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In modeling turbulent combustion, decoupling the chemistry from the turbulence 
is of great practical significance. In cases in which the equilibrium chemistry model 
breaks down, laminar flamelet modeling (LFM) is a promising approach to decou
pling. This report investigates the validity of this approach using direct numerical 
simulation of a simple chemical reaction in two-dimensional turbulence. 

1. Introduction 

Modeling turbulent combustion is a formidable task since the equations satisfied 
by the mass fractions and temperature are coupled with the Navier-Stokes equa
tions, and the nonlinearity is very strong. The laminar flamelet model (LFM) is a 
powerful technique for decoupling the chemistry problem from the turbulence prob
lem (Williams 1985, Peters 1984,1989). Our goal was to investigate the validity of 
LFM in turbulent diffusion flames via direct numerical simulations. 

Recent laboratory results of Barlow et al. (1990a,b) offer new insight into the 
validity of LFM in hydrogen and methane flames. These measurements provide 
simultaneous point data on species mass fractions and temperature. The interpre
tation of the data is, however, hindered by lack of simultaneous information on 
the scalar dissipation field (X). Information on the latter quantity is of fundamen
tal importance for LFM validity investigations (Bilger, 1989a,b.) Since in direct 
simulations the scalar dissipation field is calculated along with all other relevant 
quantities, DNS provides a unique tool for studying LFM validity. 

2. Background 

In what follows, Yi( i = 1,2, ... , N) and T stand for species mass fractions and 
temperature, respectively. Z is the mixture fraction defined, for instance, via el
ement mass fractions and X = 2DV Z . V Z is its dissipation (Bilger 1982). The 
present investigations are restricted to the chemical scheme 
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The reactants are initially segregated. Since the initial mass fractions of F and 0 are 
assumed equal, the stoichiometric value of the mixture fraction is Z6t = 1/(1 + r). 
The instantaneous stoichiometric surface z is implicitly defined by Z(z, t) = Z.t. 

LFM can be derived by introducing a local orthogonal coordinate system at
tached to the instantaneous stoichiometric surface (Peters, 1984). By a change of 
independent variables, the normal coordinate becomes Z. The other two variables 
are perpendicular to the mixture fraction coordinate and tangent to the stoichio
metric surface. Following Williams (1985), we can write the equation satisfied e.g. 
by the temperature in these coordinates as 

~ 1 ~T 
P7ii + pV.i . V.i T = WT + 2"PX aZ2 + V.i' (pDV.iT) (1) 

- pDV .i(ln IVZI). V.iT. 

The subscript 1- identifies two-dimensional vectors locally perpendicular to V Z. If 
the reaction takes place in a thin layer in the vicinity of the stoichiometric surface, 
then the first two terms on the RHS of equation (1) become dominant, i.e., 

(2) 

and, locally, X = X(Z, t) (Peters, 1984). 
The production term (WT) can be expressed in terms of the variables T and 

Z. Peters (1984) assumes that in the coordinate system fixed to a point on the 
instantaneous stoichiometric surface, X depends on t only through Z and writes the 
scalar dissipation as 

X = Xad(Z), (3) 

where x.t is the value at Z = Z6t. The function feZ) represents the dependence of 
X on Z. In the LFM approximation, eq.(3) is modeled by 

X = X.dl(Z), (4) 

where fl(Z) is the distribution of X along the stagnation point streamline in laminar 
counterflow combustion in terms ofthe coordinates introduced above (Peters, 1984). 
Eq.(2) is then identical to the ODE satisfied by the temperature along the stagnation 
point streamline in laminar counterflow (Spalding, 1961). Its solution is, therefore, 
the laminar one which can be written 

(5a) 

The same argument shows that the mass-fractions can be approximated by 

(5b) 
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Equations (5a,b) can be rewritten using eq.( 4) as 

T = j/(Z,X), (6) 

Equation (6) says that in a turbulent flame T and Yi depend on x,t through Z and 
x. While in the turbulence Z(x,t) and X(x,t) are random functions, the Z and 
X dependence of T and Yi is modeled identically in turbulent and laminar cases 
(Peters, 1984). 

Several authors (Bilger, 1989a; Kuznetsov and Sabelnikov, 1990) arrive at a sim
ilar, but not equivalent, result: 

T = T(Z,X), Yi = Yi(Z,X)· (7) 

Equation (7) also states that T, Yi depend on x, t through Z, X. However, it is 
not assumed that the dependence of T, Yi on Z, X is related to laminar flow. For 
various predictions regarding the functional forms of T(Z,X) and Yi(Z,X), refer to 
the works of Bilger (1989a) and Kuznetsov and Sabelnikov (1990). Physically, the 
scalar dissipation in eq.(7) represents the influence of the local Damkohler-number 
(Da.~:> defined in terms of the local turbulent time scale T = 1/X (Peters, 1984; 
Pope, 1990). For X -+ 0, Dax -+ 00, therefore, both eqs.(6) and (7) become the 
equilibrium chemistry result. 

Equations (2) and (4) become valid if the flame is "sufficiently thin". (For thin 
flames X ~ X&t.) This means that LFM validity improves with increasing values 
of the Damkohler (Da) and Zeldovich (Ze) numbers. (Throughout this paper Da 
denotes the Damkohler-number defined via the initial large eddy time. This Da is a 
global parameter to be distinguished fromDax , the local parameter defined above.) 

It is important to distinguish between the equilibrium (fast) chemistry approach 
and LFM modeling. LFM modeling is intended to replace equilibrium modeling 
when Da is not large enough to justify use of the latter. A typical LFM application 
is the modeling of the free-radical superequilibrium close to the nozzle in a Hl/air 
jet flame (Bilger, 1989a). From a practical point of view, researching LFM validity 
involves determination of the conditions under which Da is large enough for LFM 
validity but too small for application of the equilibrium chemistry approach. 

In order to derive eq.(2) from eq.(1), one has to assume that the radius of cur
vature of the flame is much larger than its thickness (LR). The condition of LFM 
applicability should compare LR to another length-scale. Bilger (1989a) suggests 
that LR «:: "I is necessary ("I = Kolmogorov-scale, Se ~ 1). Peters (1989) formulates 
a validity condition which appears not to be related to turbulence length scales. The 
present work represents a first step in the investigation of LFM validity via DNS. 

3. The basic equations. Numerical method 

The direct numerical simulations were made using a direct numerical simulation 
code for reacting flows. The original version (Poinsot and Lele, 1989) was extended 
to diffusion flames. The Mach-number was kept low (urm&/e ~ 0.05) so that dilata
tion is predominantly due to heat release of chemical reaction. The code solves the 
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FIGURE 1. Initial scalar field and boundary conditions. a) boundary conditions. 
b) initial scalar distributions. 
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full Navier-Stokes equations in 2D using an explicit scheme with accuracy of sixth 
order in space and third order in time. In the present application, Se = Pr = Le = 1 
and J1, = J1,o(T jTo)b where b = 0 for constant transport properties and b = .76 for 
variable properties. The chemical scheme is single step and irreversible. 

The fluid dynamics equations solved are: 

Op OpUi _ 0 
ot + OXi - , 

8pu o 8pu ou o 8p OTi}o __ ' + 'J + _ = __ , 
at OXi OXi ox j 

8pht 0pui(ht + p) OUiTij oqj C' --+ =-----+ ew, 
ot OXi OXj OXj 

opY, + 0puiY , = ~(pD oY,) _ 1.0, 
8t OXi OXi OXi 

8pYo + 8pu iYo = ~(pD8Yo) _ rw. 
ot OXi OXi OXi 

All of the notation is standard. 
The reaction rate is: 

(8) 

The mixture is a perfect gas with constant molar mass and 'Y (ratio of specific 
heats)= 1.4. All velocities are non-dimensionalized by the speed of sound in the 
unburnt gas, and the temperature is non-dimensionalized by ('Y - 1 )To, where To is 
the temperature of the fresh gases. The heat release parameter Ce is the heat of 
reaction per unit mass of fresh gases. Ze is the nondimensional activation tempera
ture. The heat flux is qj, h t is the total energy density, and Y, and Yo are the mass 
fractions of fuel and oxidizer. All the calculations are performed on a regular mesh 
of 271x271 points in a square domain whose side is the reference length. 

The code simulates a 2D, isotropic, decaying turbulent velocity field whose initial 
energy spectrum is determined by the initial value of U rrn • and the wavelength of 
the energy containing eddies (ke ). 

The initialization of the scalars is performed in two steps. First the analytical 
solution of the one dimensional diffusion equation with infinitely fast chemistry is 
used to specify the initial species and temperature distribution. The velocity and 
scalar fields are initialized after the initial pressure wave has left the domain. 

The boundary conditions are periodic in the y direction and non-reflective in the 
x direction (Poinsot and Lele, 1989). Figure 1 illustrates the initial conditions of 
the scalars and the boundary conditions. The initial large eddy Reynolds number 
is 200. 
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The mixing process in two dimensional turbulence differs from that in three di
mensional flow (Lesieur, 1987). This means that caution must be held in extending 
conclusions drawn from diffusion-flames from 2D studies to 3D. Our results will 
demonstrate that some important features connected with LFM validity can be 
captured in 2D. The present 2D studies are preliminary investigations. 

There are advantages to 2D simulations of turbulent reacting flows. With the 
computer facilities presently available, it is not feasible to perform 3D calcula
tions which account for dilatation, complex chemistry, non-unity Lewis-number, 
and temperature dependent transport coefficients. We believe, therefore, that 2D 
simulations -if interpreted carefully- can offer valuable insights. 

4. Results and Discussion 

Figures 2a and 2b are scatter plots of product mass-fraction (Yp) versus mixture 
fraction (Z) for a flow without heat release (r = 1, Zat = 0.5) for Da = 5000 
and Da = 400, respectively (Da is defined with the initial large eddy time). In the 
equilibrium chemistry limit , Yp = Yp(Z) and Yp(Z = 0.5) = 0.2. (The mass fraction 
of the diluent is 0.8). The vertical width of the cloud of points and the deviation 
of the peak of the envelope from 0.2 measure the deviation from equilibrium. As 
expected, the higher Da case is closer from equilibrium. 

The internal structure of the two clouds can be seen more closely in Figs. 3a 
and 3b. The symbols indicate different values of X/2D, the scalar dissipation (see 
legend in Fig. 2a). Fig. 3a exhibits, from top to bottom, a characteristic layering 
according to the local dissipation. The layers correspond to increasing values of X . 
This behavior is plausible since the local Damkohler-number (Dax ) decreases with 
increasing scalar dissipation. The behavior in Fig. 3a is consistent with eq.(7). We 
believe, however, that further research is needed for full corroboration of eq.(7). 
The layering of the data points is present in Fig. 3b but less conspicuous than in 
Fig. 3a, which is consistent with Fig. 3b representing a lower Da case. 

We now turn to the discussion of whether our data are consistent with the LFM 
prediction of eq.(6). In order to investigate this problem, one has to compute the 
mass fractions along the stagnation point streamline in laminar counterflow. In the 
isothermal, incompressible case (r=l) the equations read (Spalding, 1961): 

1 d2Y6 I I 

2X dZ 2 = AYOYF ' (9a) 

1 d2y~ I I 
2X dZ 2 = -2AYo YF , 

X = X.t exp{-2[er!c-1 (2ZW}· (9b) 

Here A is the reaction rate constant appearing in eq.(8) . The strain rate a (u = 

ax,v = - ay) is related to x.t via a = 71'x.t. 

J 



FIGURE 2. Product mass fraction vs. mixture fraction for different values of rl5 
at t; = 0.5 with r = 1. (Here ~ is the initial large eddy time.) (a) Da = 5000, 
legend shows the values of tb (b) Da = 400. 
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Solution of eqs.(9a,b) with boundary conditions at Z = 0 and Z = 1 provide 
Y6, Y~, Yj, versus Z for a given value of X.t. In order to compare the laminar 
counterflow predictions to the Fig. 3a,b data, we need Yj, versus Z parameterized 
with X rather than X.t. Yj,(Z,X) can be generated from Yj,(Z,X.t) from eq.(9b) 
which computes X from a given pair Z, X.t pair. 

The lines in Figs. 3a,b indicate Yj,(Z,X) for different values of X/2D. According 
to the LFM approximation, the laminar result for X/2D = e8 should approximately 
coincide with the boundary between the lowest and the next lowest layer. Contrary, 
all the laminar lines lie above the boundaries where LFM expects them to appear. 
The deviation between the data and the LFM expectation is smaller in Fig. 3a than 
in Fig. 3b. Figure 4 shows the reaction rate contours for Da = 5000 and Da = 400 
. Naturally, the flame is thicker at lower Da. This accounts for the worse LFM 
prediction in Fig. 3b than in Fig. 3a. However, the reaction regions in both cases 
are much wider than the smallest turbulence scale in these flows (Lesieur, 1987). 
Bilger's (1989a) validity criterion is not satisfiedj there are turbulent eddies within 
the flame. The deviations from laminar behavior are, therefore, not unexpected. 
While Fig. 3 shows that LFM predictions are not in perfect accord with the data, 
it also shows that the laminar model may contain a sufficient portion of the truth 
to predict the average mass fraction with reasonable accuracy. 

It is important to distinguish clearly between phYJical and predictive validity. 
Physical validity means that the turbulent flame indeed consists of laminar flameletsj 
predictive validity means that the model is robust enough to predict correct aver
ages. The discussion based on Figs. 3a,b concerns the physical validity of the model. 
One measure of the predictive validity is the correlation between the average prod
uct mass-fraction « Yp >t ) and its LFM estimate: 

Here P( Z, Xj t) is the joint pdf of the mixture fraction and its dissipation. Investi
gation of the robustness of the model is an important task for the future. 

LFM should improve with increasing Damkohler number. Since for any given 
value of A in eq.(8), the Damkohler number increases in time, one expects better 
agreement between LFM and the data at later times. Since LFM is intended to 
replace equilibrium chemistry modeling, it is critical to investigate whether LFM 
becomes valid before the equilibrium limit sets in. 

Figure 5 shows Yp vs. Z for different values of X/2D at Da = 5000 for a case 
with T = 3, (Z.t = 0.25) . Since the initial distribution of the scalars is the same as 
before (d. Fig.l), globally the fuel and oxidizer are not in stoichiometric proportion. 
The layering which appears in Fig. 3a is also present here. Comparison of Fig. 5 to 
Fig. 3a shows, however, that the highest values of X are less important when T =11 
(Note, for instance, the different number of points in the e 8 < X/2D < elO interval 
in the two graphs). To clarify this result, in Fig. 6 we show the joint pdf of Z and 
X at approximately the time of the previous figures. For this no heat release case, 
the instantaneous spatial distributions of the mixture fraction and the dissipation 
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are independent of the chemistry. The joint pdf of Z and X is independent of the 
chemistry as well. 

Figure 6 demonstrates that the mixture fraction and its dissipation are not inde
pendent random variables. Higher values of X appear with higher probability near 
Z = 0.5 than near Z = 0.25. The reduced importance of the highest dissipation 
values in Fig. 5 vis-a-vis Fig. 3a is, therefore, due to the change in Z.t. This means 
that the Damkohler number within the reaction zone is larger for Z.t = .25 than 
for Z.t = .5. This effect may have an important influence on LFM validity. Since 
for real flames, Z.t is usually quite small (Z.t = 0.0284 for H2 /air, Z.t = 0.055 for 
C H 4 / air), further investigation of this issue is clearly warranted. 

Figure 7a shows a scatter plot of product mass fraction versus mixture fraction 
for a zero heat release case with Da = 260 and Z.t = 0.5. Fig. 7b exhibits a 
corresponding compressible heat release case (Ce = 3, Ze = 7). The chemical rate 
constant A used in the case shown in Fig. 7b is such that Da(Tc ) = 260, where 
Tc is the adiabatic flame temperature. Since T ~ Tc and Da(T) is proportional 
to exp{ - ;: ¥}, the heat release case is farther from equilibrium chemistry than 
the no heat release case. The most striking difference between the two cases lies 
in the influence of the high dissipation values. Dilatation due to the exothermicity 
evidently diminishes the gradients, thereby decreasing the probability of high val
ues of X (Spalding, 1961; McMurtry, Riley and Metcalfe, 1989). The probability 
density functions shown in Fig. 8 further demonstrate this effect. It seems, there
fore, that heat release increases the local Damkohler number within the reaction 
layer and thereby enhances LFM validity. While this effect can be important, its 
investigation in two dimensions is questionable. The distribution of the scalar dis
sipation is strongly dependent on the turbulent mixing process. This effect should 
be investigated further using a 3D simulation code which accounts for dilatation. 

The case shown in Fig. 7b accounts for dilatation due to heat release but does 
not consider the temperature dependence of the transport coefficients. Figure 9 
exhibits a case with temperature dependent viscosity otherwise identical to the Fig. 
7b case. The flow is less turbulent which reduces the largest values of X. 

5 . Conclusions 

The incompressible results indic.ate that the deviation of the species mass fractions 
from their equilibrium behavior depends on x and t through the Z and X variables. 
In the LFM approximation, the dependence of the mass fraction on Z and X is 
modeled via laminar counterflow. The data for a 2D turbulent non-premixed flow 
show systematic deviations from the LFM predictions. However, the results show 
that LFM modeling improves as the width of the reaction layer becomes thinner. 

It was also found that the maximum scalar dissipation in the reaction zone de
creases as Z.t decreases. Since lower values of the dissipation correspond to higher 
values of the local Damkohler-number (Dax = A/X), it is expected that LFM will 
improve with decreasing Z.t. This effect is desirable since Z.t is quite small in real 
flames. 

It is important to realize that LFM may predict the averages accurately even when 
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the turbulent flame does not consist entirely of laminar flamelets. The investigation 
of the robustness of LFM is one of our major future tasks. 

Comparison of the incompressible results to compressible high-heat release re
sults confirms the expectation that dilatation smooths the gradients and thereby 
diminishes the probability of appearance of large values of x. This increases the 
local Damkohler number in the reaction zone. While this effect may enhance the 
validity of LFM, we believe its study requires 3D investigation. 
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