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Constant density premixed flame propagation in three-dimensional N avier-Stokes 
turbulence has been simulated. The zero-thickness flame model of Kerstein et al. 
(1988) has been used. There are two aspects to this study: 1) adjustment of the 
large-scale strain rate in order to achieve a constant energy system, and 2) de
termination of flame curvature. The sampled distribution of curvature indicates 
that in most cases the flame has a cylindrical shape, with one curvature at least 
three times larger than the other. This implies that realistic chemical reactions in 
a flame-vortex interaction may be simulated in two-dimensions. 

1. Constant Energy Turbulence 

Simulation of turbulent flow at constant energy allows flame propagation in a 
statistical steady state. To achieve a constant energy system, a large-scale forcing 
scheme was developed. Normal strain-rates in each octant of a periodic cube are 
determined at each time-step. Let 

0< u >z 
a= ax 

where the subscript on the brackets indicate that the velocity is averaged over 
the octant face normal to the x direction; each octant is a cube with Lj2 edge 
length within a periodic cube with edge length L. Notice that in each direction, 
the periodic boundary condition makes the strain in one octant the negative of 
the adjacent octant. Let b, e be the strain rates in the y, z directions in the same 
octant, then for incompressible flow the sum of strains is zero, a + b + c = O. 
Adjustment of these strains is done in order to maintain constant energy on the 
fine-scale grid. If the velocity within the octant is modified by a fraction of the 
strain rate, (fa + Ib + Ie) then the flow will still be incompressible. The new x 
component of velocity within the octant is 

u(x,y,z) = uo(x,y,z) + I a x, 0 < x < Lj2 

and in the adjacent octant 

u(x,y,z) = uo(x,y,z) - I a (x - L), Lj2 < x < L 
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and corresponding adjustments of f band f c in the y and z velocity components. 
The adjustment factor f is the same for all eight octants and is determined by a 
predictor-corrector procedure so that the kinetic energy is constant. Adjustment 
with a relaxation time could also be done, in which case the system energy would 
have a time variation. This adjustment, the value of f, is small: about one-half 
percent change in the octant strain-rate is needed for a 32-cubed system with Taylor 
Reynolds number of fifty. (The turbulent kinetic energy is q2/2 = 1.5, the reference 
velocity and length scale L is unity, the kinematic viscosity is 1/ = 0.002.) 

These finite-difference simulations yield small-scale strain rates in agreement with 
those obtained with the pseudospectral method (Ashurst et al., 1987). The strain
rate tensor, with eigenvalues of 0 ~ f3 ~ , and magnitude e2 = 02 + f32 +,2, has 
a shape characterized by the intermediate strain rate, f3. The shape is expressed 
as f3 / J e2 /6, a parameter with bounds of ±1. (For the large-scale normal strains 

we use b/ J( a2 + b2 + c2)/6.) The shape of the strain-rate tensor at a single point 
changes from a symmetric distribution of f3 to an asymmetric one as the strain 
magnitude increases, the change described by A( e). In the 323 finite-difference 
simulations, a value of 1/ = 0.002 matches the trend of A( e) in the 1283 results, 
whereas a value of 0.001 does not. Thus, the resolution of the finite-difference work 
is deemed adequate. These distributions have the character that the limit case of 
two equal strains has vanishing probability. The most probable value for (0 : f3 : ,) 
is (1, 0, -1) at low strain and (3, 1, -4) at high strain. For the large-scale normal 
strains this is not so. It appears that the large scale has uniform probability for all 
possible shapes. 

It is thought that the small-scale strain rate is dictated by the flow pattern as
sociated with a stretching vortex when the strain is large and by a shearing flow 
when the strain is small. The uniform probability of the large-scale is an indica
tion that all possible flow patterns exist. From a limited investigation, it appears 
that one-sixth of the possible directions have very large extensive strains. These 
strains appear to be created by a large-scale rotation: two adjacent faces of an 
octant have large velocities (inflow, outflow), while the velocities on the respective 
opposite faces are small. The differencing and averaging of these face velocities 
result in large strain and small convection. The apparently small convection may 
be misleading if the actual convection is rotational and not unidirectional. We have 
attempted to compare the vorticity structure with the large-scale extensive strains 
in order to determine if there is a causal connection. It appears that there may 
be, as described below, but larger system calculations should be done. (There is 
a possibility that the periodic boundary condition creates a strain which enhances 
the vorticity structure in comparison to non-periodic turbulence.) 

There are two aspects of the large-scale strain which affect the small-scale flow 
patterns: 1) magnitude of the extensive strain and 2) lifetime of this strain. Thus, 
the vorticity within those octants will amplify in the extensive directions during 
the lifetime of these strains, providing that the vorticity is not convected out of the 
octant before significant growth occurs. The vorticity growth caused by a large-scale 
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strain a( r) over a time period of t is 

w{t) = w{o)exp{lt 

a{r) dr) 

These normal strains have a numerical range of ± 3, while the average of the octant 
face velocity, corresponding to the large-scale convection within the octant, has a 
range of ± 0.7. Because strain is a derivative of velocity, it has more variation than 
the convective velocity. 

Displacement of the vorticity is the time-integral of the convection velocity and 
is an indication of how long a particular vorticity region may reside within the 
octant under consideration. The transverse spatial correlation of velocity gives an 
estimated integral time of approximately 0.16, or 120 time-steps. The longitudinal 
velocity correlation decays to 0.3 at a separation of L/2, while a similar correlation 
of the octant face velocity has a value of only 0.035. At an octant face, the time 
correla.tion indicates a zero-crossing at approximately three times the integral time. 
So the large-scale strain has a long life compared to the integral time. 

STRAIN 

CONVECTION .... .. ....... ..... .... ..... .......... ... .. ..... ................... ... .... ........ ........ 

0.0 0.2 0.4 0.6 
Time 

FIGURE 1. Evolution of large-scale normal strain in an octant during a 400 time
step period. The growth of a material line subjected to this strain is also shown. 
The convection (dotted line) is more constant than the strain. 

Figure 1 presents the time variation of an octant normal strain and the resulting 
growth factor over a period of 400 time-steps. For this particular octant, the strain 
changes from extensive to compressive during the next 400 step period, and so neg
ative growth occurs. Examination of the vorticity structure during the first period 
reveals that intensification of vorticity does occur. Examination was done by view
ing the vorticity surface which has a magnitude of one-half the maximum vorticity 
value, using the program TURB3D (developed at NASA-Ames). Over intervals of 
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30 time-steps it is easy to see the changing vortex structure, and in some cases, 
the plotting of surfaces with lower enstrophy reveal how the structure is develop
ing during a growth phase. Over intervals of 100 time-steps it becomes difficult in 
some cases to decipher which structure evolved from the previous arrangement of 
vorticity. 

Observation of the intense vorticity structures in the computed flow field indicates 
that their creation may be a result of the extensional large-scale strain, but more 
work is needed before this can be considered a firm conclusion. 

Flame Model 

The zero-thickness, constant-density premixed flame model described in Kerstein 
et al. (1988) has been used. A continuous scalar G is convected by the flow and the 
flame propagation is accomplished by Huygens mechanism where the flame speed 
is a function of strain and curvature 

The flame speed is UF = UL exp( -LMI\,) where LM = 0.025L is the Markstein 
length and I\, is the local flame stretch. An exponential form is used so that large 
stretch can only reduce the flame speed to zero (and not create negative values if the 
linear version is used). To insure an upper bound on flame speed for advancement 
in the explicit finite difference method, a limit of four is placed on the exponential 
term, -LMI\, < 1.39. With respect to any value of G, the unburnt fluid is located 
at smaller values of G. Flame motion can create pockets of unburnt fluid, but not 
pockets of burnt. The latter case does occur in the discrete numerics when a local 
maximum of G is created; however, these false maxima are not numerous if the 
flame speed UL is comparable to the rms velocity q, which is v'3. To help suppress 
the false maxima, a dissipation term is added, 1/' = 1//4, see discussion in Ashurst et 
al. (1988). This model has the advantage that each numerical grid point contributes 
statistical information about the flame since any constant value of G represents a 
flame. 

3. Intense Vortex Effect on Flame Geometry 

Intense vorticity has a tube-like shape, one dimension is greater than the other 
two. The cover of Physic& Today, January 1990 presents a nice view of the intense 
vorticity. As a flame approaches such a structure, it becomes wrapped around the 
vortex, and so the flame surface is more often like a cylinder than a sphere. 

We examine two aspects of the flame surface: 1) curvature and 2) direction of 
flame normal with respect to the most compressive strain rate. The flame surface 
is described by the unit normal vector n = -VG/IVGI and the two principal 
curvatures of the surface are hI = 1/ RI and h2 = 1/ R2 • Negative curvature 
represents a concave flame with respect to the reactants and the local flame speed 
UF is increased but limited to 4UL in these simulations. At each grid point, the first 
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and second spatial derivatives of G are calculated and the elements of the curvature 
tensor are formed 

where 9 = IV'GI. This tensor has two real eigenvalues hI, h2 and one eigenvalue 
equal to zero. Thus, the determinant is zero and the two principal curvatures 
may be found from a quadratic equation. The calculated determinant of h ij is 
zero to within machine round-off. The divergence of the surface unit vector is 
V'. nG = hI + h2 , where the subscript G indicates the normal for a particular value 
of G. Note that the divergence of the field variable unit vector V'. n(x; G) is not the 
same quantity, and so the expression given above for hij must be used. The flame 
stretch is K = -(n· e . n)juL + hI + h2 where e is the strain-rate tensor. 

A convenient way to describe the local flame shape is a ratio of the principal 
curvatures: the smallest curvature (in magnitude) is divided by the larger, yielding 
a result bounded by ±1. A spherical shape has equal curvatures, a zero value is that 
of a cylinder (one curvature is zero), and a spherical saddle point has curvatures 
of equal magnitude but opposite sign. Pope 'et al. (1989) have calculated and 
displayed the curvature ratio of material elements in this manner. Figure 2 presents 
the distribution of curvature shape for a laminar flame speed of UL = 1; the rms 
velocity is 1.73. The distribution is from four realizations, 200 time-steps apart, in 
a 323 flow. The flow at zero time for the scalar has already evolved 4,700 time steps 
from a random initial condition. Changing the value of q/UL from 0.87 to 3.5 does 
not change the shape of the distribution. The flame results agree with the behavior 
of material points in having a vanishing probability for spherical shapes and a most 
probable shape to be that of a cylinder. Fifty-six percent of the flame data have a 
shape factor within ± 0.3, indicating that one radius is at least three times larger 
than the other. 

The distribution in Fig. 2 overlays the distribution obtained by Cant et al. (1990) 
from the spectral simulation of constant-density, finite-rate, finite-thickness flame 
propagation. The best match is with the curvature that occurs on the surface that 
has a progress variable value of 0.1, the non-reacting, preheat zone of the flame. 
In comparison, the larger progress values have higher probability on the negative 
side and lower on the positive, but all results have the same peak probability. This 
trend indicates a different response when reaction, diffusion and convection operate 
as opposed to only diffusion and convection. The assumed strain-curvature effect 
on the propagation of G appears to describe the response of the leading edge of a 
finite-thickness flame. 

To explore the principal curvature in more detail, we sort the data by increasing 
hI value and carry along the associated h2 value. Breaking the data set into 16 
bins of hI and averaging yields the curve shown in Fig. 3. The rms value of h2 in 
each bin is not small, rv 8 over most of the data range. Because of the ordering of 
the eigenvalues hI > h2 , there are no points above the line hI = h2 , shown dotted 
in Fig. 3. Each symbol represents 1/16 of the data and we can see that about 2/3 
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FIGURE 2. Distribution of flame surface shape, accumulated in bin widths of 
0.1. The curvature ratio is the smaller (absolute value) divided by the larger 
(hmin/hmaz = Rmin/Rmaz). A ratio of unity corresponds to a sphere and a ra
tio of zero is that of a cylinder. Material element results from Pope et al. are shown 
by dashed line. 

of the data falls along a line of h2 = hI - c, where the values of care 7.7,9.9 and 
11.2 for flame speeds of UL = 2, 1 and 1/2, all with q = 1.73. The offset from the 
origin increases with the ratio of q/UL. The cylindrical shapes are associated with 
results along the two axes - about twenty percent are from the region where hI ~ 0, 
with h2 < ° which corresponds to a flame concave to the unburnt gas. There is 
also a smaller contribution for cylindrical shape at large hI, where the average h2 
is approximately zero. This would be flames concave to the burnt gas. The saddle 
shape is given by points close to the line h2 = -hI' The data crosses almost normal 
to this line. The conclusion from Fig. 3 is that when one curvature is large, then 
the average value of the second component is small. 

A previous investigation of strain rate revealed that vorticity is more likely to 
be in the intermediate strain direction while the pressure gradient and a passive 
scalar gradient align in the most compressive strain direction (Ashurst et al. 1987). 
Figure 4 present s distributions of alignment of vorticity and the flame normal. The 
vorticity alignment agrees with the previous pseudospectral results. 

The propagating flame appears to have properties similar to a passive scalar. 
Similar to the behavior of the scalar gradient, the normal to the flame surface has 
a high probability to align with the most compressive strain-rate direction. This 
probability increases if the alignment is conditioned on the large strain regions, 
but decreases if the condition is based on having a large vortical magnitude. This 
effect indicates that the large enstrophy regions have small strain rates and so, as 
the flame propagates through the vortex core, it loses alignment with the strain 
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FIGURE 3. Principal curvature of flame indicates that when one curvature is very 
large, the other is small. By definition, hI > h2 • Averages were obtained by sorting 
data according to value of hI, each symbol represents 1/16 of the data set. 
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FIGURE 4. Distribution of alignment with strain rate for vorticity (f3 . w, solid 
line) and for flame normal (,. n, dashed line); gathered in bins of 0.1 in cosine of 
the angle. 
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directions because the strain magnitude is weak at the vortex center. 
The conceptual picture is that of a stretching vortex with the large strain rate 

in an annular region outside the vortex core. Thus the large curvature of the flame 
occurs outside the vortical core, the location where the shearing strain is largest. 

4. Conclusions 

The implications of this three-dimensional constant-density flame propagation 
simulation is that detailed chemistry may be simulated in two-dimensional flow 
because in most of the sample points the flame has a cylindrical shape. In a two
dimensional simulation, there should be a weak out-of-plane strain to represent the 
three-dimensional stretching effect. This stretching effect counteracts the diffusive 
nature of viscosity upon the vorticity, and so the vortical core can remain intense 
and small during the propagation of the flame in the neighborhood of the vortex. 
Simple single-step, finite-rate reaction were used in the two-dimensional work by 
Rutland & Ferziger (1989) and that by Ashurst & McMurtry (1989). Detailed 
chemical kinetic simulations would reveal if curved, strained flames have a different 
structure than steady-state plane strained flames. 
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