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Accurate and stable finite volume operators for
unstructured flow solvers

By F. Ham, K. Mattsson AND G. Iaccarino

1. Motivation and objectives

The development of unstructured numerical methods for complex geometries remains
a pacing issue in the application of Large Eddy Simulation (LES) to flows of engineering
interest. Techniques such as LES place strict and often conflicting demands on numerical
methods because of both the long integration times involved and the broad spectral
content of the solution. The developer must strike the right balance between accuracy,
stability, and conservation, all the time paying careful attention to the overall cost of
solving the resulting systems. This paper describes the decisions (and compromises)
made in the development of CDP†, an unstructured finite volume flow solver developed
as part of Stanford’s DOE-funded ASC Alliance program to perform LES in complex
geometries.

2. Numerical method

2.1. SBP/SAT as a framework for development

As one starts to analyze existing finite volume operators or develop new operators suitable
for unstructured LES, it is important to have a systematic framework for this endeavor.
Historically in the context of LES and Direct Numerical Simulation (DNS), the concept
of kinetic energy conservation has served this role. Operators or discretizations that dis-
cretely conserve kinetic energy (in the incompressible, inviscid limit) have been shown
to produce more accurate turbulence simulations. Discrete kinetic energy conservation
also provides a stability proof for the discretization, and it can guide the choice of opera-
tors in higher-order methods (Morinishi et al. 1998) and unstructured grids (Perot 2000;
Mahesh et al. 2004; Ham & Iaccarino 2004). In these more complex cases, however, the
discrete manipulations required can become cumbersome.

One of the most promising alternatives for developing provably stable and accurate
discretizations with minimal dissipation is to discretize the equations using the so-called
summation-by-parts (SBP) operators (Kreiss & Scherer 1974) and impose boundary con-
ditions weakly using a penalty procedure called simultaneous approximation term (SAT)
(Carpenter et al. 1994). The combination of these techniques (SBP and SAT) can pro-
duce discretizations where strict stability can be proven using a technique referred to
as “the energy method”. For time-dependent problems involving long-time integration,
strict stability provides a more complete and appropriate statement of stability than tra-
ditional Lax-Richtmyer stability (Lax & Richtmyer 1956) because, on realistic meshes,
strictly stable schemes do not allow non-physical solution growth in time (Carpenter
et al. 1993). In many ways, the energy method is similar to kinetic energy conservation;

† CDP is named after Charles David Pierce (1969–2002)
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Figure 1. Details of an asymmetric channel mesh using all unstructured primitives.
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Figure 2. Comparisons of near-wall asymmetric channel mesh: (left) y = −1; (right) y = 1.

however, it represents a more complete and broadly applicable framework for develop-
ing discretizations that naturally includes boundary conditions and can be extended to
systems of equations where kinetic energy conservation is an inappropriate goal.

The development of CDP’s operators and boundary closures described in this brief
summarizes our progress to date in applying the SBP/SAT methodology to the finite
volume method for general polyhedral grids.

2.2. Nodal vs. cell-centered discretizations

Before describing the operators, we briefly address the decision to use the nodes for collo-
cation of the unknowns. Early implementations of the LES unstructured solver (Mahesh
et al. 2004; Ham & Iaccarino 2004) were based on a cell-centered control volume (CV)
approach. For high-quality hex-dominant meshes, this CV approach proved very efficient
and accurate, with results documented in a variety of simulations in moderately com-
plex geometry (Mahesh et al. 2004; Wu et al. 2006). Truly complex geometries, however,
commonly involve regions of tetrahedral elements where CV discretizations are known to
be inaccurate if simple averages are used to preserve operator symmetries. In Ham et al.
(2006), we reported the results of a one-to-one comparison of the two methods using the
inviscid Taylor vortex problem on a variety of grids, and concluded that, with few ex-
ceptions, the nodal discretization was significantly more accurate, displaying consistent
second order rates of error reduction.

More recently we have compared the performance of the two methods on identical grids
for simulating turbulent flow in a plane channel using purposely asymmetric meshes. One
such asymmetric channel suitable for the Reτ = 180 simulation is shown in Fig. 1.

On the bottom half of the channel (y < 0) the mesh consists of regular hexahedrals with
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structured unstructured
side side

∆y+ at wall 0.17 0.18
∆z+ 18 23 – 27
∆x+ 24 23 – 27

CV count 294912 348929

Table 1. Details for asymmetric-mesh turbulent channel grid spacings, Reτ = 180, domain size:
4π× 2× 2π. For the unstructured region a range is provided because the resolution depends on
the triangle orientation.

near-wall stretching. On the top half, however, we triangulate the top wall and extrude
the tris to produce a boundary layer of prisms with a similar near-wall stretching. These
prisms then transition to tets, then a final transition layer of pyramids to join to the lower
hex mesh. The mesh supports periodic boundary conditions in both streamwise (x) and
spanwise (z) directions. Fig. 2 compares the meshes at the two walls. Mesh spacing details
are provided in Table 1. All simulations were run with no subgrid scale (SGS) model.

Fig. 3 compares the computed mean velocity profiles for the CV and node-based cases.
The CV case exhibits a substantial asymmetry in the mean, with the peak velocity signif-
icantly higher and shifted toward the unstructured half of the calculation. It appears the
unstructured side of the grid is destroying the boundary layer flow structures responsible
for momentum transfer. The node-based result shows much less mesh sensitivity, produc-
ing a nearly symmetric mean that compares much more favorably with the resolved DNS
result of Moser et al. (1999) (over-predicted slightly, as is expected with the relatively
coarse mesh spacing and no SGS model).

This particular calculation dramatically illustrates the benefit of the node-based for-
mulation for unstructured boundary layers, and was one several issues that motivated us
to modify CDP’s discretization to a node-based formulation. Another significant moti-
vation was that node-based SBP operators with SAT boundary closures support stable
and accurate coupling to other SBP/SAT solvers, including coupling with higher-order
finite difference (see, for example, Nordström et al. (2006) elsewhere in this volume).

Although worth noting, we do not consider the increased efficiency on simplex grids
a primary motivation. While the number of unknowns is significantly reduced on tetra-
hedral grids, LES-suitable grids normally minimize the number of tets for reasons of
solution quality, and so this savings is never realized in actual computations. In addition,
because the node-based operators are generally more costly to compute than CV-based
operators, they are pre-computed and stored, making the node-based version more mem-
ory intensive than previous CV-based versions, despite the reduced number of unknowns
in some cases.

2.3. SBP/SAT definitions

Here we briefly define SBP (an internal property of the operators) and SAT (a method
to apply boundary conditions) using scalar convection-diffusion. The passive transport
of scalar φ in an incompressible velocity field is governed by the following equation:

φt + (u · ∇)φ = α∇2φ. (2.1)
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Figure 3. Comparisons of computed mean velocity profiles for asymmetric-mesh turbulent
channel showing substantial mesh-induced asymmetry in the CV-based formulation. The bumpy
region between 0 < y < 0.5 corresponds to the tetrahedral region where averaging in the two
homogenous directions is not available because nodes are not at identical y locations.
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A SBP/SAT semi-discretization of this equation, including boundary conditions, will
have the following matrix form:

V φt + (Q+B)φ = α(L+ S)φ+ penalty terms, (2.2)

where V is the diagonal matrix of nodal volumes, V −1(Q+B) is the convective operator
split into internal and boundary parts, and V −1(L + S) is the Laplacian operator split
into internal and boundary parts. We note that Eq. 2.2 is solved at all nodes in the
domain, including those on the boundary.

Application of the energy method to Eq. 2.2 involves multiplying by φT and adding
the transpose to produce the following discrete equation for the time evolution of scalar
energy:

φTV φt + φTV Tφt ≡
d

dt
||φ||2V = −φT (Q+QT )φ+ φT (L+ LT )φ+ other terms. (2.3)

For simplicity we have omitted the details of the boundary penalties, lumping all boundary-
related terms into “other terms”. Eq. 2.3 is called an energy estimate if all terms on the
right-hand side involving the unknown φ can be bounded (typically ≤ 0). Clearly the
first two terms can be bounded for any φ if matrices Q and L have certain properties.
This is in fact the essence of SBP operators: it is an internal property of the operators
that produces these desired properties. Specifically, the convective operator V −1(Q+B)
is called an SBP operator if the internal part Q is skew-symmetric (i.e., Q + QT ≡ 0),
and the Laplacian operator V −1(L+ S) is called an SBP operator if L+ LT is negative
semi-definite. SBP operators thus simplify the derivation of energy estimates by isolat-
ing the work required to the boundary and interface terms. For these remaining terms
(lumped in other terms), the SAT method can be used; examples are provided in the
following subsection.

2.4. CDP’s operators

This subsection describes the details of the discrete finite volume operators used to
develop the internal discretization and boundary conditions in CDP. The operators are
developed for a node-based discretization on general polyhedral meshes, where both
grid coordinates and the unknowns are collocated at nodes. Figure 4 provides some
geometrical details used for operator construction.

2.4.1. Nodal volumes and volume integration

The node-based volumes required for integrating the time derivative and any source
terms are computed by tessellating each cell into “sub-tets”, each defined by a node,
an edge, a face, and a cell as shown in Fig. 4. The volume of the sub-tet is then added
to the volume associated with node “P”. In the current version of CDP, the volume
or mass matrix is thus diagonal (lumped-mass approximation). Row “P” of the volume
integration operator V has a single diagonal entry equal to the sum of its associated
sub-tet volumes Vt′ :

VP φ ≈
∫

P

φ dV

=
∑

t′∈T ′
P

Vt′φP , (2.4)
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Figure 4. Geometrical details for 3-D node-based meshes. Unknowns are stored at nodes (e.g.,
P and edge-based neighbor nb). Edge centers are located at the midpoint between nodes, face
centers are located at the simple average of their surrounding nodes, and cell centers are defined
by the simple average of their surrounding nodes. Ne′ is a sub-edge normal, associated with an
internal or boundary edge. Nf′ is a sub-face normal associated with boundary faces only. N is
used to indicate normals with area magnitude.

where t′ represents a sub-tet, and T ′P the set of all sub-tets associated with node “P”.
To further simplify the construction of these volumes and the operators in general, we

choose the simple average of surrounding nodes to define face and cell centers. Unlike CV-
based formulations, where face and cell centers are defined at the centroids or centers of
mass, this same definition for the node-based mesh has no obvious benefit. The choice of
simple average for center locations ensures that interpolations based on simple averages
of nodal data will be limited and linearly exact. For meshes built from simplex elements
(tris/tets), the simple average is of course equivalent to the center of mass.

2.4.2. Convective operator

CDP’s convective operator including SAT penalty treatment was presented in Ham
et al. (2006), but is described here for completeness. For row “P” of the convective
operator:

(QP +BP )φ ≈
∫

P

∂uiφ

∂xi
dV =

∮

P

φui n̂i dA (2.5)

=
∑

e′∈E′
P

Ue′
φP + φnb

2
Ae′ +

∑

f ′∈F ′
P

Uf ′φPAf ′ , (2.6)

where e′ represents a sub-edge, E ′P the set of all sub-edges associated with node P ,
f ′ represents a boundary sub-face, and F ′P the set of all boundary sub-faces associ-
ated with node P . Ue′ and Uf ′ are sub-edge and sub-face velocity components in the
outward-normal direction. Clearly the internal part of the operator is skew-symmetric
by construction.
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2.4.3. Laplacian operator

The discretization of the Laplacian operator is particularly challenging for unstructured
finite volume methods because it is difficult to simultaneously achieve accuracy and
stability on general unstructured grids. In the case of the Laplacian operator, stability
can be translated into the SBP requirement that the symmetric part of the internal
operator L + LT be negative semi-definite, and that the SAT closure yields an energy
estimate.

These stability requirements are normally met by construction in the finite element
method (FEM), however FEM Laplacian operators are rarely used in FVM. Even CV-
FEM (Schneider & Raw 1987), a popular hybrid of the two, only uses FEM basis functions
to compute gradients at integration points around the nodal control volume, and the
resulting operator will not guarantee the desired stability properties. The typical reasons
FEM Laplacian operators are not used routinely in FVM are:
• Inconsistencies between the FEM “lumped mass” volume and the FVM volume on

certain grids (although, for node-based FVM they are equivalent on structured orthogonal
grids and arbitrary simplex grids)
• The perception that FEM operators have greater complexity (involve more neigh-

bors), and are thus more expensive. While this is true on structured orthogonal grids
where FVM reduces to the finite difference method, on general unstructured grids the
complexity of FVM is similar to or even greater than FEM.
• FVM has the additional constraint that the Laplacian must discretely be the diver-

gence of a gradient, i.e., the discrete operators must mimic the identity:

∇2 ≡ ∇ · ∇. (2.7)

This final discrete requirement allows the viscous terms in FVM to be formulated in
terms of a discretely conserved flux involving face-normal gradients, and also allows the
use of the Poisson solve to discretely project the divergence out of the predicted velocity
field when fractional-step time advancement is used. This discrete decomposition is not
always clear in the case of FEM Laplacians.

In CDP, the volume-integrated Laplacian operator is constructed using divergence
theorem and the sub-edge concept presented in Fig. 4. For row “P” of the Laplacian
operator:

(LP + SP )φ ≈
∫

P

∂2φ

∂xi∂xi
dV =

∮

P

∂φ

∂xi
n̂i dA (2.8)

=
∑

e′∈E′
P

∂φ

∂xi

∣∣∣∣
e′
n̂i,e′Ae′ +

∑

f ′∈F ′
P

∂φ

∂xi

∣∣∣∣
f ′
n̂i,f ′Af ′ (2.9)

=
∑

e′∈E′
P

Se′φ+
∑

f ′∈F ′
P

Sf ′φ, (2.10)

where e′ represents a sub-edge, E ′P the set of all sub-edges associated with node P , f ′

represents a boundary sub-face, and F ′P the set of all boundary sub-faces associated with
node P . n̂e′ the sub-edge outward unit normal (outward with respect to P ), Ae′ the
sub-edge area, Se′ and Sf ′ are the sub-edge and sub-face normal-derivative-times-area
operators, respectively. The required gradient for each sub-edge is determined by solving
the following 3× 3 system for the unknown gradient components:
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∂φ

∂xi

∣∣∣∣
e′

(xi,nb − xi,P ) = φnb − φP (2.11)

∂φ

∂xi

∣∣∣∣
e′

(
1

Nnof

∑
xi,nof −

1

2
(xi,nb + xi,P )

)
=

1

Nnof

∑
φnof −

1

2
(φnb + φP )(2.12)

∂φ

∂xi

∣∣∣∣
e′

(
1

Nnoc

∑
xi,noc −

1

2
(xi,nb + xi,P )

)
=

1

Nnoc

∑
φnoc −

1

2
(φnb + φP ),(2.13)

where P and nb represent the two nodes associated with the edge of this sub-edge, nof
the Nnof nodes of the face associated with the sub-edge (these will of course include P
and nb) and noc the Nnoc nodes of the cell associated with this sub-edge (these will also
include P and nb).

It is important to note that the sub-edges are not combined into a single edge normal
and edge area prior to dotting with an edge-based gradient. This combination of normals
to a single edge normal may simplify the construction of the operator, but it is not done
in CDP. As such, in addition to being compact and linearly exact (which, for a Lapla-
cian, means returning zero in a linear field), the resulting operator has two important
properties:

• In the limit of Cartesian structured meshes, the standard symmetric second-order
finite difference Laplacian is recovered (involving only node P and the 6 neighbors that
share an edge with P ).
• For the case of simplex elements, the standard symmetric FEM Laplacian using

linear basis functions is recovered.

The first of these properties is well known, and would have resulted even if we had
combined the sub-edge normals into a single edge. The equivalence with linear FEM
on simplex grids and resulting symmetry, however, is less well known and requires this
sub-edge construction.

Part of the stability requirement for the Laplacian operator is the SBP property that
L+ LT be negative semi-definite. For both the limiting cases previously described, it is
well known that this is true. On general polyhedra, however, we do not have a proof. But
numerical experiments using a variety of polyhedral meshes indicate that the operator is
negative semi-definite except for the case of extreme element deformation.

The boundary part of the Laplacian operator is a summation over sub-faces, and will
be non-zero at boundary nodes only. The three required components of the gradient
at each sub-face are determined by solving a similar 3 × 3 system, involving the two
equations:

∂φ

∂xi

∣∣∣∣
f ′

(xi,nb − xi,P ) = φnb − φP (2.14)

∂φ

∂xi

∣∣∣∣
f ′

(
1

Nnof

∑
xi,nof − xi,P

)
=

1

Nnof

∑
φnof − φP (2.15)

and one of:

∂φ

∂xi

∣∣∣∣
f ′

(xi,I − xi,P ) = φI − φP (2.16)
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∂φ

∂xi

∣∣∣∣
f ′

(
1

Nnoc

∑
xi,noc − xi,P

)
=

1

Nnoc

∑
φnoc − φP , (2.17)

with the first of these being preferred. Nodes P and nb are on the edge associated with
the boundary sub-face, nof are the Nnof nodes of the face associated with the sub-face,
I (for Internal) is/are the node(s) along the edge(s) of P not part of the boundary face,
but still part of the internal cell that contains the boundary face, and noc are the Nnoc

nodes associated with the internal cell that contains the boundary face. For clarity, node
I is labeled in Fig. 4. Although the last equation is never used for grids composed of
convex unstructured primitives (tet, pyramid, prism, hex), it is included here because on
certain non-convex or polyhedral meshes (e.g., meshes with hanging nodes on boundary
faces), the edges associated with node I can be coplanar with the boundary face.

While there are no restrictions on the complexity of Sf ′ with regard to stability, here
we have made the practical decision to define it in a way that simplifies the parallel
implementation. In CDP the domain is decomposed such that the cells (elements) are
uniquely divided among the processors, however nodes, edges, and faces that lie on inter-
processor boundaries are multiply defined. By expressing the Sf ′ operator as a global
sum of locally available information (the cell and boundary face that completely define
the gradient are entirely present on only one processor), this also makes the transpose of
Sf ′ (required by the SAT penalty – see §2.6) a global sum of locally available information.

In addition, this local definition of Sf ′ makes it straightforward to include only those
sub-faces that participate in a particular Dirichlet or Neumann boundary condition.
For example, a single node can have sub-faces associated with an adiabatic boundary
and sub-faces associated with an isothermal wall, each requiring a separate boundary
treatment.

2.5. Gradient operator

While the gradient operator is not required in the discretization of scalar transport, it is
required for the incompressible Navier-Stokes equations, so we include a brief description
here. CDP’s gradient operator uses Green-Gauss theorem to approximate the integral of
the gradient over the volume as follows:

Gi,P φ ≈
∫

P

∂φ

∂xi
dV =

∮

P

φni dA

=
∑

e′∈E′
P

φe + φf + φc
3

n̂i,e′Ae′ +
∑

f ′∈F ′
P

φP + φe + φf
3

n̂i,f ′Af ′

=
∑

e′∈E′
P

φe + φf + φc
3

Ni,e′ +
∑

f ′∈F ′
P

φP + φe + φf
3

Ni,f ′ , (2.18)

where φe, φf , and φc are computed from simple averages of the nodes associated with
the edge, face, and cell defining the sub-edge or boundary sub-face, and Ne′ and Nf ′ the
sub-edge and sub-face normals with area magnitude. Note that the second part of the
gradient operator is non-zero for boundary nodes only.

Interestingly, on simplex grids this operator is exactly equivalent to the standard skew-
symmetric edge-based gradient operator and to the gradient operator resulting from FEM
with linear basis functions. The operator is also skew-symmetric on structured orthogonal
hex grids, and is linearly exact and generally more accurate than the edge-based operators
on general polyhedral meshes, although not exactly skew-symmetric.
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2.6. Scalar transport with SAT penalties

Using the previously described operators, it is now possible to illustrate how SAT penal-
ties are added to produce a strictly stable finite volume discretization for scalar transport:

VP φt +
∑

e′∈E′
P

Ue′
φP + φnb

2
Ae′ +

∑

f ′∈F ′
P

Uf ′φPAf ′ =

α
∑

e′∈E′
P

Se′φ+ α
∑

f ′∈F ′
P

Sf ′φ+

σ1

∑

f ′∈F ′
P

U−f ′(φP − gP )Af ′ − σ2 α
∑

f ′∈F ′
P

STf ′(φ− g), (2.19)

where the potentially time-dependent Dirichlet boundary data g has been introduced on
the rhs using penalty parameters σ1 for the advection term, and σ2 for the diffusion. STf ′
is the transpose of the sub-face normal-derivative-times-area operator, which introduces
penalty terms into all nodes associated with the Sf ′ operator, including those not directly
on the boundary.

Application of the energy method to this system leads to an energy estimate for penalty
parameters σ1 > 1/2 and σ2 = 1.

2.7. Incompressible Navier-Stokes

It is also possible to develop a finite volume discretization of the incompressible Navier-
Stokes equations using the CDP operators with good accuracy and stability properties.
For this case, however, we cannot make the claim of strict stability on arbitrary unstruc-
tured meshes, and present the discretization as a work in progress.

Following the collocated fraction-step methods developed in Zang et al. (1994); Kim
& Choi (2000); Mahesh et al. (2004), CDP’s incompressible flow algorithm proceeds as
follows:

1. Extrapolate the divergence-free edge-based (not sub-edge; see step 5 below) velocity
field to the midpoint of the current time step. Set the boundary sub-face velocities to
the normal component of the known boundary velocity gi:

Un+1/2
e =

3

2
Une −

1

2
Un−1
e ≡ Ue U

n+1/2
f ′ =

1

2
(gni,f ′ + gn+1

i,f ′ ) n̂i,f ′ ≡ Uf ′ . (2.20)

2. Build momentum equation for velocity predictor ûi:

VP
ûi − uni

∆t
+
∑

e′∈E′
P

Ue
ûi,P + ûi,nb + uni,P + uni,nb

4
Ae′ +

∑

f ′∈F ′
P

Uf ′(ûi,P + uni,P )Af ′ −

ν

2

∑

e′∈E′
P

Se′(ûi + uni )− ν

2

∑

f ′∈F ′
P

Sf ′(ûi + uni ) +Gi,Pp
n−1/2 =

σ1
1

2

∑

f ′∈F ′
P

U−f ′(ûi,P + uni,P − gn+1
i − gni )Af ′ −

σ2
ν

2

∑

f ′∈F ′
P

STf ′(ûi + uni − gn+1
i − gni ). (2.21)
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3. Modify the matrix to project wall velocities to ûi = 0. Solve for ûi.
4. Remove old pressure gradient from all velocities (including any projected walls):

VP
u∗i − ûi

∆t
= Gi,P p

n−1/2. (2.22)

5. Interpolate u∗i to the edges and take the edge-normal component. It is important
to produce a single edge-based velocity component here to preserve the skew-symmetry
of the convective operator. We consider two possibilities for interpolating to the edge,
either a simple average of the two nodes associated with the edge:

U∗e =
1

2Ae
(u∗i,P + u∗i,nb)

∑

e′∈e
n̂i,e′Ae′ , (2.23)

where the edge area is defined Ae =
∑
e′∈eAe′ . A more accurate alternative on bad grids

is the following:

U∗e =
1

Ae

∑

e′∈e

u∗i,e + u∗i,f + u∗i,c
3

n̂i,e′Ae′ . (2.24)

6. Solve the following Poisson equation for the new pressure at the midpoint of the
time interval:

∑

e′∈EP
Se′p

n+1/2 =
∑

e∈EP

U∗eAe
∆t

+
∑

f ′∈F ′
P

Un+1
f ′ Af ′

∆t
. (2.25)

7. Correct the edge-based velocity components and node-based velocity vectors using
the new pressure:

Ae
Un+1
e − U∗e

∆t
= −

∑

e′∈e
Se′p

n+1/2 (2.26)

VP
un+1
i − u∗i

∆t
= −Gi,P pn+1/2. (2.27)

8. Project wall velocities: un+1
i = 0.

We note that in the previous discretization, wall boundary conditions were projected
(ui = 0), rather than weakly enforced with a viscous penalty and gi = 0. Projection was
found necessary to get accurate near-wall behavior in turbulent boundary layers.

3. Results

3.1. Heat equation

To test the accuracy of the Laplacian operator and SAT boundary closure, we first solve
the time-dependent heat equation on both periodic and non-periodic meshes using the
manufactured solution:

φ = sin(x) sin(y) sin(z) cos(t) (3.1)

Fig. 3.1 shows the spatial convergence study on a sequence of nested tetrahedral meshes
−π ≤ xi ≤ π. The convergence is second order in l2 both with and without boundary
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Figure 5. Spatial mesh refinement study for heat equation with manufactured solution on
irregular tetrahedral grids.

conditions. l∞ errors are second order with periodic boundaries, and first order with the
Dirichlet boundary conditions and SAT boundary closure.

3.2. Advecting Taylor vortices

The advecting Taylor vortex problem is an exact solution of the incompressible Navier-
Stokes equations. Here we write the solution as:

u(x, y, t) = U − cos(π(x− x0 − Ut))sin(π(y − y0 − V t))e
−2π2t
ν (3.2)

v(x, y, t) = V + sin(π(x− x0 − Ut))cos(π(y − y0 − V t))e
−2π2t
ν (3.3)

p(x, y, t) =
1

4
(cos(2π(x− x0 − Ut)) + cos(2π(y − y0 − V t))) e

−4π2t
ν . (3.4)

To break grid symmetries and make the problem more challenging, this solution includes
an initial displacement of the vortices (x0, y0) and a constant advection speed (U, V ).
For
√
U2 + V 2 < 1 this leads to time-dependent boundary conditions with regions of

inflow and outflow. Using the discretization of the incompressible Navier-Stokes equations
described in the previous section, several mesh convergence studies were performed and
are reported in Figs. 6 through 10. All studies were performed with ν = 0.01, (U, V ) =
(0.25, 0.15), and errors computed at t = 1 for velocity, and t = 1 − ∆t/2 for pressure
(because pressure is stored at the midpoint of the time step).

Figure 9 (left) shows an interesting result where the pressure error is seen to fall off
to first order on randomly perturbed quad meshes when the fine meshes are unrelated
to the coarse meshes, apart from being a factor of 2 finer in both directions. This first-
order convergence rate occurs on both periodic and Dirichlet boundary condition (bc)
cases, indicating that it is not due to the bc’s, but rather the inaccuracy of the internal
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Figure 6. Advecting Taylor vortex problem on uniform Cartesian grids: (top) changing time
step size to confirm observed error is spatially dominated: periodic boundary conditions with
CFL = 0.32 (solid) and CFL = 0.16 (dashed); (bottom) effect of Dirichlet boundary conditions
imposed using the SAT approach.
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Figure 7. Randomly skewed quadrilateral mesh used for convecting Taylor vortex problem:
(top) full mesh; (bottom) detail.
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Figure 8. Contours of computed pressure at t = 0, 0.5, and 1.0 for convecting Taylor vortex
problem on the skewed quadrilateral mesh shown in Fig. 7. For this case, vortices are advected in
the positive x direction with U = 1, V = 0, viscosity is ν = 0.01, Dirichlet boundary conditions
on all boundaries.
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Laplacian operator on irregular quad meshes. When nested homothetic refinement of the
parent grid is used (a coarse grid is perturbed and then successively refined), the pressure
recovers its second order behavior.

4. Conclusions

SBP operators and SAT boundary closures have been described for the finite volume
method applied to arbitrary polyhedral meshes. The operators use a node-based (cell-
vertex) formulation, where the unknowns are collocated with the nodes. The operators
produce a strictly stable discretization for scalar advection diffusion. When applied to the
heat equation and incompressible Navier-Stokes equations, manufactured and analytic
solutions have been used to show consistent second order convergence in l2 errors on a
variety of unstructured grids.

The incompressible flow solver described in this brief is being successfully applied to an
increasing range of flow problems in complex geometry. In addition, the operators as de-
scribed readily support the stable and accurate discretization of other partial differential
equations, including the linear wave equation (Mattsson et al. 2006) and a formulation
for variable density reacting flows (Shunn & Ham 2006; Medic et al. 2006a,b). The de-
velopment of a stable and accurate discretization for compressible flows on unstructured
grids is currently in process.
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Figure 9. Advecting Taylor vortex problem on skewed quadrilateral meshes: (top) randomly
skewed meshes where fine meshes are unrelated to coarse meshes, apart from being a factor of
2 finer; (bottom) nested (homothetically refined) quads starting from the same coarse grid.
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Figure 10. Advecting Taylor vortex problem on simplex grids: tris (top) and tets (bottom)


