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DNS analysis of a Re = 40,000 swirl burner

By V. Moureau†, P. Domingo†, L. Vervisch† AND D. Veynante‡

A premixed turbulent combustion Direct Numerical Simulation (DNS) database of a
swirl burner is analyzed from three angles: estimation of the three-dimensional flame
surface from two-dimensional fields; modeling of subgrid source and flux terms entering
the balance equation for the reaction progress variable in Large Eddy Simulation (LES);
and modeling of the subgrid-scale scalar variance in LES. The 2.6-billion-cell unstructured
mesh DNS features a flow Reynolds number of 40,000 and a turbulent Reynolds number
of 1,400. The new model proposed for the subgrid-scale scalar variance is also tested
performing LES of the same swirl burner.

1. Background and objectives

Premixed combustion modeling is a challenging task due to the broad range of scales
that interact in the flame brush. In Direct Numerical Simulations (DNS), all these scales
are resolved, including intermediate radical species that require mesh resolutions around
20 µm under atmospheric conditions for hydrocarbon fuels (Hawkes & Chen 2006). In
turbulent combustion modes where the flamelet assumption holds, the flame structure
may be mapped onto the major species and solving of intermediate radical species is not
mandatory for capturing global flame dynamics. DNS may then be performed using tabu-
lated chemistry with coarser mesh resolutions. This methodology was recently applied in
a semi-industrial swirl burner operated with a lean mixture of air and methane (Moureau
et al. 2010), where the Reynolds number at the swirler exit is approximately 40,000. The
database featuring a mesh of 2.6 billion tetrahedra was generated with the YALES2 code
developed at CORIA. This database is analyzed through filtering and averaging in or-
der to discriminate and validate existing LES combustion models, and to design a new
closure for the subgrid-scale (SGS) variance of scalars.

2. Description of the DNS database and flow solver

The chosen configuration is an aeronautical burner investigated experimentally and
numerically (Meier et al. 2007; Roux et al. 2005; Moureau et al. 2007; Galpin et al.
2008). YALES2 solves the low-Mach Navier-Stokes equations with a projection method
for constant and variable density flows. These equations are discretized with a 4th-order
central scheme in space and a 4th-order Runge-Kutta-like scheme in time. The Poisson
equation arising in the projection steps is solved with a highly efficient deflated conjugate
gradient. The mesh management of YALES2 allows very large meshes of billions of cells
to be handled. It features mesh and solution pre-partitioning and homogeneous mesh
refinement based on a non-degenerescent tessellation algorithm for tetrahedrons (Rivara
1984).
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Figure 1. Left: Iso-Q criterion in the swirler and in the combustor (cold-flow simulation).
Right: Temperature field in the median plane.

In the database, combustion is assumed to be fully premixed, which allows us to
model it only through an adequate progress variable. The LES runs are performed with
the localized dynamic Smagorinsky model (Germano et al. 1991) and the PCM-FPI SGS
combustion closure (Domingo et al. 2008), whereas the DNS is performed without any
model, aside from the premixed flamelet chemistry tabulation.

The DNS features a 2.6-billion-cell unstructured mesh, with a resolution of 100 µm
that is sufficient to resolve most of the turbulent scales, since an approximation of the
Kolmogorov scale in the free shear layers developing away from walls, based on the
integral length scale and the turbulent Reynolds number, gives an estimate of η = 29 µm
in fresh gases and more than 200 µm in burned gases. The equivalence ratio of the
methane/air flame is around 0.83, corresponding to a thermal flame thickness based on
the maximum temperature gradient of about 450 µm. Thus, the progress variable profile
is resolved with approximately ten points. Figure 1 shows iso-Q criterion surfaces in the
cold flow case to illustrate the high intensity of turbulence that is captured in the DNS,
along with an instantaneous temperature field for the reactive case evidencing the high
level of wrinkling of the flame front.

3. Flame surface analysis

The DNS database is first used to investigate the estimation of three-dimensional flame
surface density Σ from two-dimensional measurements (Σ2D) as obtained, for example,
from Rayleigh scattering or planar laser-induced fluorescence, following our work during
the last Summer Program (Veynante et al. 2010). Two models are compared to DNS
data. The first assume isotropic distribution of the instantaneous unit vector normal to
the flame front (Σiso) while the second (Σmod) involves m2D

y , the fluctuating part of the
transverse component of the two-dimensional unit vector normal to the flame front. The
measuring plane contains the downstream direction, and the fluctuations of the normal
vector are assumed to be similar in both transverse direction, see Veynante et al. (2010):

Σiso =
4

π
Σ2D ; Σmod =

√(
1 + 〈m2D

y m2D
y 〉

s

)
Σ2D , (3.1)

where < · >s denotes flame surface averages. Figure 2 compares the total flame sur-
face as extracted from DNS and its estimates from Σiso and Σmod from two-dimensional
“measurements” (also extracted from DNS). Both models perform well even if Σmod pro-
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Figure 2. Downstream evolution of the total flame surface density
R R

Σ dy dz, where y and z
denote transverse directions, as extracted from DNS (bold line) and estimated from two-dimen-
sional measurements (Σ2D , thin line) using Eq. (3.1). Dots: Σmod; crosses: Σiso.

∆1 ∆2 ∆3 ∆4 ∆5 ∆6 ∆7 ∆8 ∆9

∆ [mm] 0.3 0.4 0.6 0.8 1.0 1.2 1.5 2.0 2.5
∆/h 3.0 4.0 6.0 8.0 10.0 12.0 15.0 20.0 25.0
ℓT /∆ 23.0 17.5 11.6 8.7 7.0 5.8 4.6 3.5 2.8
∆/η 10.0 13.3 20.0 26.6 33.3 40.0 50.0 66.6 83.3
∆/δL 3.8 5.1 7.7 10.2 12.8 15.4 19.2 25.6 32.0
∆/δ0

L 0.7 0.9 1.4 1.9 2.3 2.8 3.5 4.7 5.9

Table 1. Resolution parameters for the LES filtering. ∆: LES filter size; h: DNS characteristic
resolution; ℓT : Integral length scale; η: Kolmogorov scale; δL = ν/SL: Diffusive flame thick-
ness computed from flame speed and molecular viscosity; δ0

L: thermal flame thickness based on
temperature gradient.

vides the best estimate, albeit requiring determination of the instantaneous components
of the unit vector normal to the flame front in the measuring plane.

4. A priori test of combustion dynamic modeling

Dynamic modeling of the premixed combustion source is analyzed following the frame-
work proposed by Charlette et al. (2002b). The generic reaction rate is written as

ω̇ (c) = Ξ∆

W∆ (c̃)√
∆2 + δ0

l

2

, (4.1)

while the wrinkling factor, measuring the ratio of SGS to resolved flame surface is given
by (Charlette et al. 2002a):

Ξ∆ =

(
1 + min

[
∆

δ0
L

− 1, Γ

(
∆

δ0
L

,
u′

∆

S0
L

, Re∆

)
u′

∆

S0
L

])β

, (4.2)

where ∆, S0
L, δ0

L, u′

∆
, and Re∆ = u′

∆
∆/ν are the filter size, the laminar flame speed and

thickness, the SGS turbulence intensity and Reynolds number, respectively, and ν is the
fresh gas dynamic viscosity. The reaction rate W∆ depends only on resolved variables;
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here the Boger et al. (1998) closure, W∆ = 4ρuS0

l (6/π) c̃ (1 − c̃), is selected. Charlette
et al. (2002b) suggest looking for a model exponent because a linear expression may
lead to an ill-posed problem for large filter size ∆ and/or turbulent intensity u′

∆
values,

when the resolved contribution to the total flame surface becomes negligible against
the unresolved one. The Charlette et al. (2002b) expressions are slightly modified here.
Equation (4.1) was originally derived assuming that ∆ ≫ δ0

L, and the contribution of
the laminar flame thickness δ0

L was neglected. A (−1) term has also been introduced in
Eq. (4.2) to maximize the wrinkling factor to (∆/δ0

L)β where the model parameter, β, is
related to the flame surface fractal dimension D through β = D − 2. As a first step, the
wrinkling factor Ξ∆ is assumed to correspond to this maximum value in the following
(i.e., sufficiently large SGS turbulence intensity).

The model parameter β is dynamically determined by writing that the total reaction
rate over a given volume, referred as < · >, is identical when expressed at scales ∆ and
∆̂ (“Germano-like” identity):

〈 ̂(
∆

δ0
L

)β
W∆ (c̃)√
∆2 + δ0

L

2

〉
=

〈(
∆̂

δ0
L

)β Wb∆

(
̂̃c
)

√
∆̂2 + δ0

L

2

〉
, (4.3)

assuming that the wrinkling factor is constant over the averaging volume, leading to:

β = log




〈Ŵ∆ (c̃)〉

√
∆̂2 + δ0

L

2

〈Wb∆

(
̂̃c
)
〉

√
∆2 + δ0

L

2



/

log

(
∆̂

∆

)
. (4.4)

A priori tests of this dynamic model are performed against the DNS database. Vol-
ume averaging < · > in Eq. (4.4) corresponds to slices of thickness ∆x = 2.5 mm in
the downstream direction x, and then β depends only on x. Figure 3 (left) displays the
downstream evolution of the reaction rate integrated over transverse directions as ex-
tracted from the database and estimated from Eqs. (4.1) and (4.4), with Ξ∆ = (∆/δ0

L)β

and the Boger et al. (1998) model for different values of the LES filter ∆. The resolved
contributions, corresponding to Ξ∆ = 1, are also plotted for reference. Figure 3 (right)
displays the spatial evolution of β(x).

Mere is good agreement between DNS data and a priori dynamic model predictions.
Results also evidence: i) the importance of the SGS model as the resolved contribution
is far below the total reaction rate (Figure 3 (left)); ii) the relevance of a dynamic model
as β evolves with x (Figure 3 (right)), showing that a flame/turbulence equilibrium is
not reached in the earliest flame developments; iii) as expected, β, linked to the flame
surface fractal dimension, depends only slightly on the filter size ratio. Overestimation of
the modeled reaction at the trailing edge of the turbulent flame (x ≥ 45 mm, Figure 3)
and the corresponding β increase are probably due to the decrease of the turbulent
intensity u′

∆
, which are not taken into account here in the wrinkling factor expression

Ξ∆. This point will be investigated in the future.

5. Subgrid and diffusive fluxes in the c̃ transport equation

In the transport equation for the Favre-filtered progress variable, c̃, the filtered con-
vective flux, ρuc, is usually decomposed as the sum of a resolved flux, ρũc̃, and an SGS
(or turbulent) flux, τsgs = ρuc−ρũc̃. A gradient diffusion (GD) assumption is often used
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Figure 3. Left: Downstream evolution of the reaction rate integrated over transverse direc-
tions (

R R
ω̇ dy dz). Bold line: DNS. Markers and thin lines: total and resolved reaction rates

( b∆/∆ ≈ 2.24). Square and continuous line: ∆5; triangle and dotted line: ∆7; circle and dashed
line: ∆8. Right: Downstream evolution of the β(x) model parameter. Circle: ∆5; square: ∆7;

triangle up: ∆8; triangle down: ∆9; filled symbols: b∆/∆ ≈ 1.8; open symbols: b∆/∆ ≈ 2.24. The
dotted-dashed line displays the total reaction rate normalized by its maximum values.

to close this subgrid scalar flux:

ρũic − ρũic̃ = −
µT

ScT

∂c̃

∂xi

. (5.1)

The turbulent viscosity, µT , is estimated with the same model as that appearing in the
unclosed SGS stress, and the SGS Schmidt number, ScT , is usually fixed to a value smaller
than unity. The GD assumption for the subgrid scalar flux has already been challenged
in the context of turbulent combustion with RANS (Reynolds Averaging Navier-Stokes),
where counter-gradient diffusion has been shown in experiments as well as in DNS (Vey-
nante et al. 1997). For LES, previous DNS studies (Domingo et al. 2005; Boger et al.
1998) have also shown GD and CGD. But contrary to what was observed with RANS,
no clear relation with the local intensity of turbulence was found. Moreover, in those
DNS, the SGS fluxes were of little consequence compared to the resolved one, suggesting
that the error incurred by GD assumption was without much consequence on the LES
predictive accuracy. However, these previous DNS were performed with very moderate
turbulent Reynolds number (less than 55) and were only two-dimensional. Then, revis-
iting the SGS scalar flux behavior on the present realistic database with a turbulent
Reynolds number of 1,400 will allow those previous observations to be consolidated (or
not) and, eventually, will allow construction of a more accurate closure. Figure 4 (top)
presents the evolution of the SGS fluxes in the three spatial directions for various filter
sizes. Conditional means on the filtered progress variable are used to present the results.
As expected, the SGS flux intensity increases as the filter size is increased. The GD as-
sumption (with ScT = 1) fails to describe the SGS fluxes in x and y directions, which
are of CGD type. To avoid spurious error minimization resulting from conditional aver-
aging over all the flame, only a portion of the flow is considered, explaining the different
behavior of ∇c in y and z directions in this axisymmetrical flame in mean level. The
GD assumption is realistic in the z-direction, with ScT = 0.5 providing an acceptable
agreement, even though the global profile shape is still not fully captured.

Figure 5 presents the divergence of the exact filtered convective scalar flux (continuous
line) compared to the divergence of the subgrid scalar flux (continuous line with symbol).
Unlike observations on weakly turbulent DNS (Domingo et al. 2005), here for represen-
tative filter sizes, the subgrid flux contribution is as high as 25% of the total flux in this
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Figure 4. SGS turbulent fluxes versus filtered progress variable: x-direction (left), y-direction
(center), z-direction (right). DNS (lines) versus model (lines with symbol). Top: gradient closure;
bottom: scale similarity hypothesis. Filter sizes: continuous line ∆1; dashed line: ∆3; dot-dashed:
∆6 (see Table 1).

realistic DNS, implying that a reliable closure needs to be provided for the subgrid term.
Following the scale similarity approach as originally proposed by Bardina et al. (1984),
the subgrid scalar flux may be written as

ũic − ũic̃ = C
(
̂̃uic̃ − ̂̃ui

̂̃c
)

, (5.2)

where .̂ represents a filtering operation with a filter test, ∆̂, equal or larger to ∆. The
model coefficient C can either be fixed or determined dynamically as proposed by Salvetti
& Banerjee (1995) for the SGS stress tensor. The relation of Eq. 5.2 is compared to the
SGS scalar flux extracted from DNS in the Fig. 4 (bottom) with C = 1 and a filter test
∆̂ = (4/3)∆. In x-direction, the closure performs poorly but the SGS flux is negligible
there. Otherwise, the model response stays very close to the exact SGS flux. A dynamic
model to determine the parameter C may help to obtain even better concordance.

Compared to the SGS scalar flux, the filtered diffusive flux appearing in the c̃ transport
equation has received less attention in the literature and is usually simply estimated as

ρD(T )
∂c

∂xi

∼ ρD(T̃ )
∂c̃

∂xi

. (5.3)

Recently, Fiorina et al. (2010) observed that this simple relation was incorrect even in
filtered 1D flames. To quantify the difference between the exact and the resolved diffusive
flux, a so-called SGS diffusion flux can be introduced:

τsgs,diff = ρD
∂c

∂xi

− ρD(T̃ )
∂c̃

∂xi

. (5.4)

The divergence of this SGS diffusive flux is plotted in Figure 5 (dashed line with symbol).
This term is of the same order as the exact term (dashed line) and is as large as the SGS
flux due to convection. Then, neglecting it, as is usually done (Eq. 5.3), may lead to an
inaccurate estimation of the flame propagation speed. The model proposed by Fiorina
et al. (2010), which tabulates a correction obtained from a filtered 1D flame, may improve
the estimation.
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Figure 5. Divergence of the convective and diffusive fluxes vs ec for ∆6. Continuous line:
div (ρuc). Continuous line with symbols: div (ρuc − ρũc̃). Dashed line: div
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´
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6. Scalar variance modeling

6.1. Model description and a priori validation

The SGS scalar energy is one of the basic inputs of turbulent combustion modeling
(Pitsch 2006), for instance to calibrate the shape of presumed probability density func-
tions used to filter tabulated detailed chemistry (Domingo et al. 2008). Calculation of
the corresponding SGS scalar variances has been the subject of numerous studies and
developments (Cook & Riley 1994; Pierce & Moin 1999; Vervisch et al. 2010). Approaches
based on either direct and dynamic estimations of the variance or on its balance equation
have been attempted. An alternative is now discussed, grounded on the exact decompo-
sition of the variance into a part computable from the resolved field and an unknown
residual contribution.

Any scalar signal c(x, t) = c̃(x, t)+c′′(x, t) may be decomposed into c̃(x, t), the filtered
part that is resolved on the mesh, and c′′(x, t), an unknown SGS part. Following the
so-called modified Leonard decomposition, the SGS variance may be cast in

cv = c̃c − c̃ c̃ = Lφ + Mφ , (6.1)

with a resolved term Lφ = ˜̃c c̃ − ˜̃c ˜̃c and an unknown contribution Mφ = 2(c̃′′c̃ − c̃′′ ˜̃c) +

c̃′′ c′′ − c̃′′ c̃′′.
In the asymptotic case of a bimodal probability density function of the progress variable

c, the SGS variance is a simple function of the resolved function cmax
v = Fv(c̃) = c̃(1−c̃). It

is proposed to adopt this distribution for the modeled part, but to calibrate its amplitude
with a parameter K to be determined dynamically: Mφ = K Fv(c̃). The modeled variance
would then read

cv = ˜̃c c̃ − ˜̃c ˜̃c + K Fv(c̃) . (6.2)

To compute K dynamically according to local flow properties, a test filtering operation
denoted ·̂ and of size (4/3)∆ is introduced along with its mass-weighted filtering form
˜̃c∗ = ρ̂c̃/ρ̂. Both a usual dynamic procedure (Eq. 6.3) and the direct application of the
model to the scales between filtered and test filtered (Eq. 6.4) have been attempted to
determine K. These two options read as

˜̃c c̃
∗

− ˜̃c∗ ˜̃c∗ =
˜̃̃
c ˜̃c

∗

−
˜̃̃
c
∗ ˜̃̃
c
∗

+ K
[
Fv (̃c̃

∗

) − F̃v(c̃)
∗
]

(6.3)

=
˜̃̃
c
∗ ˜̃c∗

∗

−
˜̃̃
c
∗
∗ ˜̃̃
c
∗
∗

+ K Fv (̃c̃
∗

) , (6.4)
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Figure 6. A priori test of Eq. (6.2), conditional mean of SGS variance versus DNS. Symbols:
Eq. (6.3). Full symbols: Eq. (6.4). Circle: ∆2; triangle-up: ∆3; triangle-down: ∆6 (see Table 1).

in which all terms are computable, to then determine K.
Figure 6 shows the result of a priori DNS tests of Eq. (6.2) combined with Eq. (6.4)

for the dynamic determination of the parameter K. Here, K is computed at every flow
location within the flame, i.e., where c̃ is different from zero and unity. The conditional
mean of the predicted cv for the values measured in the DNS is shown in Figure 6 for three
typical filter sizes. As expected, when the filter size approaches the integral length scale,
high levels of SGS variance are difficult to predict (Vervisch et al. 2010), but otherwise
the model performs well. In the following, Eq. (6.4) is retained to compute K.

6.2. A posteriori validation

A priori tests provide a direct assessment of closures in an environment where the rele-
vant variables are known exactly, but those tests obviously suffer from a lack of feedback
mechanisms and accumulation of related errors, which must be considered in unsteady
simulations (Geurts & Fröhlich 2002). It is therefore essential to proceed with actual LES
runs to fully determine the new closure accuracy. To this end, the proposed SGS variance
model was implemented in YALES2 during the Summer Program and an LES with a
mesh of 14 million tetrahedra (∆/η ≈ 13 and ℓT /∆ = 1.77) was performed using the
PCM-FPI closure (Domingo et al. 2008), in which the SGS variance calibrates a filter-
ing operation applied to a premixed laminar flamelet with a beta-presumed probability
density function.

The mean and rms CO2 concentration profiles at several locations in the burner are
presented in Figure 7. The first conclusion is that Eq. (6.2) couples well with the iterative
solution and preserves its prediction capabilities observed in the a priori tests; the local
SGS variance is then dynamically determined according to local flow properties, without
resorting to a balance equation and taking advantage of the exact decomposition of
the scalar signal. Notice that this experiment is known to have an important 3/4 wave
acoustic mode (Lartigue et al. 2004), which could explain an increase of all fluctuation
levels which is not fully captured by the present LES.

7. Summary

Estimations of three-dimensional flame surface from two-dimensional measurements
have been tested from DNS of a premixed swirl burner. Then, a dynamic formulation
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Figure 7. CO2 mass fraction. Left: Mean. Right: Rms. Circle measurement. Dash-line: LES.

for the filtered burning rate of a progress variable has been validated against the DNS
results, also used to probe unresolved SGS diffusive and convective fluxes; for the latter,
a dynamic formulation was discussed. The unresolved part of the molecular diffusive
budget, usually neglected in LES, is found of the same order of magnitude as the transport
by unresolved velocity fluctuations. Finally, a new dynamic closure was proposed for the
SGS variance of scalar and tested in both a priori and full LES of the burner.
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