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Virtual origins in turbulent flows
over complex surfaces
By G. Gómez-de-Segura†, A. Sharma†

AND

R. Garcı́a-Mayoral†

The effect of tangential slip and wall-normal transpiration on turbulent flows over different complex surfaces is investigated. For small texture sizes, we observe that the change
in drag over both drag-increasing and -decreasing surfaces can be expressed as a linear
function of the difference in virtual origins perceived by the mean flow and the turbulence,
as anticipated by the theory. Turbulence over these surfaces remains smooth-wall-like,
albeit with the position of the notional wall shifted to the virtual origin of turbulence.
For texture sizes in this linear regime, the surfaces can be modeled using homogeneous
Robin boundary conditions. For larger texture sizes, where drag-degrading effects such
as Kelvin-Helmholtz instabilities occur, we present preliminary work to model them using an impedance boundary condition between the wall-normal velocity and the pressure.

1. Introduction
Complex surfaces such as riblets, superhydrophobic surfaces, permeable substrates,
or canopies can alter near-wall turbulence and cause an increase or decrease in drag
compared to smooth walls. In the present work we aim to explore a unified theory to
explain the change in drag due to complex surfaces with small texture sizes. The theory
will aid in the formulation of simplified models that capture the effect of these surfaces on
the drag and the overlying turbulent flow, without running computationally expensive,
texture-resolved simulations. Part of the objective is to bound the range of sizes for which
the theory applies.
In flows over smooth surfaces, an origin on the wall-normal coordinate can be defined at the surface itself, where all three velocity components vanish. Over complex
surfaces, however, the velocity components may appear to vanish at different heights
from a macroscale point of view, as the overlying turbulence does not perceive the detail
of the texture. Different virtual origins can then be defined for the different components.
Taking as reference the plane of the outermost tips of the texture, where we set y = 0,
these origins will be at a depth below ℓu , ℓv , and ℓw for the streamwise, wall-normal and
spanwise velocities, respectively.
Studies on how these virtual origins affect near-wall turbulence date back to the 1990s.
Luchini et al. (1991) and Jiménez (1994) noted that the drag reduction over riblets was
caused when the virtual origin perceived by the mean flow was deeper than the one
perceived by the overlying turbulence. Luchini et al. (1991) proposed that the origin for
turbulence was that perceived by quasi-streamwise vortices. Recently, Gómez-de-Segura
et al. (2018) have shown that the effect of virtual origins on the flow can be modeled
through the use of Robin boundary conditions on the three velocities,
u|y=0 = ℓx

∂u
∂y

y=0

w|y=0 = ℓz

∂w
∂y

and
y=0

v|y=0 = ℓy
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∂v
∂y

,
y=0

(1.1)
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Figure 1. Sketch of the virtual origins for (a) the mean flow, ℓ+
U , and (b) quasi-streamwise
+
vortices, ℓ+
T . A quasi-streamwise vortex, inducing cross-flow w , is sketched in (b).

where ℓx , ℓz , ℓy are the proportionality coefficients between the velocities and their corresponding wall-normal gradients, with ℓx and ℓz generally referred to as the streamwise
and spanwise slip lengths, respectively. By extension, in the present study, we also refer
to ℓy as the wall-normal slip length, even if it does not properly relate to a slip effect.
+
+
+
+
+
For values of a few wall units, ℓ+
u ≈ ℓx , ℓw ≈ ℓz , and ℓv = f (ℓy ), with full details in
Gómez-de-Segura et al. (2018).
Gómez-de-Segura et al. (2018) also noted that, while the virtual origin of the mean
flow is given by the streamwise slip length, ℓU ≈ ℓx , the origin for turbulence is located at
an intermediate plane between ℓv and ℓw and is a function of the slip lengths ℓy and ℓz .
The offset in the logarithmic region of the mean velocity profile over a complex surface
with respect to that over a smooth-wall is then

where

+
∆U + ≈ ℓ+
U − ℓT ,



ℓ+
z

(1.2)
ℓ+
y



−

(1.3)
,
1 +
1 + (ℓz − ℓ+
y)
4
with the superscript + denoting viscous units. In the present study, we express the drag
reduction, or increase, produced by the complex surface (DR) in terms of ∆U + , as the
latter is invariant to changes in the friction Reynolds number, Reτ (Spalart & McLean
2011; Garcı́a-Mayoral et al. 2018). The actual drag reduction is DR = −∆cf /cf 0 =

+ 2
+
1 − 1/ 1 + ∆U + /Uc0
, where cf 0 is the friction coefficient over a smooth wall and Uc0
is the centerline velocity in the channel (Garcı́a-Mayoral & Jiménez 2011).
From Eq. (1.2), it can be inferred that if the origin for the mean flow is deeper than
that for the quasi-streamwise vortices, drag is reduced and vice versa. The obtained drag
reduction can be attributed to the decrease in turbulence mixing caused by the quasistreamwise vortices being further away from the origin perceived by the mean flow than
they are over a smooth wall, as illustrated in Figure 1. Note that this effect is analogous
to that observed in opposition control (Choi et al. 1994).
The theory expressed by Eq. (1.2) holds only if the virtual origins are displaced from
the reference plane by no more than a few wall units, so the near-wall cycle is perturbed
but not destroyed. This implicitly assumes, for instance, that the reference plane is immediately above the surface and that the tangential velocities are locally linear, so that
+
+
+
ℓ+
u ≈ ℓx and ℓw ≈ ℓz . The theory is valid, therefore, only when the texture size is
 + +
ℓ+
T = min ℓz , ℓy +
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vanishingly small compared to the characteristic lengthscales of near-wall turbulence. As
the size of the texture is increased, the linear behavior eventually breaks down, either
due to the texture modifying the overlying turbulence (Fairhall et al. 2018) or due to
additional deleterious effects. These effects are dependent on the type of complex surface
considered. For example, in riblets and anisotropic permeable substrates, the departure
from the linear regime is due to the appearance of Kelvin-Helmholtz-like instabilities
(Garcı́a-Mayoral & Jiménez 2011; Gómez-de-Segura et al. 2018). These instabilities are
also known to occur over canopies and would presumably cause the disruption of the linear regime. Over superhydrophobic surfaces, the deformation of gas pockets (Seo et al.
2015) or the formation of capillary waves (Seo et al. 2018) have been proposed as mechanisms for the breakdown of the linear regime.
In the present work, we study the applicability of the virtual-origin theory in predicting
the flow over different complex surfaces, in particular riblets, streamwise-preferential
anisotropic permeable substrates, structured and randomly distributed superhydrophobic
surfaces, and canopies. Two of the DNS data sets studied here are taken from Garcı́aMayoral & Jiménez (2011) for riblets; Fairhall et al. (2018) and Seo & Mani (2018)
for structured and randomly distributed superhydrophobic surfaces, respectively, and
Garcı́a-Mayoral et al. (2018) for permeable substrates. In section 2, we explore the extent
to which the flow over different complex surfaces perceives Robin boundary conditions,
as given in Eq. (1.1). For these to be valid, the velocities and their wall-normal gradients
should be correlated, with the correlation coefficients being equal to the slip lengths.
+
In section 3, we obtain the virtual origins for the mean flow, ℓ+
U , and turbulence, ℓT ,
+
from the slip lengths. From these virtual origins, we compare ∆U obtained from the
linear theory, Eq. (1.2), with the actual ∆U + measured in the DNSs. Section 4 discusses
the breakdown of the linear regime for different complex surfaces. We also introduce a
preliminary attempt to model flows over permeable substrates after their departure from
the linear regime. The conclusions are summarized in section 5.

2. Slip lengths in complex surfaces
+
+
In this section, we obtain the slip lengths ℓ+
x , ℓy , and ℓz from the DNS data sets of the
different complex surfaces. If the overlying flow effectively perceives slip-like boundary
conditions, the velocities and shear at the top of the surface should be correlated at all
instants in time, and these correlations would give the slip lengths. However, the surface
texture induces a texture-coherent flow in its immediate vicinity that may contaminate
the slip lengths obtained from the correlations, as discussed in Fairhall et al. (2018) for
superhydrophobic surfaces. Therefore, in order to obtain the slip lengths perceived by
the overlying turbulence alone, we must first filter out the texture-coherent flow from the
flow fields.

2.1. Decomposition of the flow for textured surfaces
Close to the wall, turbulent flows over textures exhibit a background component, caused
by the overlying turbulence and not coherent with the texture, and a texture-induced
component through which the footprint of the texture manifests in the flow. Triple decomposition (Reynolds & Hussain 1972), which can yield a texture coherent contribution
by averaging over time and over the ensemble of texture periods, is typically used to
quantify the intensity of both contributions. However, subtracting the above ensemble average from the signal does not completely remove the footprint of the texture.
Abderrahaman-Elena et al. (2018) and Fairhall et al. (2018) have recently proposed that
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the texture-induced flow is modulated in amplitude by the background turbulence. The
streamwise velocity can then be decomposed as
U + uT
(U + u
e),
(2.1)
U
where U is the mean velocity profile obtained by averaging in the wall-parallel directions
and time, uT is the turbulent component, and the tilde indicates ensemble averaging
over time and the texture period. In Eq. (2.1) U + u
e is the total coherent flow, which is
modulated in amplitude by the overlying turbulent flow, U + uT . The decomposition for
the spanwise turbulent velocity and other details about the decomposition can be found
in the above references. Using this decomposition, the resulting background turbulent
signal is essentially devoid of a texture footprint.
We apply the decomposition using two different methods. For surfaces that exhibit a
clear separation of scales between the texture-coherent flow and the overlying turbulence,
a Fourier filter can be used to isolate the latter. This is used to filter out the footprint
of the texture for riblets and canopies, as the texture sizes are small enough. For the
random superhydrophobic surfaces from Seo & Mani (2018), on the other hand, there is
no single texture wavelength as in the previous cases, and the many texture wavelengths
present have scales ranging up to the turbulent scales. This can be observed in the spectral
densities in Figure 2. In this case, instead of Fourier filtering, we apply the decomposition
algebraically as in Abderrahaman-Elena et al. (2018). Examples of full velocity signals
and their corresponding background turbulence component are portrayed in Figure 3,
showing that the decomposition leaves only a residual footprint of the texture on the
latter. The DNSs for anisotropic permeable substrates from Garcı́a-Mayoral et al. (2018)
do not require filtering, as the boundary conditions implemented to model the substrate
are already derived from homogenized models and have no texture effects. Once the
decomposition has been applied, we analyze the correlation between velocities and their
wall-normal gradients on the background turbulent signal alone.
u≈

2.2. Slip lengths from correlations
Fairhall et al. (2018) showed that once the turbulent components of the flow have been
extracted, velocity-shear correlations can be used to obtain the tangential slip lengths, as
experienced by the overlying turbulence. Following Fairhall et al. (2018), we calculate the
correlations in Fourier space, so that we can discriminate between different lengthscales
in the flow. We calculate the correlations between the three velocity components and
their wall-normal gradients at the tips of the complex surfaces, which give us the slip
+
+
lengths, ℓ+
x , ℓz and ℓy .
As an example, in Figure 4 we portray, for random superhydrophobic textures from
Seo & Mani (2018), the interfacial tangential velocities versus their respective shear.
As observed by Fairhall et al. (2018), the velocity-shear correlations obtained using the
turbulent velocity components are much better than those obtained from the full velocity components. As the turbulent components of the tangential velocities and their
wall-normal gradients are correlated across all wavelengths, we can define wavelength+
independent slip lengths, ℓ+
x and ℓz , from the slope of the linear fit of the correlations.
Note that in these simulations, the wall-normal velocity is set to zero at the texture
surface and hence ℓ+
y = 0. The scatter observed in Figure 4(d), which even if small did
not occur for the regular textures studied by Fairhall et al. (2018), is likely due to the decomposition in Eq. (2.1) not being able to completely remove the footprint of the texture
for the randomly distributed textures, as can be observed in Figure 3(d).
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(d)

Figure 2. Pre-multiplied energy spectra (a,c) kx kz Euu and (b,d) kx kz Eww for a random superhydrophobic surface with L+ = 26 from Seo & Mani (2018) at height y + = 0.056. (a,b) The
full velocity components. (c,d) The background turbulence components.

(a)

(b)

(c)

(d)

Figure 3. Instantaneous realization of the (a,c) streamwise and (b,d) spanwise velocity components over random superhydrophobic surfaces with L+ = 26 from Seo & Mani (2018) at height
y + = 0.056. (a,b) The full velocity components. (c,d) The background turbulence components.

3. Linear regime: comparison of DNSs and theory
From the slip lengths obtained, the virtual origins for the mean flow, ℓ+
U , and turbulence, ℓ+
,
can
now
be
estimated
using
Eq.
(1.3).
For
small
texture
sizes,
the
actual ∆U +
T
measured in the DNSs is described well by the offset between the two virtual origins, as
observed in Figure 5 for different complex surfaces. Equation (1.2), however, eventually
stops holding. The breakdown for each surface is discussed in the next section. Notably,
for the canopy geometries studied here, only the smallest appears to lie in the linear
regime. This canopy has a texture size L+ ≈ 2.5 and height h+ ≈ 10.
The basis behind the virtual-origin theory is that, over small texture sizes, turbulence
remains smooth-wall-like, except shifted in the wall-normal direction by ℓ+
T . This is illustrated by the mean velocity profiles and the turbulence fluctuations shown in Figure 6.
Given that the origin perceived by turbulence is at y + = −ℓ+
T , results are scaled with uτ
measured at this height. The profiles have also been shifted by ℓ+
T in y, so that they all
have a common reference plane. When defined this way, the profiles show a good collapse
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(a)

(b)

(c)

(d)

Figure 4. Instantaneous correlations between the magnitudes of the streamwise and spanwise velocities and their corresponding shears at the interface plane, y + = 0, for a randomly
distributed superhydrophobic surface from Seo & Mani (2018). Values are in Fourier space,
denoted by the hat superscript, with the streamwise wavelength increasing from light grey to
black. The dashed line represents the time-averaged slip length, defined by the linear fit of the
instantaneous velocities and shear. The solid line represents the slip length perceived by the
mean. In all cases, the phase is equal to zero, although it is not shown here. (a,c) The full
velocity fields. (b,d) The turbulent components of the velocities.
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Figure 5. ∆U for various complex surfaces as a function of the difference between virtual
+
origins ℓ+
U −ℓT . Anisotropic permeable substrates (PS) from Garcı́a-Mayoral et al. (2018), where
Kx /Ky is the anisotropy ratio; structured superhydrophobic surfaces (SHS) from Fairhall et al.
(2018); randomly distributed superhydrophobic surfaces from Seo & Mani (2018); riblets from
Garcı́a-Mayoral & Jiménez (2011); and canopies from present work.

with the smooth-wall data for the cases lying in the linear regime, confirming the idea
that turbulence remains unmodified. There is a small deviation in the profiles of u′+
in the region close to the surface, as u′+ perceives an origin close to that of the mean
+
[see Figure 4(b)] and it therefore decays linearly to y + = −ℓ+
= −ℓ+
x instead of y
T.
There are also minor deviations in the Reynolds stresses over random superhydrophobic
surfaces as compared to the smooth-wall profiles, which extend beyond the immediate
vicinity of the surface, y + . 25. These can be attributed to the differences in the friction
Reynolds number used in these simulations, Reτ ≈ 197.5, instead of Reτ ≈ 180 for the
other simulations.
In essence, Figures 5 and 6 show that, in the linear regime, flows over complex surfaces
+
are adequately described by ℓ+
U and ℓT . Therefore, we can model these surfaces using the
Robin boundary conditions of Eq. (1.1). For superhydrophobic surfaces, where ℓ+
y = 0,
the validity of this model has been shown by Fairhall et al. (2018) and Seo & Mani

Virtual origins in turbulent flows over complex surfaces
0.8

u′+

15

0.6

10

−uv ′+

2

0.4

w′+
1

5
0 0
10

(a)

3

u′+
i

+
U + − (ℓ+
U − ℓT )

20

283

0.2
v ′+

101

0

102

y + + ℓ+
T

0

10

(b)

20
y + + ℓ+
T

30

0

40

0

(c)

20

40

60

y + + ℓ+
T

Figure 6. (a) Mean velocity profile, (b) Root-mean-square (RMS) velocity fluctuations and (c)
Reynolds stresses for various complex surfaces scaled with the corresponding uτ at y = −ℓT .
, smooth-channel data. Symbols and colors correspond to the surfaces presented in Figure 5.
There are two cases for each surface: solid lines with full symbols, cases lying in the linear regime;
dashed lines with open symbols, cases lying in the degraded regime.

(2018), and, although not shown here, good agreement was also observed for anisotropic
permeable substrates.
In the present work, the slip lengths are obtained a posteriori from texture-resolved
DNSs. However, predictive expressions for slip lengths exist for some of the textures,
such as for superhydrophobic surfaces (Seo et al. 2015). It is also possible to obtain slip
lengths over small surface textures using computationally inexpensive Stokes simulations
(Seo & Mani 2016; Garcı́a-Mayoral & Jiménez 2011).
As the texture sizes increase, turbulence starts to deviate from that observed over a
smooth wall. The effect of the texture on the overlying flow can then no longer be ascribed
to a mere shift of virtual origins, as observed in Figures 5 and 6. In these cases, there are
additional mechanisms that occur in the flow that change the overlying turbulence.

4. Departure from the linear regime
As the size of the complex surface is increased, the linear regime eventually breaks
down, as observed in Figure 5. This breakdown occurs when the overlying turbulence,
and consequently the Reynolds stresses, are no longer smooth-wall-like (Garcı́a-Mayoral
& Jiménez 2011; Fairhall et al. 2018). The source of the excess Reynolds stresses depends
on the type of complex surface. For superhydrophobic surfaces with rigid interfaces, for
example, it is due to the overlying turbulent flow perceiving the granularity of the texture
Fairhall et al. (2018). For riblets and permeable substrates, in turn, the breakdown is a
result of the appearance of Kelvin-Helmholtz-like instabilities (Garcı́a-Mayoral & Jiménez
2011; Garcı́a-Mayoral et al. 2018). In this section, we focus on modeling the latter for
anisotropic permeable substrates.
4.1. Modeling Kelvin-Helmholtz-like instabilities
Previous studies have shown that the relaxation of the impermeability condition at the
wall is capable of eliciting the formation of Kelvin-Helmholtz-like instabilities (Jiménez
et al. 2001; Garcı́a-Mayoral & Jiménez 2011). They also show that this relaxation occurs
through a coupling of v and p at the interface plane located at the top of the complex
surface. Following these studies, we explore impedance boundary conditions of the form
v̂ = β p̂ to model the instability, where the hat denotes variables in Fourier space.
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(a)

(b)

Figure 7. Instantaneous correlations between the wall-normal velocity and pressure at the
interface plane, y + = 0, for an anisotropic permeable substrate in the degraded regime, with
streamwise, spanwise, and wall-normal permeabilities Kx+ = 30 and Kz+ = Ky+ = 0.23. Variables
are in Fourier space, with the streamwise wavelength increasing from light grey to black. (a)
Instantaneous correlation of the magnitudes. (b) Phase difference.

(a)

(b)

(c)

Figure 8. Magnitude and phases of the impedance coefficient between wall-normal velocity
and pressure for an anisotropic permeable substrate with Kx+ = 30 and Kz+ = Ky+ = 0.23.
+
(a) Magnitude of the analytically obtained coefficient Cvp
(the phase is always 180◦ ). (b) Magni+
+
tude of β . (c) Phase of β . The darkest regions in (b) and (c) correspond to wavelengths that
are not correlated. The line contours correspond to the spectral energy density of the wall-normal
velocity at y + ≈ 15 with contour levels (0:0.02133:0.1067)u2τ .

We use two approaches to obtain the impedance coefficient linking v̂ and p̂. In the
first approach, we calculate the correlations between the wall-normal velocity and the
pressure at the top of the permeable substrate obtained from the DNS a-posteriori. The
magnitude and phase of the correlations using instantaneous realizations are shown in
Figure 7 and the impedance coefficient, β, thus obtained is wavelength-dependent. A
map of the magnitude and phase of β for different wavelengths is shown in Figure 8(a,b).
In the dark regions of this figure, v and p are essentially decorrelated, and β is thus
set to zero. In the second approach, we use a reduced form of the boundary condition
obtained a priori to represent the permeable substrate in the DNSs. The flow within
the permeable substrate is solved analytically to yield homogenized boundary conditions
(Garcı́a-Mayoral et al. 2018). For the wall-normal velocity, we have
v̂ = Cvp p̂ + Cvu

dû
dŵ
+ Cvw
,
dy
dy

(4.1)

where the coefficients Cvp , Cvu , and Cvw are wavelength-dependent. We assume that the
coupling between v and p dominates once the instability sets in, so the modeled boundary
conditions for v reduces to v̂ = Cvp p̂. Note that here the impedance coefficient coupling
v̂ and p̂ is termed Cvp instead of β, to emphasize that in the first model β is measured
a posteriori and in the second Cvp is calculated a priori. The magnitude of Cvp across
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Figure 9. (a) Mean velocity profile, (b) Root-mean-square (RMS) velocity fluctuations and
,
(c) Reynolds stress for a permeable substrate with Kx+ = 30 and Kz+ = Ky+ = 0.23.
smooth-wall data; ◦ , actual permeable case;  , model with v̂ = Cvp p̂; ♦ , model with
v̂ = β p̂.

different wavelengths is shown in Figure 8(c). For the streamwise and spanwise velocities,
both models use the Robin boundary conditions of Eq. (1.1).
The mean velocity and the turbulent fluctuations obtained from these modeled boundary conditions are compared with those from the full boundary conditions in Figure 9.
These figures show that the Cvp model provides a better approximation for the flow
than the β model. Figures 8(a) and 8(c) show that, although Cvp and β are qualitatively
similar, their magnitudes and phases are different. The discrepancy in the value of the
impedance coefficients obtained from the two approaches will be investigated in future
studies.

5. Conclusions
In the present work, we have shown that the change in drag for a variety of complex surfaces can be expressed in terms of a unified theory based on virtual origins. For
sufficiently small texture sizes, the change in drag over permeable substrates, canopies,
riblets, and superhydrophobic surfaces can be expressed as the difference between the virtual origin for the mean flow and that for turbulence. In this linear regime, the overlying
turbulence remains smooth-wall-like, with the only effect of the texture being a shift in
the origin perceived by turbulence. Surfaces in the linear regime can be effectively modeled using homogeneous slip boundary conditions, without conducting texture-resolved
simulations. As the texture size is increased, the linear theory eventually breaks down as
additional drag-increasing mechanisms set in.
In riblets and anisotropic permeable substrates, the appearance of a Kelvin-Helmholtzlike instability is responsible for the breakdown of the linear regime. Present attempts
to model these instabilities have provided mixed results. A more refined model for the
breakdown mechanisms for different surfaces will be the focus of future investigations.
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Jiménez, J., Uhlmann, M., Pinelli, A. & Kawahara, G. 2001 Turbulent shear flow
over active and passive porous surfaces. J. Fluid Mech. 442, 89–117.
Luchini, P., Manzo, F. & Pozzi, A. 1991 Resistance of a grooved surface to parallel
flow and cross-flow. J. Fluid Mech. 228, 87–109.
Reynolds, W. C. & Hussain, A. K. M. F. 1972 The mechanics of an organized wave in
turbulent shear flow. Part 3. Theoretical models and comparisons with experiments.
J. Fluid Mech. 54, 263–288.
Seo, J., Garcia-Mayoral, R. & Mani, A. 2015 Pressure fluctuations and interfacial
robustness in turbulent flows over superhydrophobic surfaces. J. Fluid Mech. 783,
448–473.
Seo, J., Garcia-Mayoral, R. & Mani, A. 2018 Turbulent flows over superhydrophobic surfaces: flow-induced capillary waves, and robustness of air-water interfaces. J.
Fluid Mech. 835, 45–85.
Seo, J. & Mani, A. 2016 On the scaling of the slip velocity in turbulent flows over
superhydrophobic surfaces. Phys. Fluids 28, 025110.
Seo, J. & Mani, A. 2018 Effect of texture randomization on the slip and interfacial
robustness in turbulent flows over superhydrophobic surfaces. Phys. Rev. Fluids 3,
044601.
Spalart, P. R. & McLean, J. D. 2011 Drag reduction: enticing turbulence, and then
an industry. Philos. Trans. R. Soc. A 369, 1556–1569.

