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A study of the topology of dissipating moti s in 
direct numerical simulations of time-developing 
compressible and incompressible mixing layers 

By J. H. Chenl, M. S. Chong2, J. Soria3 , R. Sondergaard\ 

A. E. Perry2, M. RogersS , R. Mosers AND B. J. Cantwe1l4 

A preliminary investigation of the geometry of flow patterns in numerically sim
ulated compressible and incompressible mixing layers was carried out using 3-D 
critical point methodology. Motions characterized by high rates of kinetic energy 
dissipation and/or high enstrophy were of particular interest. In the approach· the 
partial derivatives of the velocity field are determined at every point in the flow. 
These are used to construct the invariants of the velocity gradient tensor and the 
rate-of-strain tensor (P, Q, R, and p., Q., R. respectively). For incompressible 
flow the first invariant is zero. For the conditions of the compressible simulation, 
the first invariant is found to be everywhere small, relative to the second and third 
invariants, and so in both cases the local topology at a point is mainly determined 
by the second and third invariants. The data at every grid point is used to construct 
scatter plots of Q versus Rand Q. versus R.. Most points map to a cluster near 
the origin in Q-R space. However, fine scale motions, that is motions which are 
characterized by velocity derivatives which scale with .;Ri, tend to map to regions 
which lie far from the origin. Definite trends are observed for motions characterized 
by high enstrophy and/or high dissipation. The observed trends suggest that, for 
these motions, the second and third invariants of the velocity gradient and rate
of-strain tensors are strongly correlated. Motions corresponding to high rates of 
dissipation are found to be characterized by a 3-D rate-of-strain topology which is 
of the type saddle-saddle- unstable-node; the topology saddle-saddle-stable-node is 
not observed for these motions. The second and third invariants of the rate-of-strain 
tensor are related by R. ~ K(_Q.)3/2, which is consistent with the above scaling 
of velocity derivatives. The quantity K appears to depend on Reynolds number 
with an upper limit K = 2v'3/9 corresponding to locally axisymmetric flow. For 
both the compressible and incompressible mixing layer, regions corresponding to 
high rates of dissipation are found to be characterized by comparable magnitudes 
of RijRij and SijSij. For the incompressible mixing layer, regions characterized by 
the highest values of enstrophy are found to have relatively low strain rates. 
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1. Background 

The high wavenumber motions of turbulence are not well understood. The clas
sical Kolmogorov theory for the inertial and dissipation subrange claims that such 
motions are locally isotropic and that kinetic energy flows from the low wavenumber 
end of the spectrum to the high wavenumber end by a cascade process. These ideas 
have been questioned for many decades, and no satisfactory physical picture has 
emerged which will support or refute the Kolmogorov model. For a recent apprecia
tion of this problem see Frisch and Orzag (1990), who note that less is known about 
the fine scale structure of turbulence than about the structure of atomic nuclei. 
The purpose of this project is to initiate a study of the geometry of high wavenum
ber motions using data from recent direct numerical simulations of free shear layers. 
The cases studied included the time developing compressible mixing layer computed 
by Chen (1990) and the time developing incompressible mixing layer computed by 
Moser and Rogers (1990). The conditions of the two simulatioi-ts are as follows: 

incompressible compressible 

Mconvec:tive 0 0.8 
Initial ReS 500 800 
Final ReS 3000 1600 
Grid 128 x 256 x 64 384 x 201 x 192 

where ReS is the Reynolds number based on the layer velocity difference, U1 - U2 = 
2U and vorticity thickness, R6 = (U1 - U2 )5/v. The actual data in both com
putations is normalized by the half-velocity difference, U, and the initial vorticity 
thickness of the layer, 50. The final Reynolds number of the incompressible com
putation is here estimated in terms of the instantaneous vorticity thickness which 
fluctuates considerably with time. A more stable length scale is the momentum 
thickness which increases by a factor of 6.5 over the course of the computation. Re
sults for the incompressible case at R6 = 3000 are shown in Figures 3-11. Results 
for the compressible case at R6 = 1600 are shown in Figures 3- 5 and Figures 12-14. 
All results presented in this paper are normalized by U and 50. 

These simulations, particularly the incompressible case, are at Reynolds numbers 
which begin to approach values for which the layer would be regarded as simulating 
turbulent flow. At the late stages following a vortex pairing in the simulation by 
Moser and Rogers, the mixing layer exhibits tertiary instabilities similar in structure 
to the so-called "mixing transition" observed in laboratory experiments (Bernal and 
Roshko, 1986). . 

2. Approach 

Topological methods are useful in the description of fields and are coming increas
ingly into use as a means to study large data sets generated by direct numerical 
simulation. In a previous summer program of the Center for Turbulence Research, 
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Hunt, Wray, and Moin (1988) developed criteria based on the invariants of the ve
locity gradient tensor and properties of the local pressure field to identify important 
characteristics of flow zones in direct numerical simulations of homogeneous turbu
lence and turbulent channel flow. Recently Chong, Perry, and Cantwell (1990) have 
carried out a classification of the various types of linear three-dimensional flow pat
terns which can occur in compressible and incompressible flow. This classification 
was used by Cantwell, Chen, and Lewis .(1989) and Chen, Cantwell, and Mansour 
(1989) to analyze the topology of the flow structure in direct numerical simula
tions of a compressible plane wake and in experimental measurements of a pulsed 
low-speed diffusion flame. The method is based on concisely summarizing the flow 
structure in the space of invariants of the velocity gradient tensor. 

The velocity gradient tensor may be broken up into a symmetric and an anti
symmetric part, Aij = 8u,/8xj = S'j + R'j, where S,j = (8u,/8xj + 8uj/8x,)/2 
and R'j = (8u,/ 8x j - 8u j / 8x,) /2 are the rate-of-strain and rate-of-rotation tensors 
respectively. The eigenvalues of A'j satisfy the characteristic equation 

(1) 

where the matrix invariants are: 

P = -(all + an + a33) = -trace [AJ = -S" (2) 

Q = I all ani + I all 
a21 an a31 

1 
= 2 [p2 

- trace[A2 J] 

= ~ [p2 - SijSj, - RijRji ] (3) 

and 

(4) 

During the course of the work, it was d~cided to focus attention on the symmetric 
part of the velocity gradient tensor, the second invariant of which is proportional to 
the negative of the kinetic energy dissipation. The invariants of the rate-of-strain 
tensor, p., Q., and R., are generated by setting the components of Rij to zero in 
the above relations. 

It can be shown that, in the P-Q-R space of matrix invariants, the surface which 
divides real solutions from complex solutions is 

(5) 
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A detailed discussion of the properties of this surface is given in Chong, Perry, and 
Cantwell (1990) along with a guide to the various possible elementary flow patterns 
which can occur in different domains. 

The method used to classify the flow structure was as follows: 

(i) Evaluate the nine partial derivatives of the velocity gradient tensor at 
every point in the computed field. 

(ii) Determine the invariants P, Q, and Rand p., Q., and R. at every 
point. For incompressible flow P = 0 and, for the compressible case 
considered, P turned out to be quite close to zero over the whole flow. 
This is consistent with the fact that, at the convective Mach number of 
the compressible simulation, eddy-shocklets are not observed (Sandham 
and Reynolds, 1989). 

(iii) Create a scatter plot of the results in the space of .tensor invariants Q 
versus Rand Q. versus R •. 

Figure 1 indicates the various flow topologies which can occur in the plane 
P = O. The intersection of this plane with the surface (5) is given by 

R = ± 2vfJ (_Q)3/2 
9 

which divides real solutions from complex solutions as indicated in Figure 1. 

For the case P = 0 the second invariant is 

(6) 

(7) 

where the indices of one of the rotation terms and one of the strain terms have been 
switched to indicate that Q is formed from two terms, each of which is a sum of 
squares. The local topology has complex or real eigenvalues depending on whether 
the (Q, R) pair, evaluated at a given point in the flow, lies above or below (6). The 
mechanical dissipation of kinetic energy due to viscous friction is 

(8) 

Large negative values of Q. correspond to large rates of dissipat ion of kinetic energy. 
Large negative values of Q indicate regions where the strain is both large and 
strongly dominant over the enstrophy. Large positive values of Q indicate the 
reverse. 

Figures 2a and 2b show typical instantaneous local streamline patterns in 
canonical coordinates corresponding to either real (Figure 2a) or complex (Figure 
2b) eigenvalues. These are the flow patterns which would be seen by an observer 
moving with the fluid velocity at the point where P, Q, and R are being evaluated. 

Figure 2c illustrates a flow which can occur only in a compressible flow. The patterns 
illustrated in these figures represent the stable and unstable cases where only the 
direction of the flow along the streamlines is reversed. 
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FIGURE 1. Identification of local flow topologies in the plane P = o. 

3. Incompressible time developing mixing layer 

3.1 Flow "tructure in phy"ical "pace 
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Figures 3a, 3b and 4a, 4b show contour plots of the enstrophy and dissipa
tion respectively in two planes through the mixing layer computation of Moser and 
Rogers (1990). The flow depicted is at a late stage in the development of the layer 
when the Reynolds number based on the current vorticity thickness has reached 
approximately 3000 (tU /60 = 29.8- after vortex pairing). At this point, well devel
oped streamwise vortices (ribs) have formed and the layer has undergone a tertiary 
breakdown similar to the mixing transition observed in experiments. Two planes 
are chosen to illustrate the flow because, as can be seen, the observed plots are 
quite different depending on whether or not the plane passes through the center 
of one of the streamwise vortices. The main points to note are that high values 
of the enstrophy and high rates of dissipation occur in relatively isolated regions 
which tend to be highly elongated in the streamwise direction. At first sight, they 
appear to occur in approximately the same regions, although this is more obvious 
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(a) 

(b) 

(c) 

FIGURE 2. Local flow patterns in canonical coordinates: (a) stable-node-saddle
saddle, (b) stable-focus-stretching, (c) stable-focus-compressing (compressible case 
only). 
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FIGURE 3. Maps of the enstrophy field in two planes: (a) vertical rib plane, in
compressible case, (b) vertical in-between plane, incompressible case, (c) horizontal 
plane at the middle of the layer, compressible case. 
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FIGURE 4. Maps of the dissipation field in two planes: (a) vertical rib plane, in
compressible case, (b) vertical in-between plane, incompressible case, (c) horizontal 
plane at the middle of the layer, compressible case. 
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FIGURE 5. Maps of the local flow topology in two planes: (a) vertical rib plane, in
compressible case, (b) vertical in-between plane, incompressible case, (c) horizontal 
plane at the middle of the layer, compressible case. See Figure 2 for color code. 
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in comparing Figures 3b and 4b than in comparing Figures 3a and 4a. 

3.f Flow "truciure in invariant "pace 
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Figures 5a and 5b depict in a new way the same two planes of data as Figures 
3 and 4. In these figures, the flow is colored according to the local topology as 
determined by the values of the second and third invariants of the velocity gradient 
tensor, Q and R. To understand the color code in Figure 5, it is helpful to refer 
back to Figures 1 and 2 where the various possible topologies are identified. There 
is an incredible compression of information which has been achieved in producing 
Figure 5 which effectively summarizes the local topology at every point in the chosen 
plane of data. There is a high degree of correspondence between regions of constant 
topology and the enstrophy contours in Figure 3a. 

When information from Figures 3 and 5 is combined, one can get some under
standing of where the vorticity is being stretched and where it is being compressed. 
For example, following the yellow ribs from the left and right sides of the plot , one 
encounters elongated islands of blue which are roughly centered above and below the 
main vortex. In terms of the topology, there has been a change from stable-focus
stretching (yellow) to unstable-focus-compressing (blue) in this region. Combining 
Figures 3, 4, and 5, one can see that the region where compression of the vortex 
is taking place coincides closely with maxima in the energy dissipation which lie 
above and below the main vortex. Vorticity in the ribs is first stretched and then 
compressed as it is wrapped up by the main vortex with high rates of kinetic energy 
dissipation being generated in the process. 

3.2.1 Rate-of-"train ten"or, definition of fine "cale" 

Figure 6 shows a scatter plot of Q. versus R. for the entire flow field. The 
figure was produced by plotting Q. versus R. for every grid point in the computa
tion. Before discussing this figure, a slight digression is in order to see how it might 
help to reveal the nature of the fine scale structure in this flow. 

Classical arguments, based on the idea that dissipation of turbulent kinetic en
ergy scales with production, lead to the following estimate of the rate of dissipation 
of turbulent kinetic energy in a time developing turbulent shear flow . 

(9) 

where the last equality is taken from the dissipation rate calculated at tU /80 = 29.8 
by Moser and Rogers (1990) . Typical data for fully developed shear layers gives 
-u'v' /(Ut - U2)2 = 0.012, which is consistent with the right hand side of (9) when 
the factor of 2 in the velocity normalization is taken into account. The data in 
Figures 3-11 correspond to a time when the layer has increased in thickness by a 
factor of approximately 6.5. Since the normalization of the raw data is based on 
the initial vorticity thickness, this has to be accounted for in using (9) to get an 

__ ! ~I Q_ .. 1NTtNTtONAllY BlMl' 
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FIGURE 6. Scatter plot of Q. versus R. for the incompressible case at tU /So = 29.8. 

idea of the instantaneous strain rate magnitude required to balance the production 
of kinetic energy at the time corresponding to R6 = 3000. The result is 

'J 'J ~ 0 04 - R - 04 - 3000 ~ 18 2 s~ . S~ ,So 2 (So) ( 1 ) 
U2 -. S 6 - • 6.5 -. (10) 

where the Reynolds number is based on 2U and the current vorticity thickness, S. 
Equation (10) implies that the fluctuating strain rates are larger than the mean 
strain rates by a factor of only about ten to twelve at a Reynolds number of 3000. 
To a rough approximation the relation (10) will be taken as a fair estimate of the 
instantaneous rate-of-strain compared to the mean rate-of-strain. Equations (9) 
and (10) imply that fluctuating velocity gradients scale with (R6)1/2; therefore, we 
would expect that, in a region where the dissipation is large, 

Q. ~ R6 

R. ~ (R6)3/2. 
(11) 

We will define fine scale motions as represented by those points which lie far from 
the origin in (Q.,R.) space according to the scaling in Equation (11). 

Based on the estimate given in (10), values of Q. on the order of -9.1 or less 
ought to be regarded as contributing significantly to the energy dissipation (com
pared with values of Q. on the order of -(2/6.5)2 = -0.09 characterizing the largest 
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FIGURE 7. Distributions of Q. over the volume of the incompressible mixing layer: 
histogram Q.N(Q.). 

scales). The assumption which underlies (9) and (11) is that the fluctuating strain 
rates are distributed uniformly throughout the flow. Values of Q. on the order of 
-9.1 and lower are observed in Figure 6. Figure 7 shows the weighted probability 
distribution of Q.. The integral under the curve in Figure 7 is proportional to the 
total dissipation of kinetic energy. As can be seen, the main contribution to the 
integral is from motions characterized by Q. less than about 3, which is somewhat 
inconsistent with the estimate given in (11). The explanation for this discrepancy is 
that fine scale motions which contribute to the overall dissipation are not distributed 
uniformly throughout the volume of the flow; there is significant spatial intermit
tency with the occasional occurrence of very strongly dissipating events with values 
of Q. as low as minus 10 to 14, as can be seen in Figure 6. It should be noted in 
this regard that the scattering of points with Q. less than 5 to 6 constitutes a small 
fraction of the whole data set and that the major portion of the total dissipation is 
accounted for by events with Q. between 0.5 and 5. 

Combining the relations in (11) gives 

(12) 

where absolute values are used to avoid inconsistencies in the sign. Equation (12) 
describes the scaling of R. with Q. for fine scale motions which one might expect 
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FIGURE 8. Scatter plot of Q. versus R. for the incompressible case at tU / So = 19.3. 

based purely on dimensional reasoning. There is no reason to expect that Q. and R. 
should be related to one another in any simple way since there is no restriction on 
either quantity save that imposed by the symmetry of the strain tensor and by the 
N avier-Stokes equations themselves. In principle, (Q., R.) points can lie anywhere 
as long as they are below the curves given in Equation (6). 

The unexpected result depicted in Figure 6 is that motions characterized by 
very high rates of dissipation (large negative Q.) clearly show a preference for the 
right half plane of Figure 6 corresponding to a local topology (with the rotational 
part removed) which is saddle-saddle-unstable node (d. Figure 2a). It is important 
to note that this preferred local topology is based on the rate-of-strain tensor. 
The corresponding local topology based on the velocity gradient tensor admits all 
possible incompressible topologies. Not only is the basic scaling (12) observed, but 
it appears that, with a modest amount of scatter, the fine scale motions follow a 
relation of the form 

(13) 

The positive quantity K is expected to be a function of the Reynolds number 
with an upper limit of K = 2V3/9 corresponding to locally axisymmetric flow. A 
sampling of the computation at an earlier time in Figure 8 (tU ISo = 19.3, before 
vortex pairing) reveals a substantially less developed structure, although the strong 
preference for the right half plane is still apparent. 
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FIGURE 9. Scatter plot of Q versus R for the incompressible case at tU /bo = 29.8. 

9.2.2 Velocity gradient tenJor, regionJ of high en&trophy 

Figure 9 shows a scatter plot of Q versus R for the entire flow field. The figure 
was produced in the same manner as Figure 6. For the velocity gradient tensor all 
of the possible topologies in the plane P = 0 can and do occur although, once again, 
the fine scales (points farthest from the origin) show a strong preference. 

With reference to Figure 1, the motions with largest enstrophy show a clear 
tendency to a topology which is of the type stable-focus-stretching which is consis
tent with the expectation that the mixing layer is dominated by streamwise vortices 
undergoing stretching. 

A question which immediately arises is whether the motions with highest 
enstrophy are the same motions which contain the highest dissipation rates. To 
address that question, it is necessary to split Q into its component parts RijRij 

and SijSij. Figure 10 shows these two quantities plotted against each other for 
the same sample as in Figure 9. The most remarkable feature in this figure is the 
concentration of points along the horizontal axis. 

Points of highest enstrophy tend to be characterized by low rates of strain. 
The larger the enstrophy, the lower the associated rate of strain. In contrast, points 
characterized by high rates of dissipation tend to lie on a 45 degree line in Figure 10 
Le., they tend to have comparable magnitudes of RijRij and SijSij. This explains 
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FIGURE 10. Plot of SijSij versus RijRij for the incompressible case at tU / So = 
29.8. 

the absence of large negative values of Q in Figure 9. 

It remains now to associate the struct ures found in the scatter plots with 
physical features of the flow field. Figures 11a and b are contour plots of the 
enstrophy field corresponding to the two planes shown in Figures 3 and 4 to typify 
the flow: one passing through the center of the main streamwise vortices (the rib 
plane), the other passing between the streamwise vortices (the "between plane" 
using the designation of Moser and Rogers). The sample space for plots of SijSij 

versus RijRij in Figures 11c and d is restricted to these two planes. A comparison 
of Figures 11c and 10 shows that regions of highest enstrophy occur in the rib plane. 
From Figure 11a, note that regions of highest enstrophy (blackened regions) occur 
in the streamwise vortices and do not coincide with regions of highest dissipation 
(cross-hatched regions). The streamwise vortices appear to be undergoing near 
solid-body rotation. 
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A comparison of Figures lId and 10 shows that the highest values of dissipa
tion occur in the in-between plane with dissipation and enstrophy at a given point 
having comparable values. Figure lIb confirms this with highest enstrophy re
gions (blackened regions) coincident with highest dissipation regions (cross-hatched 
regions ). 

The physical process suggested by these observations is that streamwise vor
ticity in the ribs is increased as it is stretched until it begins to be wrapped into the 
main spanwise vortex when, having reached a maximum, the stretching is reduced, 
undergoing a change of sign causing the vortex to contract axially while expanding 
radially, leading to a dissipating event which resembles the change of :flow topology 
which occurs in vortex breakdown (Brown and Lopez, 1990). Although the details 
of this process need considerable further study, this description is consistent with 
the observed :flow topology. 

4. Compressible time developing mixing layer 

Figures 3c and 4c are contour plots of the enstrophy and dissipation in a 
horizontal plane through the compressible mixing layer computation of Chen (1990). 
Note that in this case the chosen plane is perpendicular to the planes in Figures 
3a and 3b used to study the incompressible layer. At a convective Mach number 
of 0.8, the plane mixing layer is more unstable to oblique disturbances than to 
spanwise disturbances, and as a result the flow is not dominated by well defined 
spanwise rollers as in the incompressible case. Note that high values of enstrophy 
and high rates of dissipation occur in relatively isolated regions. It appears that 
regions having high values of enstrophy also tend to have high values of dissipation. 

Figure 5c shows the color coded topology corresponding to the same plane 
shown in Figures 3c and 4c. Although compressibility effects in this case would be 
considered to be fairly strong, the topologies observed in this plane are for the most 
part the same as those summarized in Figure 1 for P = O. Exceptions, indicated in 
black (stable-focus-compressing) and cyan (unstable-focus-stretching), tend to occur 
in narrow regions separating commonly occurring zones of stable-focus-stretching 
and unstable-focus-compressing. 

Figure 12 shows the scatter plot of Q & versus R& for this case. The P = 0 
boundaries between real and complex solutions have been plotted on this figure, 
although it must be kept in mind that deviations from P = 0 do occur (as shown 
in Figure 13b), and a few points near the origin end up outside the apparent zone 
of real eigenvalues. Needless to say, these points do lie in the correct place with 
respect to the surface (6). 

The Reynolds number of this case is somewhat lower than the incompressible 
case and the presence of compressibility tends to suppress instability; nevertheless, 
we see in Figure 12 the same strong tendency for points to lie in the right half plane 
that we saw in the incompressible case. 
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FIGURE llA, B . Association between physical space and invariant space: (a) en
strophy field in a rib plane, (b) enstrophy field in an in-between plane. 
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FIGURE 11C, D. Association between physical space and invariant space: (c) plot 
of Sij Sij versus Rij Rij for the data in (a), (d) plot of Sij Sij versus Rij Rij for the 
data in (b). 
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FIGURE 12. Scatter plot of Q. versus R. for the compressible case. 

The scatter plot of Q versus R is shown in Figure 13a. Regions with com
plex eigenvalues still tend, as before, to lie in the second quadrant (stable-focus
stretching). However, well developed structures with large enstrophy are not ob
served. This is supported by Figure 14 where SijSij is plotted versus RijRij. 

Points with high dissipation tend to lie on a 45 degree line and, hence, are 
associated with comparable levels of strain and rotation as in the incompressible 
case, but the long tail of nearly strain-free high enstrophy does not occur. The 
conclusion from this is that well developed streamwise vortices are not a necessary 
condition for the breakdown to dissipating motions which follow the trend given in 
(13). In this respect, the discussion at the end of the previous section only describes 
one possible route to the formation of dissipating motions. 

5. Concluding remarks 

The fine scale motions in direct numerical simulations of time developing 
incompressible and compressible mixing layers appear to be characterized by rel
atively simple relations between the second and third invariants of the velocity 
gradient and/or rate-of-strain tensor. The prospect that triple products of velocity 
gradients may be related to double products is significant in that it could eventually 
form the basis of a closure hypothesis for the contribution of the fine scale motions 
to momentum and energy transport in an under-resolved computation of the flow. 
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FIGURE 13. Scatter plots for the compressible case: (a) Q versus R, (b) Q versus 
P. 
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FIGURE 14. Plot of SijSij versus RijRij for the compressible case. 

Whether such a closure can be accomplished depends on the outcome of further 
studies in this area. 

The procedure outlined in section II needs to be applied to a variety of direct 
simulations including wakes, jets, homogeneous turbulence, and simulations of wall 
bounded flows to see if the observed relationships between Q $ and R$ and Q and R 
are universal. Our expectation is that there is a good chance that they are; however, 
this will not be known for certain until further studies are completed. 

In the present study, the fine scale motions for which R6 = K( _Q6)3/2 only 
account for a modest fraction of the total dissipation of kinetic energy. Higher 
Reynolds number studies are needed to see whether this is a consequence of the low 
Reynolds number of the present simulations. 

If the trends seen in the present study are found to be universal, and if at 
high Reynolds number these trends are found to characterize the motions which 
accomplish a significant fraction of the total dissipation of kinetic energy, then 
this will constitute a significant step on the path toward a theory of the fine scale 
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structure of turbulence. A great deal of theoretical work is needed to discover why 
high Reynolds number solutions of the N avier-Stokes equations tend to follow these 
trends, to account for the spatial intermittency of the fine scale structure, and to 
generate theoretical support for closure relations founded on fundamental physical 
principles. 
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