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1. Motivation and objectives

We investigate a high-order conservative curvilinear finite-difference method for com-
pressible reacting flow simulations. Compressible reacting flows in non-canonical geome-
tries are ubiquitous in industrial and aerospace applications such as gas turbines and
rocket engines (e.g., Selle et al. 2004). Accurate simulations of such flows are important
for the design and analysis of these systems. Various numerical methods and schemes
have been combined and used for the simulations within finite-difference (FD), finite-
volume, and other numerical frameworks. Of the various flux reconstruction schemes,
essentially non-oscillatory (ENO) schemes and their variants are useful because they can
capture shocks and discontinuities while maintaining high-order accuracy in smooth re-
gions typically without additional models or numerical treatments (Liu et al. 1994). In
particular, a family of weighted essentially non-oscillatory (WENO) schemes has been
vastly used for various compressible flows (Shu 2009). More recently, a family of targeted
essentially non-oscillatory (TENO) schemes has been proposed as a low-dissipation al-
ternative to the WENO schemes (Fu et al. 2016). While the accuracy of the WENO and
TENO schemes has been assessed in various flows, their comparisons remain elusive for
compressible reacting flows on non-Cartesian grids.

Here, we use a conservative FD method to assess and compare the accuracy of the
TENO6 and WENO3-Z schemes for compressible and reacting flow simulations on curvi-
linear grids. A family of WENO-Z schemes is an extension of the WENO-JS schemes and
has been used for various flows, including reacting flows (Borges et al. 2008; Zhao et al.
2014). TENO6 has recently been used for high-speed multi-species flows in Cartesian
grids (Di Renzo et al. 2020). We are primarily motivated to quantify the errors in coarse
simulations in which flame is under-resolved. One approach for under-resolved simula-
tions is the use of sub-grid scale (SGS) flame models such as thickened flame (Colin
et al. 2000; Legier et al. 2000) and flamelet models (Peters 1988; Pitsch et al. 1998).
Meanwhile, for non-reacting flows, ENO-based simulations are expected to be stabilized
by optimal numerical dissipation introduced by the weighted flux reconstruction with-
out SGS models. For application of such a ”model-free” approach to reacting flows with
under-resolved flames, questions remain about the flame dynamics since the flame speed
is primarily dependent on the species diffusion which can be directly influenced by the
numerical dissipation. While one may doubt if such a simulation physically makes sense
without resolving the flame, it is in practice worth quantifying numerical errors in that
regime to better understand the scheme’s behavior. We chose WENO3-Z for comparisons
against TENO6 for two reasons. First, the family of WENO-Z schemes is relatively well-
studied compared to TENO schemes. Second, different orders of schemes tend to have
distinct levels of accuracy and robustness and our assessment can benefit by studying
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the differences; due to being lower-order, we expect that WENO3-Z is less accurate but
more robust than TENO6, and their differences are expected to be enhanced especially
in coarse simulations in which errors are typically large.

In the FD method, we discretize the compressible multi-species Navier-Stokes equa-
tions with finite-rate chemistry. The discretized equations are mapped onto Cartesian
grids through coordinate transformation to compute numerical fluxes. We verify the grid
convergence of inviscid and viscous solutions by using canonical test problems of vortex
advection and Taylor-Green vortex on skewed grids. We also simulate cylindrical flame
expansion in a gaseous methane-oxygen mixture on the grids with various resolutions.
Through these problems, we compare and discuss the accuracy of the two schemes and
remark on implications for their use in applications.

The rest of the brief is organized as follows. In Section 2, we describe the numerical
method and formulation. In Section 3, we show the results of the inviscid vortex advection
and Taylor-Green vortex problems. In Section 4, we present the results of the flame
expansion. In Section 5, we state conclusions.

2. Methods

The reader is referred to Di Renzo et al. (2020) for a description of the baseline com-
putational characteristics of the code and a detailed formulation of the conservation
equations and their associated constitutive laws, including transport and thermophysical
properties.

2.1. Discretization

We briefly describe the numerical discretization of the conservation equations in general
stationary curvilinear coordinates. We first define a condensed form of the conservation
equations on x-y-z Cartesian coordinates as
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where U is the conservative variable, F , G, and H are the fluxes in the x, y, and z
directions, respectively. The superscripts (·)a and (·)d denote advection (invsicid) and
diffusive components of the fluxes, respectively. S is the source term. We then perform
conformal mapping of the domain of curvilinear grids in x-y-z coordinates onto Cartesian
grids in ξ-η-ζ coordinates. This approach is favorable because standard flux splitting
and reconstruction strategies for Cartesian grids can be directly applied with minimal
modifications, without sacrificing discrete conservation and parallel efficiency (Vinokur
1974; Pirozzoli 2011). The mapped set of governing equations is expressed as
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In these expressions, J denotes the modulus of the Jacobian matrix Ji,k = ∂ξi/∂xk.
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Transforma�on

(x, y) (ξ, η)

Figure 1. The coordinate transformation for generating the skewed grids used in the test cases
with β = 0.2.

We can approximate the mapped spatial derivatives of the fluxes using a conservative

Cartesian FD method (Di Renzo et al. 2020). For example, we express F̃
a,d

i,j,k/∂ξ at the
grid indexed by (i, j, k) as,

∂F̃
a,d

i,j,k

∂ξ
=

F̃
a,d

i+1/2,j,k − F̃
a,d

i−1/2,j,k

∆ξi
+O(∆ξp), (2.4)

where p is the order of accuracy. The inviscid fluxes at the cell interface, F̃
a

i+1/2,j,k and

F̃
a

i−1/2,j,k, are obtained using the local Lax–Friedrichs (L-F) flux-splitting method. The
L-F fluxes are reconstructed by the TENO/WENO scheme on the characteristic fields.
The diffusive fluxes are obtained by the standard second order central-difference scheme.
The temporal marching of the solution is performed on the physical space using the
thrid-order strong stability preserving Runge-Kutta (SSPRK3) scheme (Gottlieb et al.
2001).

3. Results

3.1. Skewed grids

For all simulations performed in this study, we use skewed curvilinear grids. To generate
the grids, we map a N ×N square uniform grid defined on a domain x, y ∈ [−L/2, L/2]
by the following transformation.

ξ(x, y) = x[1 + βsin(πy/L)], η(x, y) = y[1 + βsin(πx/L)], (3.1)

β defines the skewness. where L is the width of the domain. Similar skewed grids were
used in Ham & Iaccarino (2004).

Figure 1 shows the original and transformed grids for N = 32 with β = 0.2. The
grids are highly skewed in the center and corners of the domain. Here, we use significant
degrees of skewness in order to challenge the convergence of the numerical schemes.

3.2. Convergence tests

We compare the convergence rate of the error of the numerical solutions with that of
the analytical solution using canonical flow problems. The domain is periodic in the
simulations. The first problem concerns the advection of an inviscid vortex. This problem
is used to test the accuracy of the high-order TENO and WENO schemes in the absence
of viscosity. The second problem is the Taylor-Green vortex. This problem is used to test
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Figure 2. (a) L1 error convergence of the density obtained from the vortex advection prob-
lem. (b) L1 error convergence of the horizontal velocity obtained from the Taylor-Green vortex
problem. Reference slopes are included.

the overall accuracy of the solver for simulation of viscous flows without reaction. These
problems are widely used elsewhere to verify computational fluid dynamics solvers.

Figure 2(a) shows the convergence of the L1 error norm of the density in the vor-
tex advection problem for both schemes. The results show favorable convergence of the
errors with the expected rates, sixth order for TENO6 and third order for WENO3-Z,
respectively.

Figure 2(b) shows the L1 error norm of the horizontal velocity in the Taylor-Green
vortex problem for both schemes. The rate of convergence is the second order for both
schemes due to the second order discretization of the viscous term, while the error is
an order of magnitude greater with the WENO3-Z compared to TENO6, at all val-
ues of N . Overall, these results confirm the high-order accuracy of the WENO3-Z and
TENO6 scheme with designated orders of convergence rate. TENO6 is more accurate than
WENO3-Z in the problems addressed here. In practice, however, we find that WENO3-Z
tends to be more robust in reacting flow problems, when coarse grids are used.

3.3. Flame propagation

To assess the behavior of TENO6 and WENO3-Z schemes for reacting flow simulations
on curvilinear grids in the under-resolved regime, we simulate methane-oxygen spherical
flame expansion on skewed grids with β = 0.05 with various resolutions. Note that the
skewness is milder than that used in the problems in the previous section. The domain
size is 8.0 × 8.0 mm before the transformation. The domain boundaries are modeled using
a non-reflective boundary condition (Poinsot & Lele 1992). The simulation is initialized
with a circular region of burnt gas in a stoiochiometric CH4/O2 mixture with 2.0 mm
in diameter. The initial temperature of the kernel is uniformly at 3,049 K. The chemical
kinetics are modeled using the one-step global mechanism for CH4/O2 proposed by
CERFACS†. The outer zone is filled with a stiochiometri methane-oxygen mixture at
300 K. Each zone has a uniform mixture profile. The composition and the temperature
of the two zones are smoothly connected with a hyperbolic tangent profile. The thickness

† Accessed on 10/27/2021: http://www.cerfacs.fr/cantera/mechanisms/meth.php#1S
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Figure 3. Temperature profiles at t = 14.3 µs for simulations obtained using TENO6 and
WENO3-Z schcmes with N = 120, 240, and 480. For N = 120, grids are shown.

of the transition region is greater than the characteristic flame thickness. The field is
initially quiescent at an ambient pressure of 1 atm. In the simulation, the kernel slowly
expands due to the chemical reaction. The circular geometry is expected to remain due
to symmetry.

Figure 3 shows the temperature profiles at t = 14.3 µs for simulations obtained using
TENO6 and WENO3-Z schcmes with N = 120, 240, and 480, respectively. We observed
in a simulation with a fine resolution that the kernel radially expands to the radius of
1.38 mm at t = 14.3 µs with the flame thickness of 0.12 mm. Note that at this stage the
maximum temperature has not reached its steady value, although the flame thickness
does not largely fluctuate. The geometric profile of the kernel is drastically influenced by
the resolution for the results obtained using TENO6. For N = 120, the flame and the
kernel shape are largely distorted from circle with a non-smooth profile. For N = 240,
the distortion is milder but we still observe non-smooth regions. For N = 480, the profile
is circular. Meanwhile, the flame and kernel profiles remain circular regardless of the
resolution for WENO3-Z.

To quantify the numerical error, we plot in Figure 4 the infinity error norm of the
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Figure 4. The infinity error norm of the temperature at t = 14.3 µs as a function of N and
Nflame. A reference slope is also shown.
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Figure 5. (a) The total CO2 mass in the domain, M̂CO2 , at t = 14.3 µs normalized by the
initial CO2 mass, as a function of N and Nflame. (b) The error of the total CO2 mass at t = 14.3
µs. A reference slope is also shown.

temperature (normalized maximum temperature) at t = 14.3 µs as a function of N and
the number of grid points across the flame, Nflame : Nflame > 1. The reference solution
was obtained using the simulation with TENO6 and a fine resolution with N = 4, 096.
In the coarse limit where Nflame = O(1), the error of TENO6 is orders of magnitude
greater than that of WENO3-Z, corresponding to the spurious profile observed in Figure
3. Meanwhile, at Nflame > 4, TENO6 introduces smaller errors than WENO3-Z. Unlike
the error of TENO6, that of WENO3-Z presents uniform first order convergence.

To quantify the error of the burning rate, we plot in Figure 5(a) the total CO2 mass
at t = 14.3 µs normalized by the initial CO2 mass in the domain as a function of N and
Nflame, for the two schemes. Figure 5(b) shows the error of the CO2 mass at t = 14.3
µs normalized by the initial mass. The plots show that the rate of convergence of the
error is second order for both schemes and TENO6 is more accurate than WENO3-Z. In
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particular, at N = 120, the error of WENO3-Z is as large as 5% while that of TENO6 is
smaller than 1%.

The results in Figures 4 and 5 indicate that errors in integral quantities like the reaction
product’s mass may not directly inform on the spurious flame profile or the infinity norm
like the maximum temperature obtained by TENO6. We also observe that, with TENO6,
the spurious oscillations can lead to divergence of the solution (blow-up). With WENO3-
Z, we did not observe spurious oscillations or a blow-up, at least up to t = O(100) µs even
with the coarsest grid of N = 120. We also ran coarse simulations using Cartesian grids
and a different chemistry model (Xu & Wang 2021), and observed similar instabilities
with TENO6, regardless of the choice of the grid and of the model.

From the physical point of view, at Nflame = O(1) the flame is highly under-resolved
and simulations are not immediately expected to be valid. It is thus not surprising that
solutions of TENO6 are spurious and simulations become unstable in this regime. Mean-
while, even in this regime, results suggest that WENO3-Z can provide more physically
sound, stable solutions, even thought the accuracy can be low. We emphasize that this
difference between TENO6 and WENO3-Z is unique to reacting flow simulations. For
non-reacting flows, for both schemes, simulations are expected to be stable regardless of
the smoothness of the flow field. Overall, the results imply that WENO3-Z may be favor-
able for simulations of reacting flows including under-resolved flames using the present
curvilinear FD method, to the extent that the simple assessment using a laminar, pre-
mixed flame can be generalized.

4. Conclusions

We assessed a conservative high-order curvilinear FD method for compressible reacting
flows that solves the multi-species compressible Navier-Stokes equations with finite-rate
chemistry using ENO-based high-order flux reconstruction schemes. The solutions on
curvilinear grids are integrated on mapped Cartesian grids using a conservative formula-
tion. We focused on the verification and comparisons of solutions obtained using TENO6
and WENO3-Z schemes. We simulated vortex advection and Taylor-Green vortex prob-
lems on skewed grids to verify the error convergence of inviscid and viscous flow solutions.
Results of both schemes showed favorable accuracy. We further simulated spherical flame
expansion on skewed grids. Results suggest that TENO6 is more accurate than WENO3-
Z when flame is resolved on grids with Nflame = O(10) or greater as expected but
otherwise introduces highly spurious flame profiles. Meanwhile, WENO3-Z did not cause
such errors in under-resolved regimes even with Nflame = O(1). Therefore WENO3-Z
could be a reasonable choice in the FD method for reacting flow simulations in which
flame may be under-resolved, if no additional stabilization techniques are implemented.
In the meantime, the absolute accuracy may need to be carefully assessed in such coarse
simulations, regardless of the choice of the schemes. To generalize the present results for
realistic applications, deeper assessments may be necessary.
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