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A subgrid-scale model based on the
second-order velocity structure function
By P. Comte', S. Lee' AND W. H. Cabot3
A series of tests were performed to help extend the use of a subgrid-scale model
to compressible and wall-bounded flows. A priori tests were done in the case of the
incompressible turbulent channel flow. They showed that a one-dimensional formulation of the structure-function model is more appropriate, leading to a satisfactory
behavior of the model at the walls without requiring any damping function. This
model is consistent with the original formulation of Metals & Lesieur (1990). In
large-eddy simulations of compressible isotropic turbulence, both models performed
well up to an initial rms Mach number of 0.6.
1. Introduction
It is well known that, even with the largest supercomputers available, one cannot
simulate all the scales involved in most flows encountered in nature or in practical
applications. It is often chosen to resolve as accurately as possible the largest scales,
and to model the scales which are smaller than the computational mesh.
In the case of freely decaying incompressible isotropic turbulence, Chollet &
Lesieur (1981) have developed a subgrid-scale model based on the concept of spectral eddy viscosity introduced by Kraichnan (1976). The normalized eddy viscosity
vt (t) is given in terms of the kinetic energy spectrum at the cutoff wavenumber k,:
vt(kIkc,t) = vt (kIkc)

E( c , t)
(1)

The dimensionless eddy viscosity vt is evaluated assuming that k, lies in the Kolmogorov subrange. This formulation ensures that v t remains equal to zero as long
as there is no energy at the cutoff. In the limit of infinite Reynolds number, the
energy balance for the resolved scales is
^kc
2 vt k' E(k, t) dk = E (t).
0

(2)

For the Kolmogorov spectrum
E(k, t) = Ck e2^3 k-5^3
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Ck ,:: 1.4,

(3)
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this yields
1
0.402,
I/Z = vt = ? C k 3/2
(4)
L k'3
J
assuming that vt depends only on time.
In fact, Chollet & Lesieur (1981) proposed a more complicated expression for
vt which involved the ratio k/k,, but the expression proposed in (4), justified
by Leslie & Quarini (1979), proved to give acceptable results (Metais & Lesieur
1990). Chollet (1984, 1985) also applied the same methodology to parametrize the
passive-temperature-variance transfer across the cutoff, and proposed a spectral
eddy diffusivity r t proportional to the eddy viscosity vt , with a constant turbulent
Prandtl number Pr t = vt lr t 0.6. The Chollet-Lesieur model has also been used
in the case of non-isotropic flows, such as stably stratified homogeneous turbulence
(Metais & Chollet 1989; Metais & Lesieur 1990) and the mixing layer (Comte et
al., 1989). In the latter case, after the first pairing, the model has permitted to
reach a regime of fully developed turbulence with k -5I3 spectrum in the smallest
resolved scales and with velocity fluctuation profiles in very good agreement with
their experimental counterparts. Furthermore, the simulations reproduced the fine
details of the turbulence structures, including the streamwise secondary vortices.
Metais & Lesieur (1990) then proposed another model which computes a timedependent eddy viscosity and eddy diffusivity in the physical space at each point,
and which is consistent with the Chollet-Lesieur model. This new model is based
on the second-order isotropic velocity structure function
r

vt (t) I E(k" t)

F2 (x, r, t) = ( [u(x + r, t) — u(x, t)] 2 )

,

( 5)

which is related in the case of the incompressible turbulence to the energy spectrum
by (Batchelor 1953)
F2(r,t) _ (F2(x,r,t)) = 41

r
sin
E(k,t) fl — krkr dk,

(6)

0"0
L
where u, x, r is the velocity vector, the position vector and the separation vector,
respectively; 11.11 denotes for the norm of a vector; and r is the distance between
two points. Henceforth, this new model will be referred to as the structure-function
model. It will be described in more detail in Section 2. Low-resolution tests (483)
have led to more accurate predictions than with the Chollet-Lesieur model, which
may be explained by the fact that the structure-function model takes intermittency
into account better by defining v t and rc t locally.
The structure-function model proved superior to the Smagorinsky (1963) model
in the case of the flow past a backward-facing step (Silveira et al. 1990). It has also
been utilized by Normand (1990) (see also Normand & Lesieur 1990) to simulate
weakly-compressible isotropic turbulence and compressible boundary layer over a
flat plate at an external Mach number of 5. The objective of the present work is
to test this model and try to improve upon it in the two cases of incompressible
channel flow and compressible isotropic turbulence at higher Mach number than
before.
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2. Structure - Punction Model
A sharp cutoff at k, in the Fourier space corresponds in the physical space to a
filter function G(x) defined by
G(x i ) _

2 sin(7rx i /0^)

(7)

7rxi

with
0C = 7r/kc•

(8)

For the Kolmogorov spectrum (3) extending from k = 0 to oo, the associated
structure function F2 yields the original formulation of Kolmogorov's (1941) law
Fz (r) = 5 I' 13 I Ck E 2/3 r 2/3

4.822 CA: E 2 ^ 3 r2/3

(9)

where we have used the identity
Joo x- 8/3

1 J x - 2/3
[x — sin x] dx = 0

sin x dx = 21'(3 ).

(10)

and FZ (r, t) is obtained for all r by eliminating
Ck E 2/3 in (3) and (9). Hence, (4) yields
A relationship between E(k,, t)

2
vt( t ) =

Ck

3/2
43

(

3

74/3 5
r

r

/ / 0^

Fs ( r ^ t)

GO
\

4/3

0.0398 ^^
I F2 (r,t)
(AC

(11)

The Wtais-Lesieur model is obtained by assuming
FZ (r, t) = F2 (r,t)

+ Co(r,t),

(12)

where F2 is the structure function computed from the resolved-velocity field i(x, t),
and Co is defined by
Co (r, t) —
_4

O°

fk ^

sin kr 1
E(k, t) 1 — kr

A

(13)

J

for a Kolmogorov spectrum extending from k, to oo. The validity of this assumption
has been checked by Wtais & Lesieur (1990) and proved to be valid provided r is
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not too far from the cutoff scale A, = -7r/k, (see their Figure 20). Using (3) and
(9), the spectrum E(k, t) arising in (13) is related to Fz (r, t) by
E ( k, t ) = 9

11

r

5

Fa ( r ) r - 2 /3

Co = Fa
(r)

r l 2/3

1r

J

T

H( r

\

with
(C) =

9

4

(3
1)
9

5r

J

(14)

\3/

This yields

H

k-5/3

\

s—s/3 1 —

sins C

O

l

J

(15)

ds

J

r

127r-2/3 + (2/is m f e si,r/s I'(-5/3,i-ir()}
4
l
(1) L
j.

(16)

3

Us ing (12) and (15), one can estimate Fa (r,t) in terms of the structure function
(r, t) of the resolved-velocity field:
F2 (r, t) =

1—

-1

-2/3

/

H

10 ^/

(Qc )

F2(r,t).

(17)

Substituting this expression into (11) yields
vt (t) = A (

r ) 0^ F2 (r,t)

(18)

with

A (Qc l =

-

C-3 2

3 9

_2/3

-4/3

1

(Oc)

1— I Qc I

-1/2

H (Qc )

7r 4/3
VI

Numerical values for A in terms of its argument r/0, are given in Table 1.
A (( = r/0.,)
1
2
3
4
5

0.063
0.020
0.011
0.0071
0.0052

Table 1. Ck = 1.4

(19)
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In practice, one has to bear in mind that assumption (12) is valid only for < 2
and that there are some uncertainties in the value of Ck.
The structure-function model is eventually made local by suppressing the averaging over x, which yields

vt (x, t) = A ( r Ac

F2

AC

(X, r, t),

(20)

where F2 (x,r,t) is the resolved structure function defined by
F2 (x,r,t)_ ([u(x+r,t)— i(x,t)] 2 )

(21)

For the incompressible isotropic turbulence simulations, the computational grid
was a uniform cubic mesh. The best results were obtained with ^ = r/Ox = 1
and F2 (x, r, t) was calculated at each grid point by averaging over the six closest
surrounding points.
3. A Priori Tests of Incompressible Channel Flow
We now consider a velocity field u(x) resulting from the direct simulation of a
turbulent incompressible channel flow. This has a periodic horizontal field (x-z
plane) at the resolution of 128 3 grid points, and all the scales of the motion are
explicitly resolved. By convolution with a sharp filter in Fourier space, a large-scale
field u(x) is obtained at a resolution of 32 x 128 x 32. No explicit filter was applied
in the y-direction, normal to the walls.
By filtering the velocity field u(x) obtained from direct numerical simulations, we
can compute u(x). Since u(x) is known, one can compute the actual subgrid-scale
stresses

tj = uiu; — uiu;

(22)

and the actual subgrid-scale dissipation
a

a

= ri; Sij,

(23)

Si; being the large-scale strain-rate tensor defined by
1

Si; --

au

i

aU

2 8x; + 8xi

( )
24

The technique known as a priori test, first applied by Clark, Ferziger & Reynolds
(1979) in the case of isotropic turbulence, is to compare the subgrid-scale values ri"`
and e, predicted by the model, to the actual values i^ and a . It is applied here
to test the structure-function model defined in Section 2, in comparison with the
Smagorinsky model. However, one has to bear in mind that the structure-function
model is based on the assumption that turbulence is fully developed at small scale
with a k -5I3 energy spectrum. This is approximately verified in the high Reynolds
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number experiments (see Perry & Chong 1982, where slopes between —1 and —5/3
are found), but certainly not in the case of the field u(x), which was obtained from
a direct numerical simulation at a moderate Reynolds number. It is thus likely
that the actual subgrid-scale dissipation E a defined by (23) is smaller than if it had
been computed from a high-Reynolds-number turbulent field. The aim of the a
priori tests presented here is more to qualitatively investigate the behavior of the
structure-function model in the presence of walls and to develop a way to account
for the anisotropy of both the turbulence and the mesh than to try to match the
actual dissipation E a and the modeled dissipation
E
S id .
(25)
m = Tij

Here the modeled residual stress Tij is related to the strain-rate tensor S i; through
the eddy viscosity vt:
Tim = — 2 vt
Sij
(26)
vt is defined by (20) in the case of the structure-function model. In the case of the
Smagorinsky model, v t is defined by

vt = I Z

2Si19ij,

(27)

where the subgrid-scale length I is related to the filter width (the size of the coarse
grid) by
1 = C,(Ox Ay 0x) 113 .
( 28)
The value of the constant C, is set equal to 0.1, as advised by Deardorff (1970).
This value was also used by Piomelli et al. (1990), but with a damping function
(Van Driest 1956), which is not used here.
We present profiles averaged over the x-z plane and the two statistically symmetric sides of the channel. Figure 1 corresponds to the Smagorinsky model. (E,n)
peaks at about —4000, whereas (E a ), which peaks at about —6, does not even appear
in the figure. Note that no damping function is used in (27).
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The results in Figure 1 are rather insensitive to the scheme used to compute
the derivatives arising in (24): we used both a spectral scheme and a centered
second-order finite-difference scheme and found almost the same result (no visible

difference on the plots). This is thus another confirmation that, in the channel
flow, the Smagorinsky model requires an additional treatment, such as a damping
function.
In order to apply the structure-function model to the channel flow, it is necessary
to assume some properties of homogeneity or isotropy. Several different options are
possible, each of them leading to a definition of the resolved structure function F2:
(a) Homogeneity and isotropy at small scales, in all x-z planes (parallel to the
walls). This yields a structure function, which will be called here the 2-D structure
function, computed at any point M as a function of the velocities at M, and the
four neighboring points MN , MS , MW and ME in the same x-z plane as M. In
this case, the length scale A c corresponds to the horizontal mesh size Ox Oz,
which is constant over the entire computational domain. This option was chosen
by Normand (1990) (see also Normand & Lesieur 1990) for his simulation of a
supersonic, spatially growing boundary layer.
(b) Three-dimensional homogeneity and isotropy of the small-scale turbulence
within the computational cell. In this case, the resolved structure function is calculated, as it was above for the isotropic turbulence, with
A, = (Ox Ay Oz) 113(29)
by analogy with the length scale 1 of the Smagorinsky model. Ay, which depends
on y, is defined by
Ay =

yNrT yNrB ,

2

(30)

where MT and MB are the two neighbors of M which have the same horizontal
(x, z) coordinates. This structure function will be henceforth referred to as the 3-D
structure function.
(c) Homogeneity and isotropy at the smallest resolved scale in one direction, viz.
Ay, which depends on y. Here, 0 c is chosen to be equal to Ay. The structure
function at M will be called the 1-D structure function and computed as a function
of the velocities at M, MT and MB.
Let us first consider option (a): if Ax equals Oz, we take 0 c = Ox = Oz and
the resolved structure function is
F 2-^D( O c, M ) = 4 [JJ u ( M ) — u ( ME)11 2
+11 u ( M ) —

u( MN)11 2

+ JJ u ( M ) —

u(Mw)112

+ JJ u ( M ) — u ( MS)11 2 ] •

(31)
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In fact, for the grid used in the simulation of channel flow, Ax was different from
Oz. We thus set A c = min(Ax, Oz) and applied (31) with linear interpolation:
AC

1
F 22DJ A C, M )

2

(11U(M) -

= 4 ( o x)

U(ME)III + 11 U( M ) - u(MW)112)

( ,LC) 2
+

o

(II u( M ) - U( MN )II + Il u( M ) - u ( MS)II Z ) (32)

Figure 2 shows (E') and (vt ) for a resolved structure function computed after (32).
This model is still much too dissipative with peak (E 7n ) of about —560. However,
the behavior near the wall is better than that with the Smagorinsky model.
Option (b) was tested, with a resolved structure function
F 23D ( o c, M)

6

u ( M ) - u ( ME )11 2 + 11U(M) - u( MW )112

U(MN)112

+ 11 U( M ) - u( MS)112
) - U(MB)112^
+11 U ( M ) - u( MT)11 2 + 11 U( M
+11 U ( M ) -

(33)

with 0, defined by (29). Figure 3 shows the results: the profiles have the same
shape as before, with slightly better peak values.
Option (c) yields the resolved structure function
2

F Z^D(^^, M ) =

( o T) IIU(M) - u(MT)112
2

U(MB)1 1 2]

ll2

+ (^ys/
with AyT

=

I

Y MT — yM I , A YB =

I

^I u( M ) —

YMB — y M I ,

(34)

and A, = min(Dy T , DyB) . Figure

4 shows better agreement between the peak values of (E"`) and (Ea).
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4. Compressible Isotropic Turbulence
lop
Among the previous attempts for the devement
of subgrid-scale models for
compressible flows is the work of Erlebacher et al. (1987). They Favre-filtered the
Navier-Stokes and energy equations. They propos ed to close the system by introducing several Smagorinsky models and determined he
t corresponding constants by use
of the results from direct numerical simulationsofcompressible isotropic turbulence.
Yoshizawa (1986) developed a subgrid-scale mod el through asymptotic expansions
about an incompressible state. The applications fo this model are limited to weakly
compressible turbulence. In the case of boundary layers, "Morkovin's hypothesis"
(Morkovin 1962; Bradshaw 1977) assumes that small-scale turbulence is not affected
by compressibility if the free-stream Mach numb er does not exceed 5. This means
that, in this case, there is no feedback from theacoustic and entropy modes onto
the turbulent velocity field. Small-scale energy and temperature fluctuations can
thus be considered as passive scalars, which justifies the use of subgrid-scale models
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Evolution of the solenoidal energy spectrum
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t/-rt = 3.46,
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developed for incompressible turbulent flows. Following this idea, Normand (1990)
and Normand & Lesieur (1990) used the 2-D structure-function model in a compressible code and simulated a spatially growing boundary layer at a free-stream
Mach number of 5 and a Reynolds number (based on the upstream displacement
thickness) of 104.
In the present study, the large-eddy momentum and energy equations are solved
in conservative variables (density, momentum, and total energy) for freely decaying
compressible, isotropic turbulence at infinite Reynolds number, i.e. with molecular
viscosity and diffusivity set to zero. This formulation involves the Favre-filtering of
the equations, which leaves several terms that must be modelled (see Erlebacher et
al. 1987). The contribution of these terms is parametrized by the structure-function
model.
We first test the ability of the model to allow a k-5/3 range to build up in the
solenoidal kinetic energy spectrum, starting from a non-divergent initial field whose
spectrum decays exponentially beyond a given ki. In the incompressible case, Metais
& Lesieur (1990) obtained, with the resolution of 48 3 , a range of slopes between
—5/3 and —2, starting from t = 8 ro, where -ro = (uo ki ) - 1 is the large-scale-eddy
turnover time, and uo is the initial rms velocity.
In Figure 5, the temporal evolution of solenoidal energy spectrum is shown for
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a compressible simulation at a resolution of 64 3 and an initial rms Mach number
Mo = uo/c = 0.3. Here, the unit of time is the Taylor-microscale-eddy turnover time
-re = A/u o , somewhat smaller than -ro. At t = 12 -re , which corresponds to the end
of the simulation, a range of slopes between —5/3 and —2 is found around k = 10.
This is, at least, consistent with the incompressible results of Metais & Lesieur
(1990) at a comparable stage of temporal evolution, i.e. earlier than t = 8 -ro.
By investigating the DNS database, Erlebacher et al. (1987) found that, in compressible turbulence, the turbulent Prandtl number Prt is about 0.4, viz. smaller
than the commonly accepted incompressible value (N 0.7) approximately by a factor of the specific heat ratio y. We thus tested the effect of Prt on the evolution
of the solenoidal energy and density power spectra (Figure 6). As expected, decreasing Prt brings about more dissipation of density variance, and this is also
visible in temperature and pressure power spectra. However, the evolution of the
solenoidal energy spectrum does not show any appreciable dependence on Prt ; this
supports the aforementioned statement that the feedback from the acoustic and
entropy modes into the turbulent velocity field can be neglected, at least when the
turbulent Mach number is not very high.
We also compared the predictions of the 1-D and the 3-D structure-function
formulations. Figure 7 shows a slight difference between the two predictions, which
may be due to the reduction of the sample size when using the 1-D formulation.
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5. Conclusion
The aim of the present work was to investigate the extension of the structurefunction SGS model developed by Metais & Lesieur (1990) to compressible flows in
the presence of mean shear. The study was split into two parts:
First, a priori tests were performed in the case of an incompressible turbulent
channel flow. In all three formulations (3-D, 2-D or 1-D), the eddy viscosity and
dissipation approached zero at the walls, without requiring any damping function;
this is a considerable improvement over the Smagorinsky model. The formulation
of the structure-function model strongly resembles that of the Smagorinsky model
when the derivatives arising in the latter are computed by means of a second-order
centered scheme. The computational cost of the two models are thus comparable.
Several attempts to recover correct peak values for the subgrid-scale dissipation
have suggested the use of a 1-D formulation of the structure function, although the
reduction of the sample size (as compared to the 3-D formulation) introduces some
scatter in the estimate of the energy concentrated locally at small scale.
Second, simulations of freely decaying compressible isotropic turbulence at infinite
Reynolds number led to spectra of developed turbulence, up to an initial rms Mach
number of 0.6. This, together with the insensitivity of the solenoidal energy spectra
to the value of the turbulent Prandtl number, suggests that such simple models
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derived from incompressible turbulence can be applied to large-eddy simulations of
compressible flows, provided the turbulent Mach number and the density gradients
are not very high. For initial rms Mach numbers larger than 0.8, the model fails,
probably due to formation of eddy shocklets. In this case, the solution may be
to refine the model to take into account the additional dissipation due to these
shocklets (Zeman 1990).
The main conclusion of this work is that the concept of structure functions can
provide a valuable subgrid-scale model for simulation of compressible shear flows
with non-cubic meshes. A priori tests are quick and economical tools to qualitatively
check the behavior of a model, e.g. at the walls; however, they may not give
quantitatively accurate results, since they strongly depend on the turbulence level
in the sample field u. Thus, the fact that the Smagorinsky model and the 2-D and
3-D structure-function models all predict much greater dissipations than e a does not
necessarily mean that these models are worthless. One could for instance invoke
the spatially growing supersonic boundary-layer simulation performed by Normand
(1990) with the aid of the 2-D structure-function model. The level of turbulence
reached in this simulation could not have been obtained if the model had been as
dissipative as suggested by the present a priori test (see Figure 2). Consequently,
the global result of this a priori test has to be interpreted as an encouragement to
carry on the validation of the different formulations of the structure-function model
by performing large-eddy simulations and comparing the results with experimental
results at high Reynolds numbers.
The first author would like to thank the CTR for selecting him for this Summer
Research Program, which proved most fruitful.
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