~/ ~~O-'
Center for Thrbulence Re,earch
Proceeding' of the Summer Program 1990

It!

163

N 9 2 -/3)

Direct numerical simulations of
stably-stratified sheared turbulence:
implications for oceanic mixing
By E. C. Itsweire,l S. E. Holt,2 J. R. Koseff 2 AND J. H. Ferziger 3

Direct numerical simulations of the time evolution of homogeneous stably stratified turbulent shear flows have been performed for several Richardson numbers Ri
and Reynolds numbers R). by Holt (1990). The results show excellent agreement
with length scale models developed from laboratory experiments to characterize
oceanic turbulence. When the Richardson number Ri is less than the stationary
value Ri" the turbulence intensity grows at all scales, and the growth rate appears
to be a function of Ri. The size of the vertical density inversions also increases.
On the other hand, when Ri ~ Ri. the largest turbulent eddies become vertically
constrained by buoyancy when the Ellison (turbulence) scale LE and the Ozmidov
(buoyancy) scale Lo are equal. At this point, the mixing efficiency is maximal
and corresponds to a flux Richardson number R f = 0.20. The vertical mass flux
becomes counter-gradient when f = 19vN 2 , and vertical density overturns are suppressed in less than half a Brunt-ViiisaIa period. The results of the simulations
have also been recast in terms of the Hydrodynamic Phase Diagram introduced in
fossil turbulence models (Gibson, 1980, 1986). The so-called point of fo.uilization
occurs when f = 4DC N2; Gibson proposed 13DC N 2. This value is in agreement
with indirect laboratory observations (Itsweire et al., 1986) and field observations
(Dillon, 1984). Finally, the validity of the steady-state models to estimate vertical
eddy diffusivities in the oceanic thermocline is discussed.

1. Introduction

The behavior of homogeneous turbulence subjected to both mean shear and a
stable density gradient is complex as two processes compete. Turbulence energy
is extracted from the mean flow by shear production and is mostly transferred
to the streamwise velocity component, while stabilizing buoyancy forces tend to
suppress energy in the vertical direction by converting turbulent kinetic energy into
available potential energy. This potential energy is available for mixing. Therefore,
through distinct mechanisms, both shear and buoyancy act to make turbulence more
anisotropic. Depending on the ratio of the mean shear to the mean stratification,
expressed as the Richardson number Ri, both growth and decay are possible (Rohr
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et al. 1987, 1988, hereafter referred to as RHIV and RIHV; Gerz et al., 1989; Holt
et al., 1990). A net balance between production, buoyancy and dissipation is only
achieved when Ri is equal to the stationary Richardson number Ri 8 • In that case,
Holt et al. (1990) showed that low wavenumbers gain kinetic energy from the mean
shear while high wavenumbers have a net loss of energy to viscous dissipation.
The temporal evolution of homogenous turbulence subjected to constant mean
velocity and density gradients was numerically simulated by Holt (1990) using the
pseudo-spectral method developed by Rogallo (1981). The Boussinesq form of the
Navier-Stokes equations were solved for the three dimensional velocity and density
fields in a 128 X 128 X 128 box. The velocity fields were initially isotropic, with initial
Reynolds numbers R). varying from 45 to 140 and Richardson numbers Ri from
0.0575 to 1. In the results presented in this paper, the Prandtl number Pr was 1
for the low Reynolds number cases and 2 for the high Reynolds number case that
simulates the laboratory experiments of Rohr et al. (1987, 1988). Further details
on the numerical procedures and the choice of initial conditions can be found in
Holt (1990).

2. Theoretical framework for stratified shear flows
2.1 Equation$ of motion
The coordinat e system is chosen as follows: x is the streamwise direction, y
the transverse direction, and z the vertical direction (up being positive), in which
there are mean velocity and density gradients. For homogeneous flows satisfying
the Boussinesq approximation, the evolution equations for the velocity and scalar
fluctuations become:
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where q2 = u 2 +:;;Z + ~ is twice the turbulent kinetic energy, Po is the background
density, f = 1I(8ui/8xlc)(8ui/8xlc) is the dissipation rate ofturbulent kinetic energy,
X = D('\l p)2 is the rate of destruction of density fluctuations due to molecular diffu) designates
sion, and D is the molecular diffusivity of the scalar. The overbar (
an ensemble average over the computational box. Note that most oceanographers
define X as twice this quantity (e.g., Dillon, 1982; Gargett et al., 1984; Gregg,
1989). These two equations can be rewritten as evolution equations for the kinetic
[EK = h2] and potential [Ep = ~(g/ po)p2 /(8p/8z)] energies as:
8EK
--=P-B-f
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(3)

and

(4)
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where the turbulent production due to the mean shear is

P = -uw8U I 8z,
the buoyancy flux is
B = (91 po)pw,
the Brunt-VaisaHi. frequency is

N =

(_.!Lpo 88zli )

.1

l,

and

c = (VP)2

(8pI8z)2

is the isotropic Cox number. The vertical eddy diffusivities for mass and momentum,
Kp and Km respectively are defined via:

88z

-pw=- K - P
p

(5)

and

(6)
These eddy diffusivities are proportional to the buoyancy flux and turbulent production respectively.
2.2. Relevant length &cale&

The behavior of stably stratified turbulent flows can be interpreted in terms of the
relative strength of three forces: the buoyancy, inertial, and viscous forces. Buoyancy forces act directly on the largest scales of vertical motion, thus creating an upper bound for the size of turbulent eddies, while viscous forces determine the size of
the smallest eddies. The action of these forces can be quantified using length scales
obtained from dimensional analysis and physical arguments. Dougherty (1961) and
Ozmidov (1965) independently suggested that buoyancy effects are important on a
scale proportional to the Ozmidov scale:
3

1

La = (fiN )2

(7)

If the vertical velocity fluctuations due to internal waves are small compared to
those due to turbulence, the buoyancy scale Lb = (W2)! IN can be used instead of
the Ozmidov scale. On the other end of the scale domain, viscous effects are felt by
turbulent eddies of size comparable to the Kolmogorov scale:
(8)
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FIGURE 1.
Example of an instantaneous density profile used to calculate the
Thorpe scale LT . The mean (- .. ... .. ), instantaneous ( - - ) and reordered or
gravitationally stable (---- ) density profiles are shown on the left and the vertical
Thorpe displacements d(z) on the right.

Finally, we require a length scale that characterizes turbulent motions to be
compared with La and LK. Several turbulent scales can be defined depending on
whether one is interested in the energy-containing eddies that are directly related
to density overturns or in the dissipative eddies related to mixing. Ellison (1957)
proposed the following scale:

(9)
known as the overturning scale or Ellison scale, using the density fluctuations as an
indicator of turbulent motions. Thorpe (1977) presented a way to compute a scale
directly related to density overturns from instantaneous density (or temperature in
his case) profiles. The technique is best illustrated with the help of Fig. l.
The instantaneous density profile ( - - ) contains gravitationally unstable inversions. Thorpe's method consists of rearranging this density profile until each fluid
element is gravitationally stable (- - - - ) and keeping track of the vertical (Thorpe)
displacements d(z) associated with the sorting. The typical signature of an overturn is a Z pattern in both density and Thorpe displacements like the overturns
observed at depths of 9, 15, and 22 em in the example of Fig. 1. The rms value of
the Thorpe displacements (over a region of constant density gradient) is called the
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Comparison of the (rms) Thorpe Scale LT with the Ellison scale LE,
Ri = 0.21; 0 Ri = 0.37; V Ri = 1.

o Ri = 0.075; 6

Thorpe scale (Dillon, 1982; Itsweire, 1984):
(10)
where < > denotes a vertical average.
Thorpe displacement
LTma.z

For homogeneous flows, the maxImum

= Lp = max[d(z)]

(11)

is a measure of the largest turbulent overturns and, for inhomogeneous flows it can
be interpreted as the size a turbulent patch. In the present case, both LT and
Lp have been ensemble-averaged over 4096 vertical profiles in order to reduce the
vanance.
Figure 2 shows the comparison between the Ellison and the Thorpe scales for
the high Reynolds number numerical simulations (R>. = 140). The two scales are
linearly related except in the high Richardson number case (Ri = 1, the three leftmost V correspond to dimensionless times St = 5, 6 and 8, where S =
is the
imposed mean shear. At Ri = 1, internal waves motions could contribute significantly to LE, but would not affect LT (Itsweire, 1984). The observed relationship
LT = 0.8LE is not significantly different from the LT = LE relation observed in
the laboratory (Itsweire, 1984), if one accounts for the differences in the vertical
resolution attainable in the laboratory and the direct simulations.

au /az

E. C. It.,weire, S. E. Holt, J. R. Ko.,eff

168

.. ... .... .

_.---.-

1

-

. .-.

,

...

••••••

•

••

•••

0'

••

••

•

fj

J. H. Ferziger

••••••

(a)

.,

'-'- '- '- '- '- '- '-'-'- '

Ri= 0.21= Ri

•
(b)

..

-4

;,;
C»
d()
III

-r

.c!

10-·
10·

-4

(c)

100

--.--.--.- .-.-.- .- '- '- '
o

2

4

6

8

St
FIGURE 3.
Evolution of the Ozmidov scale La, the Ellison scale L E , and the
Kolmogorov scale LK as a function of dimensionless shear time St for different
Richardson numbers Ri: - - La; .... .... O.95L E ; _ .- 9LK .

3. Length scale evolution as a function of Ri
The effects of mean shear and stratification on the evolution of the turbulence
is illustrated in Fig. 3, where three length scales, La, L E , and LK, are compared.
According to Itsweire et al. (1986) and RIHV, the onset of buoyancy effects occurs
when La = (1.15 ± O.05)LE and complete fossilization (the point at which the
buoyancy flux first goes to zero) takes place when La = (8.75±1.2)LK. In the direct
numerical simulations, these two transition points occur when La = (O .95±O.05)LE
and when La = (9±O.5)LK respectively, in excellent agreement with the laboratory
experiments. In order to facilitate the comparison, LE and LK have been multiplied
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FIGURE 4. Evolution of the size of vertical overturns vs. dimensionless shear time
St, (a) (rIDS) Thorpe scale LTj (b) maximum Thorpe scale LTmaz. 0 Ri = 0.075j
l::,. Ri = 0.21j 0 Ri = 0.37j \l Ri = 1.
by the appropriate constants in Fig. 3.
When the Richardson number Ri is less than the stationary Richardson number
Ri. = 0.21 (Fig. 3a), both the Ozmidov and the Ellison length scales grow when
the flow is fully developed (St 2: 4). The opposite is true when Ri > Ri. (Fig. 3c)
and the range of overturning turbulent scales decreases until Lo = 9LK. When
Ri = Ri. (Fig. 3b) it appears that all three length scales may reach constant values
and that Lo = 0.95LE for large St. The size of the vertical overturns is then
determined by the balance buoyancy and shear.
Given the linear relationship between the Ellison scale LE and the Thorpe scale
LT (Fig. 2), one would expect both length scales to have the same time evolution.
Figure 4a demonstrates that this assumption is correct. When Ri > Ri., both scales
decrease. On the other hand, they grow if Ri < Ri.. L Tmaz behaves similarly as
illustrated in Fig. 4b. In fact, the rIDS and maximal values of the density overturns
are related as LT = 3.33LTmaz. This relation shows that, at least in homogeneous
flows, either LT or LTmaz is a good measure of the size of vertical overturns.

4. How do shear and stratification affect turbulence?
The length scale evolution of Fig. 3 shows that both mean shear and stratification
are important in determining the fate of the turbulence. The buoyancy forces
affect the turbulence by controlling the growth of the largest turbulent eddies when
Ri ~ Ri. or suppressing them when Ri > Ri., so one might expect the ratio of the
overturning scale (either LE or LT) to the Ozmidov scale Lo to be a function of
the Richardson number Ri for fully developed shear flows. This interpretation is
supported by both laboratory and direct simulation experiments as shown in Fig.
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FIGURE 5. Evolution of the LEI Lo as a function of Richardson number Ri for
large development times St. Open and closed symbols refer to the direct numerical
simulations, + to RIHV and * to Tavoularis & Corrsin (1981).
5, where the LE / Lo is plotted versus Ri. The wider scatter that is observed for the
stable case (Ri ~ Ri.) can be attributed to the fact that LE includes a contribution
from internal wave motions. When both LT and LE are available, it would be better
to plot LT I Lo instead of LEI Lo. Since LT was not measured in the laboratory
experiments of RIHV, we elected to plot LEI Lo for a fair comparison of the two
data sets.
The physical interpretation of the length scale evolution, that buoyancy forces
control (Ri ~ Ri.) or suppress (Ri > Ri.) the largest turbulent eddies, suggests
that active (sheared) turbulence exists at smaller scales. Indeed, Hunt et al. (1989)
argue that the mean shear should control the fate of eddies smaller than LT for
Richardson number Ri ~ 0.5. They introduce a dissipation length scale
(12)
where w' is the rIDS value of the vertical velocity fluctuation, and propose that, for
homogeneous flows, it should be proportional to w' I S.
Our results, presented in Fig. 6, show a very clear relation between these two
length scales. The L£ = 2 .22w ' I S line corresponds to the constant proposed by
Hunt et al. (1988). The largest departures from that line are observed at the
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FIGURE 6. Relationship between the turbulent dissipative scale L£ and the shear
length scale w' / S for Ri ~ 1 for turbulent Reynolds numbers R).. varying from 35
to 120. Open symbols: R).. = 140, 0 Ri = 0.075, 6. Ri = 0.21 = Ri., 0 Ri = 0.37,
V'Ri = 1; cross symbols: R).. = 76, + Ri = 0.15 = Ri., x Ri = 0.5, * Ri = 1; closed
symbols: R).. = 32, • Ri = 0, • Ri = 0.0575,. Ri = 0.0875 = Ri., ~ Ri = 0.1125,
• Ri = 0.25, ... Ri = 0.5, • Ri = 1.

largest Richardson number (Ri = 1), which is outside the range where the relation
is supposed to be valid. The postulate of Hunt et al. (1988) that the mean shear
strongly influences the dissipative scales is consistent with the results of Holt (1990).
In these simulations, the mean shear has a strong effect on the energetics and
flux development at all Richardson numbers. Holt (1990) found that the effect of
the mean shear diminishes somewhat at the transition Richardson number where
counter-gradient fluxes appear. The transition Richardson number is approximately
0.5 for the high Reynolds number simulations.

5. Classification of oceanic microstructure
An important problem in oceanic mixing is to determine how much mixing the
observed microstructure patches produce. Many oceanographers (e.g. Dillon, 1982,
1984; Gargett et a/., 1984; Gregg, 1989) have argued that most microstructure
patches in the thermocline are the result of weak shear instabilities and internal wave straining (the continuous creation scenario advanced by Caldwell, 1983).
Gregg (1989) even proposes that the dissipation rate of kinetic energy f in the
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thermocline scales with the local internal wave field. These scenarios assume some
sort of equilibrium between production, buoyancy, and dissipation, Le., Richardson
number must be close to the stationary value. According to these oceanographers,
most of the microstructure observations are of active turbulence which produces
vertical mixing. In this paper active turbulence refers to a state of motion where
buoyancy forces are small compared to inertial forces and, therefore, do not prevent
eddies from overturning. For homogeneous turbulence, this requires Ri < Ri 6 •
On the other hand, Gibson (1980, 1986) proposes that most observed microstructure are the remnants of powerful but rare mixing events (the big bang scenario).
At any given scale, the velocity and density fluctuations that persist when the fluid
is no longer actively turbulent are referred to as fossil turbulence. In this case, the
measured dissipation rates EO are not representative of the average dissipation rate
in the thermocline, resulting in severe underestimates of vertical diffusivities.
As pointed out by Caldwell (1983), the classification of oceanic microstructure
patches as active or fO.5.5il turbulence goes beyond semantics because the generating
mechanisms for the two interpretations are different. Using the direct numerical
simulation results, the constants in Gibson's fossil turbulence model can be calculated. The two transitions of interest are: the onset of buoyancy effects or point
of fossilization and complete fossilization beyond which vertical turbulent mixing is
negligible.

\

I

5.1 On.5et of buoyancy effect.5 or point of fO.5.5ilization
The onset of buoyancy effects can be quantified in two different ways following
Gibson (1980). Both approaches use the fact that the scalar (temperature, salinity,
or density) fluctuations in a fluid with Prandtl number Pr > 1 will persist for
longer times than the velocity fluctuations; consequently, the vertical scalar profile
will retain memory of previous overturning events.
The first method examines the ratio of an overturning scale (LE, LT or LTmaz)
to the Ozmidov scale. Gibson interprets the Ozmidov scale La as the maximum
turbulent length scale allowed by buoyancy at the point of fossilization and relates it
to a patch size La '" Lp = LTmaz '" LT. This expression can be rewritten in terms
of the dissipation rate EO = L~N3 '" LT2 N 3. As an alternate approach to estimating
the point of fossilization, Gibson (1980, 1986) argues that at transition, the largest
eddy (of size ~ La) will overturn with a time scale N- 1 and that the temperature
(or density) variance (ST2) is of the order of (aT / az)2 L~. Therefore, the rate of
destruction of temperature variance X should be '" fJT2 N. These relationships can
be combined with the definition of the Ozmidov scale to give EO ' " DCN 2 • Gibson
(1980,1986) derives the proportionality constants from the shape ofthe temperature
gradient spectrum and overturn models to show that the following relations hold at
the point of fossilization
(13)
Values of the dissipation rate t less than the right-hand-side of Eq. (13) indicate
that the largest scales (of order LTmaz) of the turbulence have been affected by
buoyancy and are no longer overturning.
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Dillon (1984) and Itsweire et al. (1986) argue from field and laboratory experiments that the coefficients in Eq. (13) are too large. By using the definition of the
Ozmidov scale Lo, its relation to LE and LT determined in Section 3, and the value
of the Cox number at transition, an equation similar to Eq. (13) can be obtained
from the numerical simulations:
(14)
This result is in much better agreement with the constants derived from laboratory
measurements (Itsweire, 1984; Itsweire et al., 1986):
f

= (5.5

± 2)DCN 2 = (1.4 ± 0.2)LT2 N 3

than with Gibson's model (Eq. 13). From an energetics point of view, the
5)DCN 2 is equivalent to a mixing efficiency of 0.20", 0.25.

(15)
f

= (4 '"

5.2 Complete jouilization
Once the fossilization process starts, laboratory experiments (Stillinger et ai,
1983; Itsweire et ai, 1986) show that all turbulent scales are suppressed by buoyancy in a fraction of a Brunt-Viiisiila period. Motion at all scales is wavelike and
has been characterized as saturated internal waves (Gibson, 1980). In this state of
motion, little vertical mixing takes place. Gibson refers to this transition as complete fossilization or buoyant-inertial-viscous transition, i.e., a state of fluid motion
where buoyancy, inertial, and viscous forces are equal. As stated in Section 3, this
transition can be characterized by the ratio of the Ozmidov scale to the Kolmogorov
scale. Using the definitions of the length scales, this ratio Lo/ LK can be expressed
in terms of a minimal dissipation rate, necessary for the existence of turbulence:
(16)
This criteria is in qualitative agreement with laboratory observations without shear
f = (15 '" 21)IIN2 (Stillinger et ai, 1983; Itsweire et ai, 1986) and with shear
2
f = 1611N (RHIV and RIHV). For the present data, the Lo = 9L K relation of
Section 3 can be rewritten as:
(17)
which falls within the range of experimental values. It is not clear at this point
whether the ratio f/IIN2 is a universal constant or depends on Reynolds number
or the type of turbulence (homogeneous vs. inhomogeneous). More numerical and
experimental data are needed to answer this question.
5.S Hydrodynamic PhaJe Diagram

The relations derived in the preceding sections, Eqs. (14) and (17), can be used
to describe the evolution of turbulence in a stratified shear flow in terms of a Hydrodynamic Phase Diagram (see Fig. 7). This diagram is another way to describe the
length scale evolution of Fig. 3. It offers the advantage of using quantities that can
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be directly measured by vertical profilers in the ocean. The horizontal axis f/vN 2
is a Reynolds number based on the Ozmidov scale and an associated velocity scale
(f/N) ~ and the vertical axis f/ DC N2 is the ratio of the dissipation rate of kinetic
energy to the dissipation rate of potential energy, which Gibson (1986) interprets
as a turbulent Froude number Fr!. The evolution of turbulence can be interpreted
as follows. The upper right quadrant is the active region, the lower left quadrant is
the /ouil region, while the lower right quadrant is a mixture active+/o""iL When
Ri < Ri. (0), all data lies in the active region as expected, and when Ri > Ri. (0,
V), the turbulence undergoes a transition from active to a mixture active+/ouil to
completely /ou iL This classification can be related to the length scale evolution
described in Fig. 3 as follows. Let us consider the case where Ri = 0.37 (see Fig
3c). When St ~ 2.8, La = 0.95LE and the turbulence undergoes transition from
the active region to the active+/o""il region (see 0 symbols in Fig. 7). Later, when
St ~ 6.4, La = 9L K , the turbulence is completely suppressed and enters the /o""il
region. The case of the stationary Richardson number (6.) is interesting because
the data lies at the edge of the transition region where the flux Richardson number R f = B / P of the t ur bulence is a maximum. Under steady-st ate conditions,
f/ DC N 2 can be interpreted as an inverse mixing efficiency.
6. Eddy diffusivity models

If the time rates of change of turbulent kinetic energy and potential energy (see
Equations 3 and 4) are small compared with dissipation and production (near-steady
state), the vertical eddy diffusivities Kp and Km can be easily estimated using the
following methods.

6.1 Di""ipation technique"
The dissipation technique makes use of the kinetic energy equation which, under
steady-state assumptions, reduces to
P=B+f,

(18)

is often used to estimate Km in the atmospheric boundary layer (e.g Busch, 1977).
After introducing the flux Richardson number R f = B / P which is a measure of the
mixing efficiency of the flow, Eq. (18) can be rewritten in two ways, depending on
whether one wishes to estimate Km
2

1

f

K m = P / S = 1 _ R f S2

Kp

= B/N2 =

Rf _f_
1- Rf N2

(19)

(20)

Figure 8 shows that the assumption of production equal to dissipation (solid line)
provides a good estimate of Km for Richardson numbers slightly larger than the
stationary value. Under these conditions, the buoyancy flux and the time rate of
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FIGURE 7.
Hydrodynamic Phase Diagram for the evolution of turbulence in
stably stratified flows. The two horizontal lines f = (4, 5)DCN2 mark the onset of
buoyancy effects, while the vertical line f = 1911N 2 represents the point where the
buoyancy flux goes to zero; 0 Ri = 0.0575; 6. Ri = 0.21; 0 Ri = 0.37; \l Ri = 1.
Time increases from right to left.
change of kinetic energy cancel each other out, and production equals dissipation.
When Ri = Ri 8 , the buoyancy flux B adds a 20% contribution and K m ~ 1.2f/ S2.
For Richardson numbers small or large compared to the stationary value , the time
rate of change of the kinetic energy becomes of the same order as production and
dissipation and the model becomes invalid. However, Km can still estimated within
a factor of 2 from Eq. (19).
Similar results are obtained when the vertical eddy diffusivity is estimated with
Eq. (20); on average Kp = 0.16f/N 2 • However, the low Reynolds number simulations (closed symbols of Fig. 9) appear to have a lower mixing efficiency (Rf ~ 0.09)
than the high Reynolds number simulations (open symbols in Fig. 9). For these
simulations, the mixing efficiency Rf ~ 0.20 is a maximum for the stationary case,
yielding Kp ~ 0.25f/N 2 • When Ri = 0.075 and Ri = 0.37, Kp = 0.16f/N 2 is an
excellent approximation. The formula proposed by Osborn (1980) Kp = 0.20f/N 2
is valid within ±20% for the range of Richardson numbers 0.075 < Ri < 0.37 when
stratified turbulent shear flows are slowly evolving, i.e., the time rate of change
of kinetic energy is still small compared to the turbulent production P and the
dissipation Eo
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FIGURE 8. Comparison of the true momentum eddy diffusivity Km to its estimate
using the dissipation technique for various Richardson and Reynolds numbers.
Open symbols: R>. = 140, 0 Ri = 0.075, 6. Ri = 0.21 = Ri 3 , D Ri = 0.37;
+ R>. = 76, Ri = 0.15 = Ri.; closed symbols: R>. = 32, • Ri = 0.0575, A Ri =
0.0875 = Ri., • Ri = 0.1125.

i/ S2

6.2 The O.sborn-Coz Model (1972)

Under the same steady-state assumptions, Osborn and Cox (1972) proposed that
vertical eddy diffusivity K p can be estimated from the potential energy (or temperature) equation (Eq. 4) as:
Kp=DC

(21)

Osborn and Cox (1972) originally proposed this diffusivity model for temperature
(the major contributor to the density variation in the thermocline), but it can
extended to other scalar variables such as salinity and density. Figure 10 shows
that the Osborn-Cox model works best (as expected) near Ri. (triangle and plus
symbols). Otherwise, this model estimates the vertical eddy diffusivity Kp within
±50% for 0.075 < Ri < 0.37 in the large Reynolds number simulations. Away from
steady-state conditions (Ri = 0.075 or 0.37, for example), the time rate of change
of potential energy can be about ±0.30B.
Equations (20) and (21) can be combined to give an alternate expression for the
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FIGURE 9.
Comparison of the true vertical eddy diffusivity Kp to its estimate
f./ N 2 using the dissipation technique for various Richardson numbers, symbols as
in Fig. 8.
point of fossilization described in section 5.1 :

(22)
when it is reasonable to assume that near-steady state conditions exist . The observed mixing efficiency Rf = 0.20 at Ri8 yields f. = 4DCN 2 in good agreement with
Eq. (14) . In contrast, Gibson's fossil turbulence model (Eq. 13) implies that the
mixing efficiency at fossilization (transition from active turbulence to active+/o$sil
turbulence) is only 7%, a value much lower than expected.
7. Conclusions

Direct numerical simulations of homogeneous turbulence in stably stratified shear
flows by Holt (1990) confirm the length scale evolution observed in laboratory experiments (Stillinger et aI, 1983; Itsweire et aI, 1986; Rohr et aI, 1988). Furthermore,
these simulations show that when the Richardson number Ri is less than the stationary Richardson number Ri., the turbulence grows at all scales, the growth rate
being a function of Richardson number. When Ri = Ri., there is a net balance
between production, buoyancy, and dissipation. The vertical overturns measured by
the Thorpe scale LT remain constant in time, and the mixing efficiency measured
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Kp

=

10. Comparison of the true vertical eddy diffusivity Kp to its estimate
DC using the Osborn-Cox technique for various Richardson numbers, symbols as
in Fig. 8.
FIGURE

by the flux Richardson number Rf is between 0.20 and 0.25. Finally, for stable
conditions, (Ri > Ri.), the large eddies of the turbulence are affected by buoyancy
when f = (4 '" 5)DC N 2 , and the buoyancy flux goes to zero when f = 19v N 2 • For
Ri ::s 0.5, the mean shear controls the size of the dissipative scales as predicted by
Hunt et al. (1988).
Estimates of the eddy diffusivities using dissipative techniques give Km. = 1.2f/ S2
and Kp = 0.16f/N2 in good agreement with the measured diffusivities when the
Richardson number is close to the stationary value Ri,. Under t he same conditions, the Osborn-Cox model (1972) can also be used to estimate the vertical eddy
diffusivityas Kp = DC. When considering a broad range of Richardson numbers
(0.0575 < Ri < 0.37), the dissipation technique formula proposed by Osborn (1980),
Kp = 0.2f/N 2 , provides a more accurate estimate of the vertical diffusivity (±20%)
than the Osborn-Cox model.
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