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Analysis of unsteady effects in shock/boundary
layer interactions

By S. Pirozzoli†, J. Larsson, J. W. Nichols, M. Bernardini†, B. E. Morgan
AND S. K. Lele

The dynamics of interactions between impinging shock waves and turbulent boundary
layers in supersonic flow is analyzed by mining a LES database developed for several
strengths of the incoming shock. The primary effect of increasing the strength of the
interaction is an increase in the size of the interaction zone and the formation of a size-
able recirculation bubble. A side consequence of the topological flow changes is the onset
of very-low-frequency motions near the foot of the reflected shock, with characteristic
frequencies that may be as small as three orders of magnitude less than those of the
incoming boundary layer. The flow dynamics is analyzed by means of standard Fourier
analysis, as well as non-standard dynamic mode decomposition. Both approaches high-
light the occurrence of two distinct flow modes, the high-frequency one being associated
with the turbulence dynamics, and the low-frequency one associated with pulsation of
the separation bubble, accompanied by fore-and-aft motion of the reflected shock. Linear
global stability analysis performed on the mean flow fields extracted from LES highlights
the occurrence of a single, non-oscillatory exponentially growing mode, as well as the
presence of slightly damped, low-frequency oscillatory modes, whose stability margin de-
creases with the strength of the interaction, and which feature a ‘breathing’ motion of
the separation bubble.

1. Introduction

The interaction of shock waves with turbulent boundary layers developing over solid
surfaces (referred to as SBLI in the following) frequently occurs in flows of technologi-
cal interest, including high-speed air intakes, turbo-machine cascades, helicopter blades,
supersonic nozzles, and launch vehicles (Dolling 2001; Délery & Dussauge 2009). When
a shock wave interacts with a boundary layer, its main effect is to cause a sudden re-
tardation of the flow, with subsequent thickening and, in many cases, separation of the
boundary layer. These phenomena have a significant (typically negative) impact on the
aerodynamic performance of aircraft through their effect on the global force coefficients.
Equally important, the low-frequency unsteadiness associated with intermittent flow sep-
aration can cause strong buffeting of the aircraft structures, which may lead to failure
by structural fatigue or to payload damage. Structural models of flow-induced vibra-
tion require accurate prediction of frequency spectra of wall-pressure fluctuations as a
forcing input, which can be gained from high-fidelity, unsteady simulations. Large-eddy
simulations (LES) and direct numerical simulations (DNS) of shock/boundary layer in-
teractions have started to appear only recently (Garnier et al. 2002; Pirozzoli & Grasso
2006; Morgan et al. 2010), owing to the substantial computational effort involved in the
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simulation of complex wall-bounded flow, and the difficulty of controlling the numerical
dissipation of shock-capturing algorithms.

In many previous experimental and numerical studies, performed for both impinging
shock and compression ramp SBLI, low-frequency motions of the separated region and
of the shock wave have been observed, whose characteristic frequencies may be orders of
magnitude less than those typical of the incoming boundary layer (Dolling 2001). Such
motions typically manifest themselves in the form of a cyclic expansion and contraction
of the separation bubble (often referred to as breathing), accompanied by fore-and-aft
movement of the reflected shock. To date, there is no consensus on the interpretation
of these observations, but two lines of thought are prevalent. Some researchers (see, e.g.
Beresh et al. 2002) believe that the low-frequency shock motions are inherited from the
upstream boundary layer and that the separation bubble would simply respond to the
movements of the shock wave. Some others (Erengil & Dolling 1991; Piponniau et al.

2009; Touber & Sandham 2009) claim that the observed low-frequency oscillations are
due to coupling between the dynamics of the separation bubble (when it is present)
and the shock movements, either through global instability of the separation bubble or
through some mechanism of self-sustainment.

Not much is known about the global stability properties of SBLI in the turbulent
regime. To our knowledge, the only relevant study is the one by Touber & Sandham
(2009), who analyzed the stability of SBLI by considering a linearized version of the
Navier-Stokes equations about the mean flow obtained from full LES. The main result
of the analysis was the emergence of a two-dimensional, non-oscillatory but globally
unstable mode, u = û exp(−iωt), where the (generally complex) frequency ω = ωr + i ωi,
is purely imaginary (i.e. ωr = 0). The growth rate in time (given by ωi) was found to be
much smaller than the typical time scales of the incoming turbulence.

The objective of the present paper is to gain additional insight into the issues of flow
unsteadiness and global stability of SBLIs and to highlight possible relationships between
the two. For that purpose we have developed an LES database, which is described in § 2,
whereby a series of flow conditions are probed, ranging from weak interactions with
incipient flow separation to very strong interactions featuring extensive separation. The
main properties of the computed flows are presented in § 2.3. The analysis of the unsteady
properties of SBLI is carried out in § 3. A standard Fourier analysis is performed in § 3.1,
with the objective of highlighting the occurrence of distinct modes of flow unsteadiness.
A non-standard modal analysis, based on the dynamic mode decomposition is performed
in § 3.2. Finally, the global linear stability of the various test cases here considered is
analyzed in § 3.3. The main findings are elaborated in § 4, where the potential implications
for the understanding of the mechanisms of low-frequency unsteadiness are highlighted.

2. Description of the numerical database

2.1. Numerical discretization

The code used for LES relies on high-order finite-difference discretization of the filtered
Navier-Stokes equations. The discretization of the convective fluxes is based on the hy-
bridization of a conservative eighth-order central discretization in the smooth parts of
the flow field with a fifth-order weighted essentially-non-oscillatory scheme (Jiang &
Shu 1996), the switch being based on a modification of the standard Ducros shock sen-
sor (Pirozzoli 2011). To improve numerical stability, the convective split form proposed
by Kennedy & Gruber (2008) is used, in locally conservative formulation (Pirozzoli 2010).
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Test case Line type Reθ0 H0 Cf 0
ϕ p2/p1 L/δ0 Lsep/δ0 Tu∞/δ0

A ——— 2280 3.65 2.44 · 10−3 6.5◦ 1.47 2.51 0.93 1203.4
B - - - - - - 2280 3.65 2.44 · 10−3 8.0◦ 1.60 2.96 1.78 1616.4
C - · - · - 2280 3.65 2.44 · 10−3 9.5◦ 1.74 4.47 4.13 2132.1
D - ·· - ·· - 2280 3.65 2.44 · 10−3 11.◦ 1.89 8.12 12.5 2354.8

EXP / 5000 3.53 2.1 · 10−3 8.0◦ 1.60 4.18 / /

Table 1. Flow parameters for LES simulations. For all cases M∞ = 2.28. The line labeled EXP
refers to the experiment of Piponniau et al. (2009). The subscript 0 refers to properties taken
upstream of the interaction (x/δin = 40.5). ϕ is the incidence angle of the shock generator. p1

and p2 are the pressure upstream and downstream of the impinging shock, respectively. L is the
interaction lengthscale, and Lsep is the average length of the separation bubble. T denotes the
duration of the time sample used for frequency analysis.

The viscous fluxes are also approximated with eight-order central differences, after being
expanded to Laplacian form to improve numerical stability (Lele 1992). Time advance-
ment is performed by means of a standard four-stage, fourth-order explicit Runge-Kutta
algorithm. Purely nonreflecting boundary conditions are enforced at the outflow and at
the top boundary, away from the incoming shock, where the Rankine-Hugoniot jump
conditions are locally imposed instead to mimic the effect of a shock generator. The
boundary conditions at the bottom no-slip wall are based on one-dimensional character-
istic decomposition in the wall-normal direction, (Poinsot & Lele 1992) assuming that
the wall temperature is equal to the upstream adiabatic value. The inlet turbulence is
enforced using a modification of the recycling/rescaling procedure (Lund et al. 1998),
whereby staggering in the spanwise direction is used to minimize spurious flow periodic-
ity (Pirozzoli et al. 2010). The sub-grid scales are accounted for by means of the standard
extension of the dynamic model to compressible flows (Moin et al. 1991).

2.2. Test cases

The flow conditions for the selected test cases are similar to those of the experiments
of Piponniau et al. (2009). Specifically, the free-stream Mach number is set to M∞ =
2.28. Owing to the heavy requirements in terms of CPU time, the Reynolds number
(being Reθ0

≈ 5000 in the experiment) was reduced to Reθ0
≈ 2300 in LES. A series

of simulations have been carried out for several values of the incident shock strength
embodied in the deflection angle of the wedge generator in the experiment (ϕ), as reported
in Table 1. Specifically, test case B corresponds to the same deflection angle considered
by Piponniau et al. (2009).

The computational domain for the baseline test case B has an overall size Lx×Ly×Lz =
60δin×5.5δin×2δin (where δin is the inflow boundary layer thickness, based on 99% of the
external velocity) and is discretized with a grid consisting of 481× 104× 31 points. The
grid points are uniformly spaced in the streamwise and spanwise directions, are clustered
in the wall-normal direction according to a hyperbolic sine mapping up to y = 2δin,
and are uniformly spaced up to the upper boundary. In terms of wall units (evaluated
upstream of the interaction zone), the streamwise spacing is ∆x+ ≈ 33, and the spanwise
spacing is ∆z+ = 18. The spacing in the wall-normal direction (∆y+) ranges between
0.96 at the wall and 34 at the edge of the boundary layer. The mesh for the other test
cases is very similar in terms of resolution. However, for the stronger interactions the
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Figure 1. Distribution of flow properties across the interaction zone (axes not to scale). Lines:
LES test case B; flooded contours: Piponniau et al. (2009). The same contour levels are used for
the two datasets, and 15 equally spaced levels are depicted in all frames. (a) u/u∞ (contours
from -0.01 to 1); (b) urms/u∞ (contours from 0 to 0.24); (c) vrms/u∞ (contours from 0 to 0.09);
(d) −u′v′/u2

∞ (contours from -0.001 to 0.006). Color scale from black to white. Refer to the
on-line version of the paper for color representation.

length and the height of the computational domain were suitably extended. For all the
calculations here presented, the recycling station is located at a distance xrec = 40δin

from the inlet, which is sufficient to guarantee proper streamwise decorrelation of the
boundary layer statistics, thus preventing any spurious low-frequency motions associated
with artificial inlet conditions. The shock impingement point is set at ximp/δin = 50
for test cases A-C and at ximp/δin = 57 for test case D. The calculations have been
advanced in time until statistical steadiness is achieved, and samples of the full three-
dimensional field have been collected at time intervals of 0.67 δin/u∞. Samples of the
wall pressure field have also been collected at shorter time intervals of 0.05 δin/u∞ to
guarantee sufficient resolution for frequency analysis. The time span of the calculations
(see Table 1) guarantees coverage of frequencies down to at least St ≈ 0.001, the Strouhal
number being based on the upstream boundary layer thickness and free-stream velocity,
St = fδ0/u∞.

2.3. Statistical flow properties

A comparison of the velocity statistics with the reference experimental data of Piponniau
et al. (2009) across the interaction zone is reported in Fig. 1 for test case B. To compensate
for the difference in Re between LES and experiment the axes have been rescaled (Délery
& Marvin 1986) with respect to an interaction lengthscale (L), defined as the distance
between the nominal impingement point of the incoming shock (ximp) and the apparent
origin of the reflected shock. Having introduced scaled interaction coordinates as x̃ =
(x − ximp)/L, ỹ = y/L, the results reported in Fig. 1 show that the structure of the
interaction zone is well recovered. Specifically, the thickening of the boundary layer is well
reproduced, as well as the amplification of the Reynolds stresses past the interaction zone,
which is associated with the shedding of spanwise vorticity generated in the separated
region (Pirozzoli & Grasso 2006; Piponniau et al. 2009).
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Figure 2. Mean velocity fields for test cases A-D. Twenty-three contour levels are shown,
−0.1 ≤ u/u∞ ≤ 1. The dashed lines indicate regions of reversed flow.

Figure 3. Pre-multiplied pressure spectra (fE(f)) for test cases A-D. The spectra are normal-
ized such that their integral over frequency is unity, for all x∗. Twelve contour levels are shown,
from 0 to 0.6 (the color scale going from white to black). The dashed vertical lines indicate the
position of the reflected shock foot. The chained horizontal line denotes the cut-off frequency
chosen for test case D.

The effect of varying the strength of the incident shock can be qualitatively demon-
strated from inspection of Fig. 2, where the distribution of the average streamwise velocity
in the x − y plane is reported. Note that lengths are made nondimensional with respect
to the boundary layer thickness upstream of the interaction (δ0 ≈ 1.65 δin), and the
following nondimensional coordinates are introduced, x∗ = (x − ximp)/δ0, y∗ = y/δ0, to
highlight changes in the extent of the interaction zone. Figure 2 shows the occurrence
of a weak interaction for test cases A and B, the main effect being a thickening of the
boundary layer, whereas a typical SBLI pattern, with a wedged-shaped interaction zone
and extensive separation, is observed for cases C and D.

The unsteadiness in the interaction zone is clearly brought out by the analysis of the
pre-multiplied wall pressure spectra, shown in Fig. 3 as a function of the Strouhal number
for all stations in the interaction zone. Upstream of it, the spectra are bump-shaped, as for
canonical wall-bounded flows, the peak being attained at St ≈ 1. A qualitative change is
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Figure 4. High-pass (frames a-b) and low-pass (frames c-d) filtered pressure fluctuation fields
for test case D at time instants spaced by ∆t = 0.026 δin/u∞ (a-b), ∆t = 261.5 δin/u∞ (c-d).
Color scale from white (negative values) to black (positive values).

observed near the foot of the reflected shock (highlighted with a dashed line in the figure)
where substantial energy content at lower frequencies is found. A clear secondary peak
in the pre-multiplied spectra is observed starting from test case B, whose characteristic
frequency decreases with increasing shock strength. This is most evident for test case D,
even though the lowest frequencies are only marginally resolved with the available time
sample. A clear shift in the pressure spectra toward lower frequencies is also observed
past the interaction zone, which is associated with thickening of the boundary layer.

3. Flow analysis

3.1. Spectral analysis

The SBLI dynamics is here investigated by means of standard Fourier analysis. High- and
low-pass filtering is applied to the computed LES flow fields about a cut-off frequency
selected between the low- and high-frequency maxima, as determined from the maps of
Fig. 3. For test case D, which is considered here, this cut-off is taken at St = 0.01 (see
Fig. 3D). The high- and low-pass filtered fields of pressure fluctuations are depicted in a
longitudinal plane in Fig. 4. Two snapshots are reported for each field to provide an idea
of the filtered flow evolution. The figure suggests that the low- and the high-frequency
filtered fields correspond to distinct flow dynamics. Specifically, the high-frequency part of
the flow (shown in frames a-b) is prevalently associated with turbulence in the boundary
layer and with the formation of vortical structures in the interaction region that propagate
downstream of the shock, as can be inferred by carefully looking at the evolution of the
pressure dips. On the other hand, Fig. 4(c-d) suggests that the low-frequency end of
the flow spectrum is related to a breathing motion of expansion and compression of
the separation bubble, clearly coupled with upstream and downstream excursions of the
reflected shock. The analysis reported in the next two sections is intended to help clarify
this issue.
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Figure 5. Results from DMD on case C. Left: Spectrum of eigenvalues. Right: Modal amplitude
of pressure |p̂|2 taken at the wall, scaled by average amplitude in the upstream boundary layer.
Typical low-frequency modes with St = 0.0087 (solid) and St = 0.0074 (dashed); a typical
high-frequency mode with St = 0.9 (dash-dotted).

Figure 6. Results from DMD on case C. Contours of u′ from single mode with St = 0.0087
(left) and St = 0.9 (right). Figures taken at four equally spaced phase intervals. The mean field
is added for ease of visualization. The thick dashed lines show the mean sonic line. Refer to the
on-line version of the paper for color representation.

3.2. Dynamic mode decomposition

Dynamic Mode Decomposition (DMD) is a recent method that allows for a modal de-
composition based solely on data, not requiring a numerical solver (Schmid 2010). If the
Navier-Stokes dynamical system is represented as a mapping in time u(tn+1) = Mu(tn),
then the DMD algorithm extracts approximate eigenvalues and eigenmodes of a reduced-
order representation of the operator M. Each DMD mode is associated with a single
temporal frequency, as opposed to POD modes that, in general, have broadband tem-
poral frequency contents. This suits the present study, given our desire to extract the
low-frequency unsteadiness. For linear M, the DMD modes correspond to global modes,
whereas for time-periodic data, the DMD modes reduce to the standard Fourier modes.

The DMD algorithm was applied to snapshots of fluctuations of the flow variables
taken in the sub-domain x∗ ∈ [−12, 4.7], y∗ ∈ [0, 2.7]. In the following, only results from
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case C are reported. The projection of M onto a lower-dimensional space requires a
norm, which is taken here as

∫

{

ρ
u′

iu
′

i

2
+

p′p′

2γp
+

(γ − 1) p s′s′

γR2

}

dx∗dy∗ , (3.1)

where s is the thermodynamic entropy, and R = cp − cv is the gas constant. While
previous applications of DMD have been limited to a few hundred snapshots (Rowley
et al. 2009), many more are required for SBLI analysis, because of the separation in
frequencies between the low-frequency unsteadiness and the high-frequency turbulence.
The results shown here used 2048 snapshots spaced at intervals of ∆t u∞/δ0 = 0.406,
for a maximum resolvable Strouhal number of 1.23. Thus portions of the high-frequency
part of the spectrum are under-sampled. The minimum Strouhal number represented by
the DMD is 0.0012, which allows to resolve the low-frequency peak for test cases A-C
(see Fig. 3).

The spectrum of the eigenvalues λ associated with the reduced-order representation
of M is shown in Fig. 5(a). Essentially all eigenvalues lie on the unit circle, which is to
be expected for this statistically stationary system. Although DMD is equivalent to a
global mode analysis for linear systems, the fact that the nonlinear system is statistically
stationary makes it clear that there can be no growing or decaying modes in the limit
of infinitely numerous snapshots. Figure 5(b) shows the energy |p̂|2 in the wall-pressure
field for each mode, where it has been scaled by the level in the incoming boundary layer.
The typical high-frequency mode has a similar level throughout the domain, albeit with
a small amplification in the interaction region. The low-frequency modes, on the other
hand, are much more energetic in and behind the interaction region. Figure 6 shows the
typical shape of a low- and a high-frequency mode. The low-frequency mode exhibits
a breathing motion, whereby the separation bubble grows and shrinks periodically. Al-
though hard to see in the figure, this is associated with a back-and-forth movement of
the reflected shock. Apart from this breathing, there is little activity in the low-frequency
mode and notably, no structures reminiscent of turbulence. The high-frequency mode,
on the other hand, exhibits clear turbulent structures especially in the region of the
separated shear layer. In this case, the size of the separation bubble remains essentially
constant in time in both the streamwise and wall-normal directions.

3.3. Global linear stability analysis

The global stability of SBLI is investigated in this section. As a first attempt, following
the suggestion of Touber & Sandham (2009), we have computed a series of initial-value
problems for a linearized Navier-Stokes operator. Let u be the vector of conservative
variables, u be its ensemble average, and u

′ denote fluctuations thereof. Also, let R(u)
be the right-hand-side of the Navier-Stokes operator. We consider the following dynamical
system

∂u
′

∂t
= R(u) −R(u), (3.2)

that is assumed to govern small disturbances from the mean flow state. A series of
simulations have been carried out for test cases B and C, by initially perturbing all state
variables with random disturbances limited to the boundary layer zone, whose maximum
amplitude is 10−6 times their respective mean values. The results show the emergence of
a dominant, quasi-two-dimensional, exponentially growing mode, whose shape is depicted
in Fig. 7 (top row). The mode is qualitatively very similar to the one found in the initial-
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Figure 7. Visualization of unstable, non-oscillatory modes (axes not to scale). Fourteen equally
spaced contours of (ρu)′ are shown in all frames. Dashed lines denote negative values. Top row:
initial-value calculations; bottom row: global stability analysis. The thick solid line indicates the
u = 0 contour.

value calculations of Touber & Sandham (2009). In terms of streamwise momentum
fluctuations, the modes depicted in Fig. 7 consist of an acceleration in the region above
the mean dividing streamline, and a deceleration in its proximity, corresponding to an
overall expansion of the separation bubble, with an upstream motion of the reflected
shock. Of course, since the amplitude and the sign of the retrieved modes are arbitrary,
the opposite case of separation bubble compression, accompanied by downstream motion
of the reflected shock, is also equally possible.

While the long-time behavior is an important measure of a dynamic system (especially
if it is unstable), theory predicts other global modes with lesser temporal growth rates,
which together with the leading global mode form a complete set describing the system
dynamics. To this end, the Arnoldi method is used here to analyze the linearized Navier–
Stokes dynamics by extracting the least stable eigenvectors. The method is interfaced
with the LES solver, which provides an approximation for the action of the Jacobian
operator upon a perturbation field, as expressed by the right-hand-side of Eq. (3.2). Note
that the effect of the nonlinearities inherent to the turbulence of the boundary layer is
implicitly incorporated in the mean flow used for the stability analysis (u). To yield a
sufficiently well-conditioned problem, we found it necessary to preliminarily smooth the
mean field close to the shock, as pointed out by Crouch et al. (2007).

Figure 8 shows the spectrum of the 100 least stable eigenvalues (ω) resulting from global
mode analysis applied to test cases B and C. In both cases we observe the occurrence
of a single unstable mode with zero real part. The examination of the shape of such
non-oscillatory mode (shown in the bottom row of Fig. 7) reveals it to well match those
found with the initial-value calculations. Because this mode is the least stable and thus
governs the long-time linear dynamics, this agreement is to be expected and serves as a
verification that the Arnoldi method is functioning properly.

In addition to the unstable, non-oscillatory mode, we also observe a cluster of slightly
damped (marginally stable) modes with frequency in the range 0 ≤ Str = (ωr/2π)δ0/u∞ ≤
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Figure 9. Instantaneous streamlines in one complete cycle of the marginally stable very-low-fre-
quency global mode highlighted in Fig. 8 (base flow C). Note that these are not streamlines of
the complete flow (see the related discussion in the text).

0.05. The effect of increasing the shock strength is the reduction of the stability margin
of the damped modes, whose frequency is also further reduced. Figure 9 shows the evolu-
tion of one such very-low-frequency global mode through one cycle for test case C. In the
figure the instantaneous streamlines are determined by adding the scaled eigenmode to
the mean flow, the scaling factor being set to a convenient value to aid in visualization.
As such, this type of representation helps to visualize the linearized dynamics about the
base flow, but it does not necessarily correspond to any genuine nonlinear dynamics as-
sociated with LES. In this representation, the bubble is observed to grow until it splits
in two and sheds some of its vorticity, at which point the cycle recommences. The shock
(not visible in the selected representation) is found to oscillate in the streamwise direc-
tion at the same low-frequency, although slightly out-of-phase with the growth-and-split
cycle of the bubble. Despite the above stated limitations, we thus find that the linearized
analysis qualitatively reproduces the shedding of vorticity past the separation bubble
that is found both in experiments and in numerical simulations.
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4. Conclusions

The unsteady features of SBLI have been investigated using an LES database. The
results confirm previous findings showing the occurrence of very-low-frequency motions
near the foot of the reflected shock. Specifically, our data suggest that for strong inter-
actions with massive flow separation significant energy is present at frequencies that are
three orders of magnitude smaller than those typical of the boundary layer turbulence.
Standard and non-standard modal decomposition of the flow highlights the occurrence
of two distinct flow modes, one associated with the turbulence structures embedded in
the upstream boundary layer, and propagating across the interaction zone, and another
associated with a cyclic expansion and contraction (breathing) of the separation bub-
ble, accompanied by fore-and-aft motion of the reflected shock. The question then arises
whether the latter mode emerges as a consequence of the amplification of upstream
very-low-frequency motions with small energy content, or to the intrinsic dynamics of
the separation bubble. A partial answer to this question comes from the linear global
stability analysis of the flow, performed on the basis of time-averaged LES fields. The
analysis confirms previous findings of Touber & Sandham (2009), that support the occur-
rence of a non-oscillatory, exponentially growing mode. However, quite interestingly, the
analysis also shows the emergence of several oscillatory, weakly damped modes having
eigen-frequencies comparable to the low-frequency motions observed in full LES. More
interestingly yet, their shape bears resemblance to the breathing motions observed in
the low-pass filtered flow fields. With the obvious caveats that the stability analysis here
reported is based on the mean LES fields, and that it is limited to two space dimensions,
it is tempting to associate the observed low-frequency dynamics with the occurrence
of marginally stable modes. In this respect we argue that the non-oscillatory unstable
mode, if present, would be soon swamped by nonlinear effects. On the other hand, for
a marginally stable mode to survive, some (even low amplitude) excitation is necessary,
which might lock the system into a limit cycle. Even though we are not able to give
the final word regarding the physical mechanisms responsible for the onset of very-low-
frequency motions, chances are that the answer may lie in the intrinsic separation bubble
dynamics, but some continuous forcing from the upstream boundary layer may be re-
quired for them to survive. We finally note that long time ago Plotkin (1975) postulated
that the shock motion is governed by the competing effect of a linear restoring mecha-
nism and stochastic forcing. The present work seems to provide a justification for that
theory.
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