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Statistics for laminar flamelet modeling 

By R . S. Cant! & C. J. Rutland2 & A. Trouve3 

Statistical information required to support modeling of turbulent premixed com
bustion by laminar flamelet methods is extracted from a database of the results of 
Direct Numerical Simulation of turbulent flames. The simulations were carried out 
previously by Rutland (1989) using a pseudo-spectral code on a three-dimensional 
mesh of 128 points in each direction. One-step Arrhenius chemistry was employed 
together with small heat release. A framework for the interpretation of the data is 
provided by the Bray-Moss-Libby model for the mean turbulent reaction rate. Prob
ability density functions are obtained over surfaces of constant reaction progress 
variable for the tangential strain rate and the principal curvatures. Further results 
reveal details of the interaction between strain and curvature. New insights are 
gained which will greatly aid the development of modeling approaches. 

1. Introduction 

It is widely recognized that in most cases of practical interest premixed turbulent 
combustion occurs in the flamelet regime, in which all chemical reaction is confined 
to thin, highly-wrinkled interfaces separating unburned reactants from fully-burned 
products. When the thickness of the interface is smaller than the smallest length 
scales present in the embedding turbulence the internal structure is that of a laminar 
flame subjected to the effects of straining and curvature. Models exploiting the 
laminar flamelet approach have been available for some time and have achieved 
some success in the representation of experimental data. Among these is the Bray
Moss-Libby model (Bray, Moss and Libby, 1985; Cant and Bray, 1988) in which the 
laminar flamelet approach is used to build up a formalism capable of simplifying 
the closure of a full second-moment transport model. A consequence of the strict 
application of the laminar flamelet approximation is that the model for the mean 
turbulent reaction rate becomes decoupled from that for the turbulent transport 
and may be considered as an essentially separate modeling problem. 

Information required for the reaction rate model includes the behavior of the flame 
surface area and the response of the laminar flamelet chemistry under the influence 
of strain and curvature. A balance equation for the former quantity is currently the 
subject of much modeling activity (Cant, Pope and Bray, 1990; Candel and Poinsot, 
1990) while the latter is obtained in idealized circumstances using full-chemistry 
laminar flame calculations. The results of such calculations may be stored in a 
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laminar flamelet library for later interpolation by a turbulent model code (Cant, 
Rogg and Bray, 1990). Once again, the parameterization of the library requires 
that the strain and curvature be well characterized in turbulent flows of interest. 

Experimental techniques are not yet sufficiently advanced to probe a flow field 
in three dimensions for the velocity and for indicators of the chemistry, but Direct 
Numerical Simulations offer the possibility for complete information albeit on small 
samples of the field at low Reynolds numbers. Additional compromises are necessary 
in large-scale sampling where the main objective is to resolve the flame to a degree 
sufficient to measure its response to turbulence (Rutland, 1989). The limitations of 
Direct Simulation do not present a serious obstacle where the information required 
relates essentially to the small scales. This is the case in flamelet combustion where 
the flame thickness is by definition smaller than the smallest scales present in the 
embedding turbulence and small-scale straining and curvature are expected to play 
an important role. This view is supported by the Direct Simulation results of 
Pope (1989,1990) for the straining and curvature of material surface elements in 
a turbulent flow. The present calculations are similar but make use of a fully
connected flame surface with chemical reaction and a finite propagation speed. 

2. Model formulation 

The Bray-Moss-Libby model formalism may be divided into two distinct parts 
linked through the consistent application of the laminar flamelet approximation. 
The transport model involves first-moment equations for pressure (continuity), mo
mentum and reaction progress variable together with a full second-moment closure 
involving separate balance equations for the six independent Reynolds stress com
ponents and for the three components of the Reynolds flux of reaction progress 
variable. Details of the development and application of the transport model may 
be found in Bray, Moss and Libby (1985) and in Cant and Bray (1988). The model 
for the mean turbulent reaction rate model is based on the flamelet expression 

PRS~Io{a, h)E 

where E is the flamelet surface area per unit volume and PRS~Io is the reaction 
rate per unit surface area composed of the unburned density PR, the unperturbed 
laminar flame speed S~ and a correction factor Io{a, h) accounting for the effects 
on the laminar flame speed of strain a and curvature h. A balance equation for E 
based on an exact equation (Pope, 1988; Candel and Poinsot, 1990) and consistent 
with the remainder of the model is currently under development (Cant, Pope and 
Bray, 1990). For the moment this quantity is modelled by an exact expression 
derived by considering the spatial analogue to a time series obtained by measuring 
instantaneous progress variable at a fixed point in the flame brush. A square
wave is formed by the transitions between burned and unburned states encountered 
in passing along a mean contour of progress variable superimposed on a single 
realization. The expression is (Bray, Libby and Moss, 1984) 

E = 9C{1 ::- c) 
ulILlI 



Statistics for laminar ftamelet modeling 273 

where c is the mean progress variable, 9 is a constant derived from the pdf of crossing 
lengths and uy is the mean cosine of the angle between the mean contour and the 
instantaneous flame at the crossing point. The length scale Ly is the integral length 
scale of the flamelet crossing process and may be interpreted as the principal large 
length scale of the flame. 

Modeling of the reaction rate per unit surface area currently involves the use of a 
laminar flamelet library (Cant, Rogg and Bray, 1989) containing Sl as a function of 
pressure and reactant temperature, and 10 as a function of the strain rate aT in the 
plane of the flame. The data for Si and 10 has been obtained by calculations of one
dimensional laminar flames in a fresh-counter-to-burnt counterflow geometry using 
full chemical mechanisms. It is implicitly assumed in the present model that strain 
alone is sufficient to characterize the combined effects of strain and curvature on 
the laminar flamelet. The local mean strain rate is modelled using the conventional 
expreSSIOn 

where the mean viscous dissipation l is obtained from a standard balance equation 
and 1/ is the viscosity in the reactants. Libraries have been assembled for methane 
and propane over a range of conditions and model calculations have been carried 
out. Preliminary comparison with experiment is encouraging (Bray, 1990). 

Areas in which Direct Simulation results are likely to prove particularly valuable 
are in the characterization of the strain on the flame surface both for modeling 
of ~ and for controlling the parameterization of the flamelet libraries. Similarly, 
information on the curvature of the flame surface is required to assist in the modeling 
of area creation and destruction by propagation, and to assess the extent to which 
pure curvature effects contribute to the laminar flame response. 

3. Datasets and Postprocessing 

Data available at CTR includes several large sets of results obtained from direct 
simulation of the propagation of a premixed flame in isotropic turbulence (Rutland, 
1989). The simulations were carried out in three dimensions on a 1283 grid using 
a pseudo-spectral method with periodic boundary conditions. Two flames were 
started back-to-back near a central plane of the grid and were allowed to propagate 
outwards. One-step Arrhenius kinetics were employed and near-zero heat release 
was assumed. The turbulence was allowed to decay naturally and the simulation 
was terminated when either the flames had reached the edge of the domain or the 
turbulence integral length scale had grown too large. Considerable distortion of 
the initially planar flames was observed, and the turbulent flame speed was found 
to rise rapidly to a maximum value before decaying in time with the background 
turbulence. 

The datasets were made available together with a skeleton postprocessing pro
gram written in the local language Vectoral. Further postprocessing software was 
written in both Vectoral and Fortran and a powerful tool was developed for the 
extraction of relevant statistical data. 

~---------------------
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4. Results and discussion 

Results were extracted from individual datasets chosen from four separate runs 
of the pseudo-spectral code denoted by Rutland (1989) as Cases 1 to 4 in order 
of rising initial u'. In all of these the domain Reynolds number was set to 30, 
the unperturbed laminar flame speed was 0.39 and the unperturbed laminar flame 
thickness was 0.45. The list of cases considered is: 

Case 1, set g: ReA 1.9, Ka 0.18, u'jSi = 0.26 
Case 2, set g: ReA 5.2, Ka = 0.64, u'jSi 0.79 
Case 2, set 1: ReA = 4.2, Ka = 0.24, u'jSi 0.43 
Case 3, set m: ReA = 7.2, Ka 0.73, u'jSi 0.97 
Case 3, set p: ReA = 6.4, Ka 0.41, u'jSi 0.72 
Case 4, set p: ReA 8.6, Ka 0.75, u'jSi 1.10 

Visualization of the flame surfaces in three dimensions revealed the extent of 
the wrinkling. The periodic boundary conditions ensured that the surfaces of mean 
progress variable were planes oriented perpendicular to the direction of propagation 
and the locations xmean{c = c*) of these planes were found for c· = 0.1, 0.3, 0.5, 
0.7 and 0.9 during the first pass through the data. A second pass was then made 
to localize points on the instantaneous flame surface x.{c = c*) for the same values 
of instantaneous progress variable. This produced a list of points on the surface 
spaced regularly in the plane perpendicular to the direction of mean propagation 
and randomly in the propagation direction . Quantities of interest were interpolated 
onto the flame surface points using cubic splines, and statistics were obtained on 
the surface with a sample size of at least 1282 points. 

4.1 Square Waves 

The intersection of each mean plane with the instantaneous flame surface {defined 
by the location of the maximum laminar reaction rate} produced a two-dimensional 
square wave of progress variable 1282 points in extent. Each line in the mean 
plane produced a one-dimensional square wave, all such lines being equivalent due 
to isotropy. Unfortunately the number of flame crossings in each mean plane was 
severely limited in all Cases (max. 8 per line, mean about 2) and it was not possible 
to obtain a reliable estimate of ill by autocorrelation. A similar restriction applies 
to the collection of statistics of burned (or unburned) packet sizes. Insufficient 
numbers of such packets precluded the formation of a pdf of packet length and 
hence the estimation of g, but statistics of the crossing direction 0'11 were obtained, 
indicating values of 0'11 ranging from 0.37 for Case 4, set p to 0.87 for Case 1, set 
g, but with only weak dependence on mean progress variable. This is in agreement 
with the weakly-turbulent Bunsen flame data of Chew (1989) who obtained 0'11=0.5 

independent of progress variable. The inability to collect large-scale statistics is a 
reflection of the poor large-scale sampling inherent in the Direct Simulations and 
does not represent a serious limitation since these statistics are among the most 
easily obtained from experiment. In contrast the three-dimensional direction 0'11 is 
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extremely difficult to obtain experimentally and is found quite naturally here. 

4-~ Strain rate 

275 

The rate-of-strain tensor Sij on the flame surface was evaluated from velocity 
derivatives taken in spectral space, and the tangential strain rate aT in the flame 
surface was obtained by rotating the tensor to align the 3-direction with the flame 
normal. A pdf of tangential strain is shown in Figure 1 for Case 3, set p. The strain 
axis is normalized by the Kolmogorov time-scale and the pdf reveals that the mean 
strain is positive, having a value of about 0.28/r." independent of progress variable. 
There is also very significant probability of negative straining (compression) of the 
flame. Variation of the normalized pdf with Reynolds number is slight. 
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FIGURE 1. Pdf of tangential strain rate aT. Case 3, set p. 

These results agree well with those of Pope (1990) and are of fundamental im
portance in modeling. 

~. 9 Curvature 

Flame surface curvature was calculated by forming the tensor of the derivatives 
of the normal to the surface Ni ,i and rotating it to align the 3-direction with the 
normal. Solution of the eigenvalue problem in the plane then yields the two principal 
curvatures hI and h2 • Positive curvature here is in the sense of convex towards 
the reactants. The mean curvature h is plotted in Figure 2 for Case 2, set I and 
shows a slight skewness towards positive curvature although the mean is zero. This 
may be interpreted as a propagation effect, with positively-curved wrinkles growing 
while negatively-curved wrinkles -shrink to the minimum allowed by diffusion. The 
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FIGURE 2. Pdf of mean curvature h. Case 2, set 1. 

curvatures corresponding to the inverse flame thickness 1/0L and to the inverse 
Kolmogorov scale liT] are indicated. 

There appears to be some systematic variation with progress variable leading to 
narrower pdf's near the front of the flame. Again, there is little variation between 
cases of different Reynolds number. 

A slightly different perspective is given by Figure 3 which shows the curvature 
shape factor defines as Sh, = hdhu where hI is the smaller of the two principal 
curvatures by magnitude and hu is the other. Then Sh, = 1 denotes spherical 
curvature, Sh, = 0 denotes cylindrical curvature and Sh, = -1 denotes spherical 
saddle points. Evidently cylindrical curvature predominates and this is true for all 
Cases considered, as well as for material surfaces at much higher Reynolds number 
(Pope, 1989). Spherical curvature simply does not occur, while spherical saddle 
points occur only with relatively small probability. The implication for modeling 
is that only single (or mean) curvature needs to be considered in the treatment of 
laminar flamelets. 

4.4 Interaction between strain and curvature 

Strain and curvature do not occur in isolation and their interaction is illustrated 
in Figure 4 as contours of their joint pdf taken from Case 3, set p for progress 
variable 0.5. 

Maximum strain is found where the curvature is zero, while maximum positive 
and negative curvature occurs near where the strain is zero. Strain and curvature 
occur together only at moderate values of both. Further illustration is provided by 
Figure 5 which shows the cosine of the angle O~h, between the direction of maximum 
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FIGURE 4. Joint pdf of mean curvature h and tangential strain rate aT. Case 3, 
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strain in the tangent plane of the flame and the direction associated with minimum 
curvature. There is a high probability of alignment which appears to indicate that 
the cylindrically curved portions of the flame are being pulled out by strain. This 
observation would also support the idea that spherically curved pieces of the surface 
are immediately strained into a more cylindrical shape, while spherical saddles result 
from changes in the direction of straining on an already cylindrical surface. In 
general curvature appears to be associated with strain history (see, for example, 
Pope, 1988). 
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FIGURE 5. Pdf of cosine of the angle O~h between the direction of maximum strain 
in the surface and the direction of minimum curvature. Case 1, set g. 

-1.5 Other re.wlt" 

Several other quantities were evaluated during the collection of the principal 
results given above. The pdf of the velocity u' on the surface was assembled and 
agrees well with the volume-averaged statistics, yielding zero mean, variance of u·'2 
and isotropy. The pdf of the flame normal yields a mean of zero in the transverse 
directions, about 0.92 for Case 1, set g and about 0.37 for Case 4, set p in the 
direction of propagation independent of progress variable. The principal strain 
rates on the surface yield magnitudes in the familiar ratio 3:1:-4 in the mean, while 
the flame normal demonstrates strong preference for alignment with the direction 
of maximum compressive strain (Rutland, 1989). 

5. Conclusions 

Statistics of interest in the modeling of turbulent premixed combustion by a 
laminar flamelet approach have been gathered from a database of the results of 
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Direct Numerical Simulation of turbulent flames. A reasonable range of Taylor
scale Reynolds number, Karlovitz number and 11,'/ SL has been covered. Statistical 
results, mainly in the form of pdf's, have been obtained for strain, curvature and 
associated quantities and show features which have been observed previously only 
for material surfaces at considerably higher Reynolds numbers. A great deal of 
insight has been gained into the processes governing the propagation of turbulent 
flames and sound foundations have been laid for future modeling activity. 
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