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A fractal transition in the
two dilllensional shear layer
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P·i

Carlos Martel 2

The dependence of product generation with Peclet and Reynolds number in a
numerically simulated, reacting, two dimensional, temporally growing mixing layer
is used to compute the fractal dimension of passive scalar interfaces. A transition
from a low dimension of 4/3 to a higher one of 5/3 is identified and shown to
be associated to the kinematic distortion on the flow field during the first pairing
interaction. It is suggested that the structures responsible for this transition are
non-deterministic, non-random, inhomogeneous fractals. Only the large scales are
involved. No further transition is found for Reynolds numbers up to 20000.
1. Introduction

It has been realized for some time that smooth velocity fields can generate very
complicated advective scalar distributions (Aref, 1984) and, in particular, that initially smooth interfaces can become very convoluted. In fact, even if such an interface remains technically rectifiable for any finite amount of time, its geometry
becomes more and more complicated, and we shall give below simple examples in
which it develops fractal properties over a wide range of length scales. When seen at
those scales, its area increases substantially, and if the interface separates two fluids
that are to be mixed by molecular diffusion, the stretching results in a enhancement
of the mixing efficiency. A convenient measure of the complication of the interface
and, indirectly, of its area increase is its fractal dimension (Mandelbrot, 1982) .
We will show here that in the two dimensional mixing layer, a transition occurs
at the location of the first pairing interaction, which results in a change of the
dimension of the advected interfaces from approximately 4/3 to a higher value of
5/3. Whether or not this transition results in a increase of mixing depends on other
variables such as the Reynolds and Peclet numbers, but the change of dimensionality
is intrinsic and does not depend on them. At the highest Peclet numbers computed,
the presence of the transition results in a mixing enhancement of a factor of two.
Assume a two dimensional situation in which the interface separating two immiscible fluids can be described by a line with a fractal dimension F. Diffusion will
"blur" the interface and generate a mixed region in the form of a strip centered
around the original line whose width will, from dimensional considerations, grow
in time proportionally to W = (Dt)l/2, where D is the molecular diffusivity. The
resulting strip will have a length L(W) and an area proportional to S = W L(W),
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where the lengt h is a function of the width, W, because of the fractal properties of
the central backbone. In fact, L ,...., WI-F, and S ,...., W 2 -F. If we now repeat the
same mixing experiment with all dimensions constant but with different diffusivities, the area of the mixed strip and, therefore, the amount of mixed fluid will be
proportional to

(1 )
where Pe = U L/ D is the Peclet number. This equation contains the "practical"
implication of the fractal dimension of the fluid interface, and we will use it in the
following as a definition for F. An equivalent formulation exist for three dimensional
situations, in which the exponent in equation (1) is replaced by (F - 3)/2.
If the dimensionality of the interface increases at some stage in the flow, nothing in
equation (1) guarantees that for a given Pe, the amount of mixing will also increase.
However, if the diffusivity is reduced, the amount of mixing will increase faster after
the transition and will eventually be enhanced for some sufficiently high Pe. The
assumption in this argument is that the immiscible interface itself is independent of
Pe, either because the velocity field is kept constant among different experiments,
as in the cases in which Pe is increased by varying only the Schmidt number,
Se, or because the changes in the velocity field are small and irrelevant to the
global geometry of the interface. This seems to be the case in the two dimensional
flows described here but probably does not apply to the mixing transition observed
in three dimensional layers (Konrad, 1977, Breidenthal, 1981), in which the flow
itself becomes considerably more complex as Re increase (Moser and Rogers, 1990).
In those cases, it is still possible to use the arguments given above to explain the
variation of the mixing efficiency wi th S e, but the discussion of the Reynolds number
dependence must include considerations of the flow dynamics .
In this paper we describe some numerical experiments on the generation of product by a simple chemical reaction in a two dimensional, incompressible, temporally
growing mixing layer. The amount of product is controlled by diffusion, and it will
be taken as representative of the amount of mixing and used as such in equation
(1). The initial conditions are held constant as the Reynolds and Peclet numbers
are changed, both together and independently, and the variation in product generation is used to deduce the fractal dimension of a theoretical interface separating
two immiscible species. The numerical code and the experimental arrangement
are discussed briefly in the next section, and the results are then presented and
discussed.
2. Experimental arrangements
The numerical code is a full Navier-Stokes simulator, developed at the Universidad Politecnica in Madrid using the vorticity-stream function formulation in conservative form, and includes the transport equation for a passive scalar. It uses a
Fourier spectral representation in the streamwise (x) direction and a fourth order
(Pade) finite difference scheme in the transverse (y) coordinate. The grid is mapped
to infinity, and t he nonlinear terms are computed using a fully de-aliased collocation scheme. Typical grids use 512 Fourier modes (341 after de-aliasing) and 400
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transverse points. The code solves the initial value problem, starting with a initial
velocity distribution, u(y) = tanh(y). This profile is perturbed initially with a small
sinusoidal transverse deformation of amplitude tl.y ~ 0.1 and wavelength a = 0.4,
which is close to the most amplified one for the initial Kelvin Helmholtz instability.
In most of the runs, the computational box contains four initial wavelengths, resulting in the formation of four primary eddies that later interact through pairing.
To insure this, small subharmonic and sub-subharmonic components are added to
the initial perturbation.
A dimensionless viscosity is defined in terms of a Reynolds number based on the
half velocity difference across the layer and on half the initial vorticity thickness,
Cw = 2. The initial distribution of the passive scalar is taken as 8 = 0.5 (1 +
tanh(y/ L.)), and its evolution is controlled by a Schmidt number, Sc, related to Re
and the Peclet numbers by Pe = SeRe. In most cases, Se = 1, but some tests were
done with Schmidt numbers in the range 0.25 to 4. The evolution of the scalar is
used to model the behavior of a fast binary chemical reaction, A + B - t P, between
species A and B, each of which is initially assumed to be distributed uniformly in
one stream. Later they diffuse through the mixing layer and react immediately. The
parameter L" determines the width of the initial mixed region and should ideally
be as small as possible to approximate a sharp interface. Numerical limitations
prevent this, and all our experiments have been done with L. = 0.3. At the most
unfavorable case of high Peclet number, the memory of this initial thickness seems
to be lost by the flow before t = 20, approximately the time necessary for the
formation of the primary Kelvin-Helmhotz eddies.
In the Burke-Schumann limit assumed here, given the local concentration of the
scalar, 8, the concentration of product P can be shown to be proportional to

P = 28

if

8

< 1/2,

P = 2(1 - 8)

otherwise.

With this normalization, the maximum product concentration is always locally equal
to one, and the center of the product distribution follows the 8 = 0.5 isoline. The
product thickness,

Jr " Pdx/L z ,
L

bp =

o

(2)

is a good measure of the area occupied by the reaction product, and we will take it
as a measure of the mixed fluid area to be used in computing the fractal dimension
through the arguments leading to eq. (1). Lz is the length of the computational
box.
3. Results

Some typical time histories of the vorticity and product thickness are shown in
figure 1. There are several bumps in the vorticity thickness evolution which mark
the initial roll-up into vortex cores and two consecutive pairings. It is a property of
temporal simulations that the time at which each pairing occurs can be controlled
by varying the amplitudes of the initial subharmonic perturbations. These were
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FIGURE 1. Time evolution of vorticity (top) and product thickness (bottom). Pe =
50, 100, 200, 400, 800, 1600, in order of decreasing product generation. All cases
Se = 1, except Pe = 1600, Se = 4.
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FIGURE 2. Variation of product thickness with Peclet number for different times.
t = 30, 120, (10), increasing upwards. Data as in figure 1, but see text for other Se .
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FIGURE 3. Fractal dimension of interface computed from figure 2, and from other
similar data sets. 0: Natural layer, two pairings; 6.: Second pairing inhibited; 0 :
All pairings inhibited.
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chosen so as to reproduce as closely as possible the experimental observations in an
unforced half jet (Jimenez, 1983). The evolution of the vorticity thickness is too
irregular to be described by a linear growth rate, but a least square fit to the lines in
fig. la has a slope of 0.22, which is in reasonable agreement with the experimental
growth rates for tripped shear layers. The evolution of the momentum thickness
also shows bumps, although shallower, and its mean growth rate, 0.14 ± 0.02, is also
approximately consistent with experiments. Later we will discuss briefly simulations
in which the first and second pairings were purposely inhibited. In those cases, the
vorticity thickness grows at the beginning as in the natural case but eventually
levels off and oscillates about a fixed value.
Note that the growth of the product thickness is linear and is little affected by
the pairing. This behavior is typical of all the simulations that were carried out.
The rate of growth is, however, very dependent on Pe, decreasing with decreasing
diffusivity. A plot of p against Pe and time is given in figure 2, in which each line
represents a point in time for different Peclet numbers, and time increases upwards.
The slopes of these lines are the exponents discussed in equation (1) and can be
related directly to the dimension of the fractal interfaces. The time evolution of
F computed in this way is given by the open circles in fig. 3. It is clear that
a transition occurs near t = 50, which corresponds to immediately after the first
pairing interaction. The second pairing, near t = 100, also induces a slight increase
in F, but a much weaker one, and the dimension seems to asymptote to a value
close to 5/3. Before t = 20, the time of initial roll-up, the measurement of F was
prevented by the effect of the finite thickness of the initial condition for s, but the
dimension has to approach F = 1 for short times. The two other sets of symbols
in fig. 3 refer to two different sets of runs, in one of which the second pairing was
inhibited, while in the other both pairings were prevented. It is clear that the effect
of the second pairing is small, but that the absence of the first pairing prevents
completely the appearance of the fractal transition. In fact, this latter case seems
to asymptote to a value close to 4/3. The significance of this number together with
the previously cited 5/3 will be discussed briefly below.
Note that the abscissae in figure 2 refer to Pe instead of to Reynolds number. In
fact, several Schmidt numbers are represented in this figure. In most cases, Se = 1,
but Pe = 1600 was run at Re = 400, Se = 4. Also Pe = 800 and Pe = 200 were
both run at Re = 200 and Re = 800. In these last four runs, even if the Reynolds
numbers were quite different and even if the vorticity fields showed appreciably
more visual complication at the higher one, the product thickness scaled almost
exclusively with Pe with variations below 3% and with no clear systematic trend.
Note also that these Re and Pe are actually quite high since they refer to the initial
state of the layer. In fact, when they are reduced to local quantities at the last
stage in the simulation, Pew = b.,U w/ D is of the order of 40000 for Pe = 1600
(the fitted value , Cw = 0.22t, has been used for this reduction. )

c

c

4. Discussion
We have measured the change in time of the fractal dimension of an ideal interface
in a two dimensional mixing layer, and we have related it to the scaling properties
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of product generation with Peclet number. We have also shown that this scaling
laws holds independently of the Reynolds number, even for fairly high values of this
latter quantity. Since the effect of Re is mainly on the small scales, this suggests
that mixing in this two dimensional case is controlled predominantly by the large
coherent eddies. This is confirmed by inspection of the flow fields at high Re and
Pe. The structure of the product is dominated by large folds and structures, with
few small scales in the sense of fine random corrugations. This is also confirmed by
the relatively low values of the fractal dimensions measured. Several investigators
have studied and measured the fractal dimensions of interfaces in three dimensional
turbulence (Sreenivasan and Meneveau, 1988), arriving at F '" 7/3, and have justified this value using models based on random homogeneous fractals. The same
arguments when applied to two dimensional turbulence (Meneveau, private communication) result in F = 2. This would correspond to horizontal lines in figure 3
and is inconsistent with our observations.
In fact, the assumptions of randomness and homogeneity are not necessary for
a fractal model. It is shown in (Jimenez and Martel, 1990) that both the spirals
generated by the deformation of initially plane interfaces by point vortices and the
"stacks" resulting from the stretching those spirals by a plane strain are fractals.
In fact, the dimension associated to the spirals is 4/3, while that associated to
the stacks is 5/3, which are reasonably close to those found in figure 3 before and
after the pairing. Both structures are common in the product distributions of the
two dimensional layer. Spirals are generated trivially near the centre of the large
coherent eddies, while stacks appear when the spirals are strained during the pairing
interaction. As soon as the stacks appear, of course, their higher fractal dimension
dominates the product generation of the whole field. It is, therefore, tempting to
conclude that these are the structures responsible for the fractal behavior of the
interface in the two dimensional mixing layer and that the fractal transition is
caused by the straining of the original mixing eddies during the pairing.
Note that this picture is very different from that of the wrinkled interface of a
homogeneous fractal. The fractional dimension comes in this case from the accumulation of turns near the center of the spirals and from the accumulation of sheets
in the central part of the stacks. Note also that this picture is very similar to that
arising from the tendril-whorl mapping studied in (Khakar et al., 1986).
5. Conclusions

In summary, we have shown that the scalar interfaces in a two dimensional plane
mixing layer acquire fractal properties, we have measured their fractal dimensions,
and we have related them to the Peclet number dependence of product generation
in a fast binary, diffusion controlled chemical reaction. We have also shown that
those dimensions and the generation of product are fairly independent of Reynolds
number (for !:l.Ubw/v ~ 20000), although they are strongly dependent on molecular
diffusivity, suggesting that the mixing is mostly due to "chaotic advection" from the
large scale eddies. This is contrary to the behavior of the three dimensional mixing
layer, in which a large part of the mixing seems to be associated to longitudinal
vorticity and small scales.
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The fractal dimension undergoes a transition from F ~ 4/3 to F ~ 5/3, which
coincides in time with the first pairing and which is inhibited when this pairing is
inhibited. The effect of the second pairing is not as marked. We have presented
a model for these dimensions in terms of non-random, non homogeneous, fractal
structures. The transition is then explained as the kinematic distortion during
pairing of structures of one kind ("spirals") into those of another ("stacks"). Finally,
up to the Reynolds numbers quoted above and Peelet numbers twice as high, we
found no further transition either in the mixing efficiency, or in the structure of the
vorticity field.
REFERENCES
AREF, H. 1984 Stirring by chaotic advection. J. Fluid Meeh . 143, 1-21.
BREIDENTHAL, R. 1981 Structure in turbulent mixing layers and wakes, using a
chemical reaction. J. Fluid Meeh. 109, 1-24.
JIMENEZ, J. 1983 A spanwise structure in the plane mixing layer. J. Fluid Meeh.
132, 319-336.
JIMENEZ, J. & MARTEL, C. 1990 Fractal properties of interfaces in two dimensional shear layers, Proc. IUTAM Symp. Stirring and Mixing. La Jolla, 20-24
August, 1990.
KHAKHAR, D. V., RISING, H. & OTTINO, J. M. 1986 An analysis of chaotic
mixing in two chaotic flows. J. Fluid Meeh. 172, 419-451.
KONRAD, J. H. 1977 An experimental investigation of mixing in two dimensional
turbulent shear flows with applications to diffusion limited chemical reactions,
Ph .D. TheJiJ . Caltech.
MANDELBROT, B. B. 1982 The fractal geometry of nature. W. H. Freeman.
MOSER,R. D. & ROGERS,M. M. 1990 Mixing transition and the cascade to small
scales in a plane mixing layer, Proc . IUTAM Symp. Stirring and Mixing. La
Jolla, 20-24 August, 1990.
SREENIVASAN, K . R. & MENEVEAU, C. 1986 The fractal facets of turbulence. J.
Fluid Meeh. 173, 357-386.

