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Uncertainty analysis for shock-bubble interaction

By K. K. So†, T. Chantrasmi, X. Y. Hu†, J. A. S. Witteveen, C. Stemmer†,
G. Iaccarino AND N. A. Adams†

In this paper, we have investigated the effect of uncertainties on the interactions of
a bubble with a shock, based on a widely studied experiment case of helium-air shock-
bubble interaction. Gas contamination inside the bubble and deformation of the initial
bubble shape were selected as the uncertainty parameters, and the statistics of the in-
terface evolution and the primary baroclinic vorticity production were calculated. The
results show that the variance of the jet at late times is large and dominated by the uncer-
tainty of gas contamination inside the bubble, whereas the uncertainty of the baroclinic
vorticity production increases rapidly at the early time in response to the variability of
the bubble shape. Characteristic points on the interface are identified and the evolution
of the probability density function (PDF) of their positions is also studied. This analysis
indicates that, under the uncertainties of gas contamination and of the bubble shape, the
PDF of the jet spreads out rapidly over time and the behavior of the evolution of the
PDF of the total vorticity changes when the shock traverses from the windward side to
the leeward side of the bubble.

1. Introduction

The interaction of shock waves with density inhomogeneities is a fundamental subject
in compressible turbulence (Samtaney & Zabusky 1994), and the shock-bubble inter-
action is a basic configuration for studying the shock-accelerated inhomogeneous flows
(Zabusky 1999). Investigation of the shock-bubble interaction leads to the understanding
of the Richtmyer-Meshkov instability (Brouillette 2002), and has a wide application in
various fields including supersonic mixing and combustion system, supernova explosion
in astrophysics, shock-flame-front interaction, and extra-corporeal shock-wave lithotripsy
(Ranjan et al. 2011).

Shock-bubble interactions have been studied analytically, experimentally and numeri-
cally in the last decades. A number of researchers have proposed circulation models and
analytic estimate of the baroclinic circulation production in shock-bubble interactions
(Picone & Boris 1988, Samtaney & Zabusky 1994, Samtaney et al. 1998). Experimentally,
Haas and Sturtevant recorded a clear set of experimental images and discussed quantita-
tively the bubble evolution (Haas & Sturtevant 1987). In Jacobs (1992) and Tomkins et
al. (2008), the authors performed membraneless shock-bubble experiments. Simulations
using the interface-tracking and the interface-capturing method have been performed to
investigate the experimental findings. Quirk and Karni (1996) conducted among others
a detailed numerical study of shock-bubble interaction based on the experiments of Haas
& Sturtevant (1987).

In the wake of the advancement of computer technology and numerical methods, sim-
ulations have proven their usefulness in the investigation of shock-bubble interactions.
Configurations that cannot be analytically studied, and quantities, such as vorticity,
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which cannot be easily measured experimentally, are assessable by simulations. Never-
theless, even a simulation code is verified for a certain case, it must be validated against
the physical observation, essentially the experiment data, to establish the validity of the
results generated.

To perform the code validation against experiments, the identification and incorpo-
ration of the exact experimental conditions is of paramount importance. To accurately
specify, in simulations, the initial condition of a shock-bubble interaction based on exper-
iments, one must take into account the exact quantities in experiments such as the real
bubble shape, the test gas property (its purity and homogeneity), etc. Unfortunately,
the experimental measurements are inevitably subject to errors and uncertainties, for
example in limited reproducibility. Code validations against shock-bubble interaction
experiments thus pose a challenge and have been performed by some researchers, each
according to their own methodology (Zhang et al. 2004, Weirs et al. 2008).

In addition to the code validation exercise, some researchers performed simulations
to collect data on the effect of different initial conditions in a shock-bubble interaction.
In Yang et al. (1993), the authors studied the effect of different initial conditions on
the stretching rate in an application of shock-induced mixing to supersonic combustion.
Essentially they performed a sensitivity analysis and studied a wide range of parame-
ters, including sinusoidal perturbation to bubble surface, elliptical bubble shape, etc. In
Niederhaus et al. (2008), the authors performed a computational parameter study to
investigate the morphology and integral properties of shock-bubble interaction under a
wide range of scenarios, including gas pairs of different Atwood number and different
shock strengths.

Uncertainty quantification is an approach to propagate the uncertainty in the problem
definition and to calculate the statistics of the quantities of interest (Chantrasmi et al.
2009). The effect of the uncertainty in the initial condition can be quantified in the way
that the moment (mean, variance) and the evolution of the probability density function
(PDF) can be studied in detail over time. This process accounts for the non-linear evo-
lution of the uncertainty through the initial problem as opposed to a pure sensitivity
analysis. In addition, it provides quantitative estimates of the output variability given
input uncertainty thus being more objective than a classical parametric study.

Based on a widely studied experimental case of the shock-bubble interaction of Haas
& Sturtevant (1987), we analyze the effect of the uncertainty of the gas contamination
in the bubble and the bubble deformation on the time-evolving bubble interface and the
primary vorticity production. First we define uncertainty parameters and quantities of
interest and describe our methodology. We present the results of the cases with one or two
uncertainty parameters, followed by that of the evolution of the PDFs of the quantities of
interest. We discuss the major findings and conclusions of our present results and discuss
the prospect of future work.

2. Preliminaries

2.1. Case studied, definition of uncertainty parameters and quantities of interest

The experimental case of a cylindrical-helium-bubble in air hit by a shock wave at Mach
number of 1.22 of Haas & Sturtevant (1987) serves as the basis for our investigation. The
case can be categorized as a fast/slow interaction (in terms of the ideal-gas sound speed)
or a divergent case (helium bubble acts as a divergent acoustic lens in the surrounding
air). The experiment was first performed by Haas & Sturtevant to study the refraction
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(a) (b)

Figure 1. (a) Schematic of the shock-bubble interaction domain. (b) Evolution of the bubble
shape and the definition of the characteristic interface points (Shankar et al. 2010).

and diffraction of shock waves in cylindrical and spherical gas inhomogeneities. It has
since been widely studied and simulated, e.g. Picone & Boris (1988) and Quirk & Karni
(1996) to examine vorticity generation and the dynamics of shock-bubble interaction and,
as a test case, to verify numerical methods (Shankar et al. 2010).

In the experiment, a circular gas-cylinder filled with helium was formed by a microfilm-
solution membrane in air. A shock-wave of Mach number of 1.22 was generated in air
and hit the helium-cylinder. In simulation the case is treated as a two-dimensional case
and the corresponding computational domain is shown in Fig.1 (a). The helium bubble
diameter, D, is 50mm.

To perform the uncertainty quantification, we start by identifying two uncertainty pa-
rameters. The first one describes the gas contamination, which is derived directly from
the error and methodology as described in Haas & Sturtevant (1987). The second one is
introduced to parametrize the bubble deformation, which is not directly related to the
experiment of Haas & Sturtevant (1987), but is typically important in a wide range of
shock-bubble interaction experiments and applications. The present methodology trans-
lates these uncertain parameters into random quantities, so that the original problem
becomes stochastic. Characteristic interface points and primary vorticity production are
defined as the quantities of interest to characterize the simulation results. The objective
of the present analysis is to study the statistics of these quantities.

2.1.1. Uncertainty of gas contamination and uncertainty of bubble deformation

In Haas & Sturtevant (1987), the authors reported that the helium-cylinder was con-
taminated by 28%(by mass) of air. With reference to section 6.1 in Haas & Sturtevant
(1987), the evaluation of the air-contamination was based on comparing the speed of
sound estimated from the experiment, cest, with the speed of sound of pure media (1010
m/s for pure helium). The authors calculated cest by cest = VR/Mest, where VR is
the measured velocity of the refracted shock, and Mest is the estimated Mach number
obtained from the pressure measurement. They obtained cest to be 910 m/s for the
weak-shock case and 833 m/s for the strong-shock case; although for both cases exper-
iments were carried out, we focus our study on the latter. The mean value from the
experiments, 872 m/s was used to estimate the air contamination, which yielded the air-
contamination of 28% (by mass) as reported. Further scrutiny reveals that cest is subject
to errors, where the error of VR is 10 to 20% as given in table 2 in Haas & Sturtevant
(1987), and the error of Mest is not detailed in the literature. When the errors are taken
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Figure 2. Uncertainty of bubble deformation. e as the uncertainty parameters and bubble
shapes of e = −0.5, e = 0, e = +0.5.

into account, cest falls into the range of [727m/s, 1010m/s] (note that the maximum is
bounded to 1010 m/s for pure helium). Based on this we select the air-contamination
in the helium-cylinder as an uncertainty parameter. Its range is based on cest and is
[760m/s, 983m/s] with the middle value at 871.5m/s, which in turn corresponds to an
air-contamination by mass of [48.38%, 5.87%] with the middle value at 28.45%. For a
lucid interpretation, we denote the uncertainty parameter by the fraction of air by mass,
fair

mass and fair
mass ∈ [48.38%, 5.87%].

We define another uncertainty parameter that is pertinent to general experiments and
applications of shock-bubble interactions. In a major part of the studies of shock-bubble
interactions, the bubble is assumed to have a perfect circular shape to represent cylinders
and spheres. However, when the densities of the gas pair differ to a large extend, the bub-
ble shape can deviate from a perfect circular shape, e.g. approximately a teardrop shape
(Haas & Sturtevant 1987, Layes & Le Metayer 2007). When the initial deviated shape
is not precisely measured, its evolution becomes uncertain. For example, as reported in
Layes & Le Metayer (2007), the radius of the circular bubble was 2.0 ± 0.3 mm. As a
generic approach, in our study we assume an elliptic shape for bubble deformation and

define the uncertainty parameter as the eccentricity, e, as e =

√

1 − (b/a)
2
, where b and

a are respectively the semi-minor axis and the semi-major axis of the ellipse. By the
original definition of eccentricity, e ∈ [0, 1]. Here, we define alternatively

e =







√

1 − (b/a)2 if a is along centerline

−

√

1 − (b/a)2 if b is along centerline
, (2.1)

and choose e ∈ [−0.5, +0.5] with the middle value at e = 0, i.e. a circle. The bubble
shapes of e = −0.5, e = 0 and e = +0.5 are shown in Fig.2.

2.1.2. Characteristic interface points and primary vorticity production

To characterize the simulation results of shock-bubble interactions, the first quantity
of interest is the evolution of the bubble interface. Three characteristic interface points,
namely upstream, downstream and jet, are defined to represent the large-scale structure
of the bubble interface (refer to Fig.1 (b)). The jet is of particular interest in certain
studies such as the interaction of shock waves with gas cavities in fluids. Its formation
and evolution are key parameters to characterize the cavity collapse (Bourne & Field
1992).

In a shock-bubble interaction, when the shock hits and is in contact with the bubble,
the misalignment of ∇ρ and ∇p causes baroclinic generation of vorticity. The baroclinic
vorticity production is the major mechanism of vorticity generation in the early time,
known as the vorticity deposition phase. In this paper, we focus on the uncertainty in this
vorticity production mechanism; we employ the total vorticity, Γ, which is the integration
of the magnitude of vorticity over the entire control volume, as the second quantity of
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interest:

Γ =

∫

|ω|dxdy , (2.2)

where ω is the vorticity defined as ∇× v, and v is the velocity.

2.2. Governing equations and numerical method for shock-bubble interaction simulation

The Euler equations, without the surface tension, are used for the shock-bubble in-
teraction simulation. The numerical method is based on the volume-of-fluid (VOF)
interface-capturing method. A single-velocity, pressure-equilibrium, six-equation model is
employed and the volume-fraction equations are discretized by a volume-fraction adjust-
ment corresponding to the compressibility effect (Greenough et al. 1995). The equations
are discretized by the van Leer MUSCL scheme in space and an Euler-forward scheme
for time integration. The HLL Riemann solver (Toro 1997) is adopted for the flux cal-
culation. The time step is determined by the CFL requirement with a CFL number of
0.2.

In the two-dimensional simulation, we assume a flow field symmetric about the center
axis and thus only the top half domain is computed. The zero-gradient boundary con-
dition is imposed on the left and right boundaries, and the symmetry-plane boundary
condition is imposed on the top and bottom boundaries. The grid resolution employed
is ∆x/D = ∆y/D = 0.01. The flow conditions are determined by the Rankine-Hugoniot
jump conditions to be

ρ = 1.20kg/m3, v = (0m/s, 0m/s), p = 101325Pa, γair = 1.4 for pre-shock air,
ρ = 1.65kg/m3, v = (114.4m/s, 0m/s), p = 158900Pa, γair = 1.4 for post-shock air,
ρ = 0.166kg/m3, v = (0m/s, 0m/s), p = 101325Pa, γhelium = 1.667 for helium

cylinder.

2.3. Uncertainty quantification method

As mentioned above, two primary uncertainty parameters of interest here are air contam-
ination, fair

mass, and the eccentricity, e. The present approach is based on a probabilistic
analysis and therefore the first step is to convert the uncertainties in random variables.
Here we assumed the distributions of the input parameters to be uniform in the ranges
based on the experimental setup discussed above. This choice is justified by the lack of
more precise information and also by the desire to study the evolution of the PDFs in
time -the deviation from uniform distribution will be easy to observe even qualitatively.

The output quantities of interest are the three characteristic interface points and the
primary vorticity production, Γ. In addition, it is necessary to know the mean and vari-
ance fields in physical space in order to identify the regions that correspond to the prop-
agation and the amplification of the input variance. This section describes the stochastic
collocation method used to obtain the output statistics from the limited number of de-
terministic calculations.

Let u(~x, t, ~ξ(ω)) be one of the output quantities of interest where ~ξ(ω) is the uncertain

parameter. Let {Ψk(~ξ(ω))} denote a set of orthogonal polynomials. The orthogonality

condition is expressed as 〈Ψi(~ξ), Ψj(~ξ)〉 = δij , where δij is the Kronecker delta and 〈·, ·〉
denotes the inner product with respect to some weights.

These weights depend on the choice of the polynomial basis, e.g. the weights are uni-
form for Legendre polynomials and (1 − x2)−

1

2 for the Chebyshev polynomials.
The polynomial chaos expansion (PCE) of the random quantity, u is given by
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u(~x, t, ~ξ(ω)) =
∞
∑

k=0

uk(~x, t)Ψk(~ξ(ω)), (2.3)

where the {uk} are called the PCE coefficients. By the Cameron-Martin theorem, this
series converges in L-2 sense. Thus we can approximate u with a finite number of terms:

u(~ξ) ≈
N

∑

k=0

ukΨk(~ξ), (2.4)

where the explicit dependences on ~x, t, and ω are dropped from the notation for com-
pactness. To approximate u, we need to compute the coefficients. This can be done by
projection using the orthogonality property reported above:

uk = 〈u(~ξ), Ψk(~ξ)〉. (2.5)

The evaluation of the inner products above requires a numerical integration because u
is not known at all ~ξ. There are two popular choices of numerical integration rules: Gauss
and Clenshaw-Curtis quadrature. The former is the most accurate in term of polynomial
exactness (ability to integrate exactly polynomial of a given order), whereas the latter is
more advantageous for practical applications because of its nestedness property, i.e one
can reuse the data from low-ordered estimates as part of the higher-ordered ones. In this
work, we choose Clenshaw-Curtis quadrature.

In summary, we calculate the PCE coefficients from Eq.(2.5) by performing deter-
ministic numerical simulations corresponding to the quadrature abscissas then plug it
into Eq.(2.4) obtaining an approximation of u. At this point, individual realizations and
statistics of the output can be easily extracted.

Additionally, we selected the polynomial basis -Legendre polynomials -in the approx-
imation corresponding to the input distributions fξ - uniform random variables so that
we can compute the mean and variance of u explicitly. The mean and the variance of u
can be obtained as

E(u) =

∫

ufξd~ξ ≈

N
∑

k=0

uk

(
∫

Ψkfξd~ξ

)

= u0 (2.6)

E(u2) =

∫

u2fξd~ξ ≈

N
∑

k=0

N
∑

i=0

ukui

(
∫

ΨkΨifξd~ξ

)

=

N
∑

k=0

u2

k. (2.7)

Note that the variance is Var(u) = E(u2) − E(u)2 =
∑N

k=1
u2

k.

3. Results

3.1. 1-uncertainty case -gas contamination

In Fig.3, the numerical Schlieren image and the field of variance of ρ at different times
after shock-hitting are shown for the uncertain case corresponding only to the air con-
tamination in the helium-bubble. In Fig.4, the evolution of the mean, extreme cases, and
standard deviation of the characteristic interface points and Γ are plotted.
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Figure 3. 1-uncertainty case -gas contamination. Upper surface, numerical Schlieren image |∇ρ|;
lower surface, variance of ρ; color map, variance of ρ ((kg/m3)2). (a) t = 0µs. (b) t = 62µs. (c)
t = 245µs. (d) t = 427µ.
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Figure 4. 1-uncertainty case -gas contamination. (a) Space-time diagram for three characteristic
interface points. Solid line, mean of fair

mass, e = 0; dashed line, (fair

mass = 48.38%, e = 0); dotted
line, (fair

mass = 5.87%, e = 0). (b) Standard deviation of the three characteristic interface points
against time. Solid line, upstream; dashed line, downstream; dotted line, jet. (c) Total vorticity
against time. Line legend same as (a). (d) Standard deviation of total vorticity against time.

3.2. 1-uncertainty case -bubble deformation

In Fig.5, the numerical Schlieren image and the field of variance of ρ at different times
after shock-hitting for the 1-uncertainty case of bubble deformation are shown. In Fig.6,
the evolution of the mean, extreme cases, and standard deviation of the characteristic
interface points and Γ are plotted.
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Figure 5. 1-uncertainty case -bubble deformation. Upper surface, numerical Schlieren image
|∇ρ|; lower surface, variance of ρ; color map, variance of ρ ((kg/m3)2). (a) t = 0µs. (b) t = 62µs.
(c) t = 245µs. (d) t = 427µ.
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Figure 6. 1-uncertainty case -bubble deformation. (a) Space-time diagram for three
characteristic interface points. Solid line, mean of e, fair

mass = 28.45%; dashed line,
(fair

mass = 28.45%, e = −0.5); dotted line, (fair

mass = 28.45%, e = +0.5). (b) Standard devia-
tion of the three characteristic interface points against time. Solid line, upstream; dashed line,
downstream; dotted line, jet. (c) Total vorticity against time. Line legend same as (a). (d)
Standard deviation of total vorticity against time.

3.3. 2-uncertainty case -gas contamination and bubble deformation

In Fig.7, the numerical Schlieren image and the field of variance of ρ at different time after
shock-hitting for the 2-uncertainty case of gas contamination and bubble deformation are
shown. In Fig.8, the evolution of the mean, extreme cases, and standard deviation of the
characteristic interface points and Γ are plotted. In Fig.9, the PDF evolution of the
output quantities of interest in the 2-uncertainty case is shown.
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Figure 7. 2-uncertainty case -gas contamination and bubble deformation. Upper surface, nu-
merical Schlieren image |∇ρ|; lower surface, variance of ρ; color map, variance of ρ ((kg/m3)2).
(a) t = 0µs. (b) t = 62µs. (c) t = 245µs. (d) t = 427µs.
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Figure 8. 2-uncertainty case -bubble deformation and gas contamination. (a) Space-time
diagram for three characteristic interface points. Solid line, mean of e, fair

mass; dashed line,
(fair

mass = 48.38%, e = −0.5); dotted line, (fair

mass = 5.87%, e = +0.5); dash-dot line,
(fair

mass = 48.38%, e = +0.5); dash-dot-dot line, (fair

mass = 5.87%, e = −0.5) (b) Standard de-
viation of the three characteristic interface points against time. Solid line, upstream; dashed
line, downstream; dotted line, jet. (c) Total vorticity against time. Line legend same as (a). (d)
Standard deviation of total vorticity against time.

3.4. Comparison of PDFs with varying number of collocation points

The effect of the numerical accuracy in the evaluation of the PCE coefficient via quadra-
ture given considering a different number of abscissas. In Fig.10, the PDF comparison
among 3-collocation-point, 5-collocation-point, and 9-collocation-point is shown for the
downstream position.
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Figure 9. PDF evolution of the output quantities of interest under the 2-uncertainty case: (a)
downstream positions, (b) jet positions, (c) upstream positions, and (d) total vorticity.
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Figure 10. Comparison of PDFs of the downstream positions using different numbers of collo-
cation points, varying both air contamination and eccentricity. (a) t = 100µs and (b) t = 500µs.
In plot legends, N is the numbers of collocation points in each direction (total numbers of
deterministic runs is then N2).

4. Discussions

Because the uncertainty parameter of the air contamination, fair
mass, is derived from

an error given in the experimental paper, the experimental shadow-photographs can be
juxtaposed with the numerical Schlieren image of ρ and its variance field obtained from
section 3.1 for illustrating the accuracy of the simulation and its error given the uncertain
initial condition. Comparison of Fig.3 with results in Haas & Sturtevant (1987) shows
that the simulation of the evolution of the large-scale structure of the wave and the bubble
after the shock-hitting is in good agreement with the experiment images. At t = 427µs,
the variance near the jet point attains 0.26(kg/m3)2. This illustrates that the error of the
position of the jet point in simulation is large at late time given the range of uncertainty
of air contamination inside the helium bubble.

As shown in Fig.4 (b), the standard deviation of the jet is large compared with that of
upstream and downstream, as the time advances under the uncertainty of the air contam-
ination inside the helium bubble. In the case of 1-uncertainty of the bubble deformation,
as shown in Fig.6 (b), the standard deviation of the upstream and jet increases rapidly
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as times advances. The standard deviation of the downstream only changes slowly over
time. In the case where both uncertainties are accounted for simultaneously, as shown in
Fig.8 (b), the variance of the jet is the highest as time advances.

In the case of 1-uncertainty of air contamination, as shown in Fig.4 (d), the standard
deviation of Γ increases rapidly as the shock is in contact with the windward side of
the bubble. The is mainly due to the difference of ∇ρ and as a consequence of the
baroclinic vorticity production. In the case of 1-uncertainty of the bubble deformation,
as shown in Fig.6 (d), the standard deviation of Γ is low as the shock is in contact with
the windward side of the bubble (from 0µs to around 50µs). The rapid increase of the
standard deviation of Γ takes place at the transition of the shock from the windward side
to the leeward side of the bubble (starting from around 50µs). When both uncertainties
exist, as shown in Fig.8 (d), the magnitude of Γ shows the combined effect of the two
separate uncertainty parameters.

In Fig.9 the time evolution of the PDFs of each quantity of interest is shown. The PDF
of the downstream position maintains a triangle shape, and the general shape is quite
consistent over time. The shape is simply ”convected” downstream while slowly spreading
out. The PDF of the jet appears as a Gaussian shape: it spreads out faster in comparison
with the other quantities of interest. The PDF of the upstream position changes strongly
over time. At later time, it shows the effect of the eccentricity, indicating the initial
variation in eccentricity becomes dominant. The PDF of total vorticity is initially of
top-hat shape. It starts to spread out up to around 50µs, at the time the shock traverses
through the windward side of the bubble and goes on to the leeward side. Then additional
vorticity production mechanisms become important, and the PDF loses its initial shape
and its convection speed slows down.

Finally, in Fig.10 the comparison of PDFs obtained using different numbers of quadra-
ture abscissas (i.e. the amount of data we use) is reported. In many cases, five points
provides reasonable results as compared with the 9-abscissas integration. However, it
cannot capture the spike PDFs accurately, e.g. downstream points at t = 100µs.

5. Conclusions and future works

In this paper, we have performed an uncertainty quantification analysis of shock-bubble
interactions based on a specific helium-air shock-bubble interaction experimental case.
Uncertainties of the gas contamination inside the bubble and of the bubble deformation
were studied. The statistics of the interface evolution and Γ at early time were obtained
and discussed. As an approach for code validation, the propagation of an uncertainty
derived from experimental errors was studied, and its effect on the late-time flowfield
was presented. The evolution of PDFs of the quantities of interest were also presented,
highlighting the different evolution behaviors over time.

In the future, for studying small-scale features and late-time phenomena in a shock-
bubble interaction, more accurate numerical methods should be employed, and the simu-
lations should be discretized at a higher grid resolution. Other quantities of interest such
as mixing of the two fluids should also be studied.
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