχ = 0.025, Cβ = 0.05,
and Ck = 0.0. The result of the Shu-Osher problem at tf = 1.8 for these values is de-
picted in Figure 1(b). For the shock tube problem, compared with results that can be
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achieved with LAD and high-order compact differences (Fiorina & Lele 2007; Kawai &
Lele 2008), the solution obtained with optimal global diffusivity parameters suffers from
overshoots and undershoots, in addition to excessive diffusion, especially at the discon-
tinuities. We observe that for the Shu-Osher problem, compared with LAD used with
high-order compact differences (Kawai & Lele 2008; Johnsen et al. 2010), the post-shock
oscillations are not accurately captured. Although, compared with previous work, we ex-
pect a drop-off in accuracy because we are using second-order spatial discretization and
global diffusivities, the main shortcoming of this approach is that the artificial parame-
ters require separate tuning efforts for different problems. For instance, when using the
optimal set of parameters for the Shu-Osher problem for simulating the Sod shock-tube
problem, we observe significant diffusion at the discontinuities and dispersion errors in
the density field [Figure 1(c)]. Analogously, when we use the optimal set of parameters
tuned for the Sod shock tube problem to simulate the Shu-Osher problem, we observe
a loss of accuracy in capturing the density and significant dampening of the post-shock
entropy waves [Figure 1(d)].
It is clear that localization of the diffusivities is necessary to avoid dampening flow

structures away from discontinuities. This becomes especially important for realistic prob-
lems. For instance, for a shock wave interacting with a laminar boundary layer, artificial
shear and bulk viscosities should be confined to the vicinity of the shocks; otherwise,
the boundary layer thickness and all other fields will be significantly mispredicted. We
describe the state-of-the-art approach for localization in Section 4 and then propose a
new approach in Section 5.

4. Traditional localized artificial diffusivity methods

The general approach for localization of artificial diffusivities in the literature has
been to utilize spatial derivatives to detect discontinuities, multiplying by local fields
to correct dimension and scaling and then filtering the result to eliminate high-wave-
number oscillations. This quantity would then be multiplied by a user-specified constant.
For AMD, Fiorina & Lele (2007) proposed

χ∗ = Cl
χ

a0
cP

∆2l+1|∇2ls|, (4.1)

where a0 is the reference sound speed, cP is the specific heat at constant pressure, s is the
entropy, and Cl

ρ is a user-defined constant. Note how spatial derivatives of entropy are
utilized so that the AMD activates around contact and material discontinuities. While
Eq. (1.1) localizes artificial shear viscosity, we use

β∗ = Cl
βρ∆

2l+2|∇2l(∇ · ~u)H(−∇ · ~u)|, (4.2)

based on Mani et al. (2009) for ABV. Finally, following Cook (2007), artificial heat
conductivity is localized by

k∗ = Cl
k

ρa0
T

∆2l+1|∇2le|, (4.3)

where Cl
k is a user-defined constant. Utilizing these LAD schemes with l = 1 for mass

and heat, and l = 1/2 for momentum diffusion in numerical experiments on the 1D
Sod shock tube and Shu-Osher problems, we observe that localization introduces new
issues when using second-order CD. For instance, even with the optimal set of parameters,

C1
χ, C

1/2
β , and C1

k , we observe excessive oscillations in the Sod shock tube problem [Figure

173



Mirjalili et al.

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

(a)
-4 -2 0 2 4

-1

0

1

2

3

4

5

(b)

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

(c)
-4 -2 0 2 4

-1

0

1

2

3

4

5

(d)

Figure 2. Simulation results from LAD with optimal C1
χ, C

1/2
β , and C1

k values plotted for (a)

Sod shock tube and (b) Shu-Osher. Simulation results from LAD when the parameter values in
panels (a) and (b) are swapped plotted for the (c) Sod shock tube and (d) Shu-Osher.

2(a)]. In contrast, as demonstrated in Figure 2(b), the Shu-Osher problem benefits from

localization when using the optimal set of C1
χ, C

1/2
β , and C1

k values for this problem.
Specifically, the post-shock entropy waves are dampened less, and the physical velocity
and density oscillations are accurately captured. Nevertheless, if we swap the optimal
parameter sets for the two problems, we see significant degradation of the results for
both problems, indicating how problem dependent these parameters are [Figure 2(c,d)].
To show the essence of the shortcomings of combining second-order spatial discretiza-

tions with traditional LAD schemes, let us consider a simple 1D problem where velocity
is fixed to be u = 1, and we are interested in advecting a scalar φ via

∂φ

∂t
+
∂(uφ)

∂x
=

∂

∂x
(D∗ ∂φ

∂x
), (4.4)

D∗ = Cl
D|u|max∆

2l+1|∇2lφ|, (4.5)

where D∗ is an artificial diffusivity and Cl
D is a user-defined constant. Starting from a

tanh-shaped initial profile, the scalar is advected for 20 time units in a [−1, 1] periodic
domain, discretized with ∆ = 0.01. Note that while D∗ is needed to stabilize the second-
order spatial discretization, a global value would result in excessive diffusion. The results
from the simulations using the localized model presented in Eq. (4.5) with l = 1, 2,
shown in Figure 3, demonstrate that the combination of this approach for localization
and second-order CD results in excessive overshoots and undershoots and also diffusion of
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Figure 3. Results from scalar advection [Eq. (4.4)] using traditional LAD methods [Eq. (4.5)]
plotted at tf = 20 for (a) l = 1 and (b) l = 2.

the solution. This is in accordance with the shock tube case, where we see that localization
does not diminish oscillations at the discontinuities [Figure 2(e)].
In the following, inspired by TVD schemes, we introduce an alternate approach for

localization that is more accurate, has desirable robustness properties, and most impor-
tantly does not require tuning of user-defined constants or filtering of the solutions.

5. TVD-inspired localized artificial diffusivity

TVD schemes have been formulated to achieve oscillation-free solutions and have
proven to be useful in many computational fluid dynamics calculations. Upwind differ-
encing (UD) is the most familiar TVD scheme. However, due to its first-order accuracy,
UD results in excessive diffusion of solutions. As such, numerous upwind-biased schemes
have been proposed in the literature that achieve higher-order accuracy. These schemes
are distinguished by the manner in which advective fluxes are computed on the cell faces.
Specifically, assume a 1D setting with a uniform grid. Without loss of generality, suppose
we are advecting a scalar φ with a positive velocity, u. If we define the advective flux to
be

f = φu, (5.1)

then the flux on the right face of the ith cell, φi+1/2, can be written as

fi+1/2 = fi +
1

2
ψ(r)(fi+1 − fi), (5.2)

where r is the ratio of the upwind-side gradient to the downwind-side gradient of the
flux, defined as

r =
fi − fi−1

fi+1 − fi
, (5.3)

and ψ(r) is the flux limiter function that determines the type of scheme. For instance,
first-order UD corresponds to ψ(r) = 0, while CD and QUICK schemes (Leonard 1979)
correspond to ψ(r) = 1 and ψ(r) = (r + 3)/4, respectively. Sweby (1984) showed that
the flux limiter function must pass through the (1, 1) point in the r-ψ parameter space
to achieve second-order spatial accuracy. Intuitively, this means that CD is applied in
smooth regions of the solution. Moreover, Sweby (1984) showed that the flux limiter
function should be within the shaded region in Figure 4(a) at r > 0 values to yield the
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Figure 4. (a) The r-ψ parameter space, where the TVD region is shaded, in addition to plots of
the curves corresponding to Van Leer flux limiter and the TVD-inspired LAD for two different
hyper-parameter values, (b) Schematic of the approach for deriving the TVD-inspired LAD
model.

TVD property for the solutions. The minmod and SUPERBEE limiters are two well-
known second-order flux limiter functions with TVD property which trace the lower
and upper boundaries of the TVD region, respectively (Roe 1986). Another famous flux
limiter function is the Van Leer limiter, given by ψ(r) = (|r|+r)/(1+r). All of these flux
limiters give ψ(r < 0) = 0, which means that they effectively apply UD at local extrema.

Now, here is the key idea of this work. Recognizing that the TVD flux limiters are
beneficial in terms of yielding oscillation-free solutions while preserving second-order
spatial accuracy, we can analytically find modifications on the partial differential equation
(PDE) level that generate the exact same results when all terms are discretized with CD.
This endows us with insight into the main ingredients that are required for preserving the
TVD property, based on which we propose a PDE modification in the form of a simple
artificial diffusivity localization which is second order, almost TVD, and tuning-free. A
schematic of this approach is shown in Figure 4(b). It is important to note that once
the PDE modification is found, one is flexible in selecting the spatial discretization. Let
us consider UD, fi+1/2 = fi, to describe the outlined approach. If we define the central
differencing operator for the first derivative as

∂f

∂x

∣∣∣
CD

i+1/2
=
fi+1 − fi

∆
, (5.4)

and for the second derivative as

∂2f

∂x2

∣∣∣
CD

i
=
fi+1 − 2fi + fi−1

∆2
, (5.5)

and second-order interpolation as

f
∣∣∣
CD

i+1/2
=
fi+1 + fi

2
, (5.6)

then UD can be written as

fi+1/2

∣∣∣
UD

i+1/2
= f

∣∣∣
CD

i+1/2
− ∆

2

∂f

∂x

∣∣∣
CD

i+1/2
= (f − ∆

2

∂f

∂x
)
∣∣∣
CD

i+1/2
. (5.7)
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Thus, using UD to compute the advective face fluxes for

∂φ

∂t
+
∂f

∂x
= 0 (5.8)

is equivalent to using CD to discretize the following PDE

∂φ

∂t
+
∂f

∂x
=

∂

∂x
(D

∂f

∂x
), (5.9)

where, from Eq. (5.7), the diffusivity is D = ∆/2. This is a well-known result stating that
UD is equivalent to applying CD in addition to mesh-dependent artificial diffusion. It is
important to highlight, however, that diffusion is operating on the flux, not the primitive
variable, φ, and thus has units that are different from regular diffusivities. Analogously,
instead of using the general formulation of TVD schemes given by Eq. (5.2) to compute
advective face fluxes, the PDE given in Eq. (5.9) can be discretized with CD, where

D =
∆

2
sgn(u)[1− ψ(r)], (5.10)

and sgn(u) incorporates the direction of the flow. In order to have a well-defined mod-
ification to the PDE, ψ(r) must be computed locally at the face. While ψ is a known
analytical function, r must be found as a combination of continuous operations. We use
the central operations defined in Eqs. (5.4)-(5.6), in addition to a filtering operation
defined as

f i =
1

4
fi−1 +

1

2
fi +

1

4
fi+1, (5.11)

to compute the non-local values involved in the definition of r [see Eq. (5.3)] in terms of
central operations at xi+1/2,

fi = (f − ∆

2

∂f

∂x
)
∣∣∣
CD

i+1/2
, (5.12)

fi+1 = (f +
∆

2

∂f

∂x
)
∣∣∣
CD

i+1/2
, (5.13)

fi−1 = (f +
∆

2

∂f

∂x
− 2∆

∂f

∂x
+∆2 ∂

2f

∂x2
)
∣∣∣
CD

i+1/2
. (5.14)

Plugging Eqs. (5.12)-(5.14) into Eq. (5.3) gives

r =
2∂f
∂x − ∂f

∂x −∆sgn(u)∂
2f

∂x2

∂f
∂x

∣∣∣
CD

i+1/2
. (5.15)

As an illustrative example, using Van Leer flux limiters to compute the advective face
fluxes in Eq. (5.8) is discretely equivalent to discretizing Eq. (5.9) using CD where the
diffusivity values

D =
∆

2
sgn(u)

1
2
∂f
∂x − ∂f/∂x

|∂f/∂x| |
∂f
∂x − ∆

2 sgn(u)
∂2f
∂x2 − 1

2
∂f
∂x |

∂f
∂x − ∆

2 sgn(u)
∂2f
∂x2

(5.16)

are evaluated on the faces. Similarly, one can find the diffusivity values for other flux lim-
iter functions such as minmod and SUPERBEE. While such models are clearly very com-
plicated, by using standard central operators, they allow for implementation of second-
order TVD schemes in most computational frameworks. Nonetheless, by satisfying the
important limits of (a) ψ(r = 1) = 1, (b) ψ(r → −∞) = 0, and (c) 1 ≤ ψ(r → ∞) ≤ 2,
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one can maintain the robustness of these flux limiters while avoiding excessive diffusion
using simpler formulations. One such option is given by

ψ(r) = 1 + tanh(
r − 1

κ
), (5.17)

where κ is a hyper-parameter that sets the width of the hyperbolic tangent transition.
By using Eqs. (5.10) and (5.15), this corresponds to

D =
∆

2
sgn(u)tanh[2

∂f
∂x − ∂f

∂x + ∆
2 sgn(u)

∂2f
∂x2

κ∂f
∂x

]. (5.18)

For compressible flows, in order to avoid negative viscosities and heat conductivities and
reduce oscillations, we clip and filter the computed D values, i.e.,

D = max{∆
2
sgn(u)tanh[2

∂f
∂x − ∂f

∂x + ∆
2 sgn(u)

∂2f
∂x2

κ∂f
∂x

], 0}. (5.19)

Acknowledging that there is no physical counterpart to artificial mass diffusion, we use
Eq. (5.18) for AMD to maintain sharpness of discontinuities. Figure 4(a) depicts the ψ(r)
curve for κ = 1, 2, from which it is clear that both of these curves lie in the TVD region
for most r values. As such, while κ = 1 guarantees the TVD property for a slightly larger
set of r values, κ = 2 is preferred because it is less diffusive and sufficiently dampens
oscillations due to CD. All results in this work using the TVD-inspired LAD models
presented in Eqs. (5.18)-(5.19) have been obtained with κ = 2. No problem-dependent
tuning is required for this hyper-parameter. Moreover, the artificial diffusivities in Eqs.
(5.18)-(5.19) are in PDE form and are expected to be relatively insensitive to the choice
of the filter and order of central discretization.

5.1. Numerical tests

We now utilize several canonical tests to assess the performance of the proposed model.
First, the TVD-inspired model in Eq. (5.18) is put to the test for the scalar advection
problem, introduced in Section 4. The results of advection at times t = 20 and t = 160
are shown in Figure 5(a,b). We observe that, at both times, the TVD-inspired LAD
model performs better than Van Leer, Van Albada, minmod, and upwind differences.
Moreover, the improvement of the proposed model is clear compared with the traditional
LAD method (Figure 3).
Now we examine the performance of the TVD-inspired model for the Sod shock tube

and Shu-Osher tests. For both of these tests, we apply Eq. (5.18) for mass, and Eq. (5.19)
for momentum, and total energy equations. Figure 6(a) shows the results for the shock
tube problem with ∆ = 0.005 and ∆t = 0.0005. Figure 6(b) shows the result of the
Shu-Osher test with ∆ = 0.025 and ∆t = 0.001. Both of these results are significantly
better than the results obtained using the traditional LAD models shown in Figure 2.
It is useful to compare the normalized values of the artificial diffusivities between the
two methods. Figure 6(c,d) compares the normalized ABV from the TVD-inspired model
[Figure 6(a,b)] with the traditional LAD model [Figure 2(a,b)] for the shock tube and
Shu-Osher problems, respectively. It is interesting that compared with the traditional
LAD models, the TVD-inspired ABV is more active in smooth regions of the solution
for both test cases. This is presumably required to dampen the oscillations generated by
CD. Figure 6(e,f) refines the mesh for the results in Figure 6(a,b) by a factor of 2 to
demonstrate convergence of the TVD-inpired model results to the exact solutions.
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Figure 5. Results for scalar advection using TVD flux limiters and the TVD-inspired LAD
model [Eq. (5.18)] plotted at (a) tf = 20 and (b) tf = 160.

5.2. Extension to multiple dimensions

A unique feature of the TVD-inspired model is that the derivative of the flux is used to
compute the artificial flux, rather than derivative of the field itself. While this does not
cause any difference in 1 dimension, the extension of the TVD-inspired model to multiple
dimensions is non-trivial.
As explained in Section 5, solving Eq. (5.8) using TVD flux limiters for evaluation of

advective face fluxes is equivalent to using CD to discretize Eq. (5.9) with TVD-based
diffusivity [e.g. Eq. (5.16)]. Similarly, for a collocated Cartesian grid in 2 dimensions
(without loss of generality), instead of using TVD flux limiters to obtain the advective

flux (~f = ~uφ) on the cell faces in

∂φ

∂t
+∇ · ~f = 0, (5.20)

one can use CD to discretize

∂φ

∂t
+∇ · ~f =

∂

∂x
(Dx

∂fx
∂x

) +
∂

∂y
(Dy

∂fy
∂y

), (5.21)

whereDx andDy are obtained on their respective faces independently via an equation like
Eq. (5.16). For instance, calculation of Dy involves ∆y, sgn(uy), fy, and their derivatives
in the y direction. Analogously, one can compute Dx and Dy for Eq. (5.21) via the TVD-
inspired model given by Eqs. (5.18)-(5.19). For instance, for AMD, Dx is computed via
central difference evaluation of

Dx =
∆x

2
sgn(ux)tanh

[
2

∂fx
∂x − ∂fx

∂x + ∆x

2 sgn(ux)
∂2fx
∂x2

κ∂fx
∂x

]
, (5.22)

on the x faces, where filtering involves only neighbors in the x direction. Moreover, Dy

is computed via central difference evaluation of

Dy =
∆y

2
sgn(uy)tanh

[
2

∂fy
∂y − ∂fy

∂y +
∆y

2 sgn(uy)
∂2fy
∂y2

κ
∂fy
∂y

]
, (5.23)

on the y faces, where filtering involves only neighbors in the y direction. This methodology
is limited in the sense that it can only be applied to Cartesian grids. An attempt for a
more general PDE model that is rotational invariant is deferred to future work.
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Figure 6. Results of simulations using the TVD-inspired LAD model plotted for (a) Sod shock
tube and (b) Shu-Osher. Comparison of normalized LAD values between traditional and TVD-
inspired LAD models plotted for the (c) Sod shock tube and (d) Shu-Osher problems. Mesh-
refined (factor of 2) results for the TVD-inspired LAD model [panels (a,b)] plotted for (e) Sod
shock tube and (f) Shu-Osher.

6. Conclusions

Traditional LAD schemes utilize spatial derivatives to detect discontinuities and fil-
tering to remove high-wave-number oscillations. While this approach works well in com-
bination with high-order compact differences, in this report we demonstrated that its
application along with second-order CD results in undesirable properties. Specifically, we
observed the need for problem-dependent tuning of the free parameters. Additionally,
we observed that the oscillations due to second-order CD cannot be dampened without
excessively diffusing the solutions. We showed that using TVD flux limiters to compute
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advective face fluxes is equivalent to using CD to solve the PDE augmented with an
artificial diffusivity. Based on this, we proposed a TVD-inspired LAD model involving
the difference between derivatives of the cell-centered advective flux and its filtered value,
in addition to a signed second derivative of the flux. The resulting artificial diffusivity
model is simple to implement in available computational frameworks because it only
requires standard central operators, does not require problem-dependent parameter tun-
ing or solution filtering, yields high accuracy, and removes oscillations due to dispersion
errors.
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