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Abstract—The Jaynes—Cummings (JC) system, which describes
the interaction between a cavity and a two-level atom, is one of
the most important systems in quantum optics. We obtain analytic
solutions for the one- and two-photon transport in a waveguide
side-coupled to the JC system using input—output formalism in
Fock space. With these results, we discuss the conditions under
which the JC system functions as a photon switch for waveguide
photons in both the strong and weak coupling regimes.

Index Terms—Atom optics, cavity resonators, microwave pho-
tonics, nanophotonics, optical switches, optical waveguide, quan-
tum dots, resonance light scattering.

1. INTRODUCTION

ONTROLLABLE interaction between light and matter at
C the few-photon level is one of the main pursuits in quantum
information processing [1]. Much attention has been focused
on quantum two-level systems in the form of atoms [2] and
quantum dots [3]-[5] in the optical frequency range, or Rydberg
atoms [6], and superconducting Josephson junctions [7]-[9] in
the microwave frequency range. All of these different forms
of quantum two-level systems can be described by the same
model; in this paper, we refer to them simply as “two-level
atom.” The two-level atom is often placed in a cavity, which may
enhance or inhibit spontaneous emission [10]. In the strong-
coupling regime, the atom coherently exchanges energy with
cavity photons [6], [11]-[15], as observed in vacuum Rabi-
splitting [16] of the out-coupled photon spectra [4], [17]

We consider a system consisting of a waveguide side-coupled
to a single-mode cavity containing a two-level atom. An exam-
ple of such system is shown in Fig. 1(a) for the case where
both the waveguide and the cavity are in a photonic crystal.
This geometry has been demonstrated in several recent experi-
ments [8], [18]-[22]. Theoretically, the atom-cavity system has
been extensively studied with both numerical and analytic tech-
niques. Numerically, this system has been simulated with an
inherently stochastic quantum trajectory method [23]-[25], and
by directly solving the Master equation with a truncated number-
state basis describing the photons in the cavity [18], [26]-[28].
Analytically, this system can be analyzed with a coherent-
state input by solving the time evolution of the density ma-
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Fig. 1. (a) Schematic of a two-level atom in a cavity side coupled to a wave-
guide. (b) Energy spectrum of the JC hamiltonian (2 = w) in the excitation
number manifolds » = 0, 1, and 2. Arrows show one and two photon ab-
sorption for two-photon switch. The switch is observed in reflection in the
strong-coupling regime (red arrows), and in transmission in the weak-coupling
regime (green arrows).

trix [29]-[31], or by using input—output formalism assuming
with the weak-excitation approximation [2], [32].

We provide a fully quantum mechanical study of one- and
two-photon waveguide transport through the atom-cavity sys-
tem. Previously, single-photon transport was studied by solving
for the real-space representation of the one-excitation eigen-
state of the system [33], [34], while two-photon transport was
studied using the field theoretic LSZ formalism [15]; both of
these solutions are exact. Here, we rederive the one- and two-
photon S-matrices using input—output formalism [35] in Fock
space [36]. Our analytic results are in complete agreement
with [15] and [33].

While the analytic results we present in this paper are known
in the literature, we believe our rederivation is of significance.
First of all, in comparison with the real-space wavefunction,
and the LSZ field theoretic approach, input—output formalism is
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more widely used in quantum optics. Traditional use of input—
output formalism, however, has largely focused on solving for
properties of quantum systems with a coherent or squeezed state
input. In this regard, it is of value to demonstrate how one can
use the same formalism to solve for transport properties of Fock
states in a geometry that is of direct experimental importance.
Second, in the case of two-photon transport, input—output for-
malism in fact results in a much simpler and far more transparent
derivation of the two-photon scattering matrix, compared with
the LSZ technique. Third, our Fock-state approach may be gen-
eralized for more than two incident photons, and also multiple
atoms [37], thus complimenting approaches with similar ca-
pabilities that are based on coherent-state excitations [38]—-[41].
We, therefore, believe our work here can facilitate greater under-
standing of the transport properties of nonclassical Fock states
in this experimentally important geometry.

In [28] and [42], it was theoretically and experimentally
demonstrated that the unequal energy level spacing in the JC
ladder, shown in Fig. 1(b), gives rise to photon-blockade, where
a single-photon blocks the transport of a second, identical pho-
ton, through a direct-coupled cavity. This effect is analogous
to the Coulomb blockade effect in condensed matter physics,
where one electron blocks the transmission of a second elec-
tron through sufficiently small semiconductor islands due to the
single-electron charging energy [43]. Using our analytic results,
we show that when the cavity is side coupled, the system can
act as a two-photon switch in both the strong and weak coupling
regimes, and discuss the connection to photon blockade in the
direct-coupled cavity.

The structure of this paper is as follows. In Section II, the
Hamiltonian of the system is introduced, and equations of mo-
tion are derived. In Section III, the single-photon S-matrix is
calculated, and single-photon transport is discussed. In Sec-
tion IV, the two-photon S-matrix and the response to a two-
photon planewave are calculated. In Section V, we discuss the
two-photon switch behavior.

1I. HAMILTONIAN AND EQUATIONS OF MOTION

A cavity containing a single two-level atom is described by
the Jaynes—Cummings (JC) hamiltonian [44]:

1
Hyc = 5Q0. + wele + g [clo_ + 0y (1)

where (2 is the atomic transition frequency, w is the cavity
mode frequency, and g is the atom-cavity coupling rate. The
atom and cavity operators satisfy [0, ,o_] = 0. and [c, c] = 1,
respectively. We side-couple the atom-containing cavity de-
scribed by (1) to a waveguide with linear dispersion relation
and group velocity v, for right- and left-moving photons [see
Fig. 1(a)], with respective real-space photon creation (anni-
hilation) operators aj, (z)[ar ()] and a} (z)[ar ()], satisfy-
ing [ag(z),al(2))] = ar (x),a} (a')] = 6(x — 2'). We refer
to this atom-cavity-waveguide system as the two-mode model.
To solve the two-mode model, we exploit the spatial inversion
symmetry of the system by decomposing the Hilbert Space
into even and odd subspaces with respective photon opera-
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tors a.(x) = %[aR(:r) +ar(—z)] and a,(x) = %[aR(z) —
ar (~a)), satisfying [a. (), al (/)] = [a, (x), a}(2')] = 5( —
2’). Both even and odd subspaces feature a one-way (chiral)
waveguide mode, but only the waveguide mode in the even sub-
space couples to the JC system. We refer to the system in the
even subspace as the one-mode model. We will solve for the
S-matrix of the one-mode model, from which the two-mode
model S-matrix is then straightforwardly constructed (see [36,
Appendix A]). The one-mode model hamiltonian is given by

H, :vg/dkka;ak +V/dk: {azcﬂtak} + Hyc (2)

where V' is the waveguide-cavity coupling strength. The
waveguide photon operator aj = \/% f dze**a, (z) satisfies

[ag, aL] = 0(k — k'), where we omitted the e subscript from the
k-space photon operators. Throughout this paper, we setv, = 1.

Heisenberg operator equations for ay (t), o_(t) and ¢(t) fol-
low from (2):

dak (t)

1 = —ikak (t) - iVC(t) (3)
d(ci(:) = —iwe(t) — iV/dk’ ap(t) —igo-(t) 4
d@‘d;t(t) = —iQ0_(t) + igo. (t)c(t). )

In Appendix A, we follow the approach of [36], defining input
and output waveguide photon operators, leading to

Aout () = ain (t) —iVE () (6)

K ain (t) —igo_(t). (7)

where xk = 27V2. Equations (5)—(7) are the fundamental equa-
tions in the input—output formalism for this system. Here, we
will solve these equations for one and two-photon scattering
matrix (S-matrix).

III. ONE-PHOTON SCATTERING MATRIX

The single-photon S-matrix between two free single-photon
states with initial and final energies k and p, respectively, may
be expressed using input and output operators as [36]

c(pIS[E)e = (p~ | k) = (0laout (p)al, (K)[0).  (8)

Here, |k™) and [p~) are scattering eigenstates that evolve in the
interaction picture from free-photon states in the distant past
and future, respectively [36]. Making use of

aout (k) = ain (k) — ivk c(k) )

the Fourier transform of (6), we rewrite (8) using input-field
operators:

(p~ [ &7) = 6(k — p) —iVK{Ole(p)[ET).

To calculate the matrix element (0 | ¢(p) | kT ), we derive an
equation of motion for its time-domain counterpart (O|c(t)|k)
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using (7), resulting in

K

L 0le(t) k) = (=i~ 5) Ole®lK) — ivA{Olain Bl

—ig(0lo_(t)|k")  (10)

where (0]ay, (t)|k1) = \/%e’ikt, and from (5) (O]o_(t)|k™)
satisfies

%<0\07(t)|k+> = —iQ(0lo—(£)[k™) —ig(Ole(t)[kT). (11)

Here, we have used the fact that ¢, |0) = —|0). Equation (11)
can be obtained alternatively using the weak excitation approx-
imation by setting 0, — —1 in (5). Thus, the weak excitation
approximation is in fact justified when treating single-photon
transport. However, in the single-photon calculation, the ap-
proach here can also be used to directly calculate the excitation
of the atom.
The solutions to (10) and (11) yield:

VE (k= Q)

Ole(p)|k") = (k 7w+i§) (k—Q) — g2 6(k —p)
ESECC)&(k*p)
VEg

(Olo—(p)[E") = ( (k —p)

k—wtit) (k—Q)— g
= s,(ga>6(k—p)

(k—w—i8) (k- Q)

(k—w—ki%) (k—Q)
= t:0(k — p)

where s(°)(k), s(9)(k), and ¢; are the cavity and atom exci-
tation amplitudes, and the one-mode transmission coefficient,
respectively. We note that the poles of all three functions are

M= “Hgéﬂf + (wm?ﬂ? )2 + ¢2. In the limit k — 0, we
have A; 4+ approaching the one-excitation eigenvalues )L<10
the JC Hamiltonian.

Having derived the scattering matrix for the aforementioned
one-mode model, we can straightforwardly obtain the transmis-

sion and reflection amplitudes for the two-mode model:
r(pISIk)r = tx0(k — p)
L (pIS|k)r = 71.0(k + p)
where ) = 3(ty +1), 7 = 5(tx — 1), k) r,L =
\/% Ik dxei“ak 1 (2)]0). In the following, we provide a brief
discussion of the properties of the single-photon transport for
the two-mode model, while only highlighting those aspects that
are relevant for the discussions of the two-photon properties.
A detailed discussion of single-photon transport in this system
can be found in [33].

In Fig. 2, the transmission spectrum for the case of atom
and cavity on-resonance (w = 2) is plotted. We plot both the
weak coupling regime with g < « [see Fig. 2(a)], and the strong
coupling regime with g > x [see Fig. 2(b)]. In both regimes,
three extrema are present in the spectrum. Two transmission

(p k") = :52 5(k —p)

iof

and
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(a)

Fig.2. Single-photon transmission |f), |> versus incoming photon angular fre-
quency in the case of tuned atom and cavity (w = 2). (a) Strong-coupling
regime (g > ). (b) Weak-coupling regime (g < k).

minima where the incident photon is completely reflected occur
atk = )»g?)i = w = g, the single-excitation energy eigenvalue of

the JC hamiltonian. At these frequencies, S;C> Lo = :I:s:“)kw ,
the cavity and atom excitations have equal amlp+litudes andlé+i-
ther equal or opposite phase. The transmission spectra have a
maximum at k£ = (), where the incident photon is fully trans-
mitted. At this frequency, the cavity excitation amplitude is zero
(822Q = 0), while the atomic excitation amplitude is maximal
52”:) o = —v/k/g. This is the dipole-induced transparency effect
pointed out in [32]. In the strong coupling regime [see Fig. 2(a)],
the spectral width of each transmission dip is x/2, indepen-
dent of the value of g, while in the weak-coupling regime the
transmission spectrum displays the electromagnetically induced
transparency type of feature, with a narrow central transmission
peak whose width is proportional to g, as shown in Fig. 2(b).

IV. TWO-PHOTON SCATTERING MATRIX

In the one-mode model, the two-photon S-matrix
ce{D1,D2|See k1, ka)ee = (p1py |k1ky ), connecting an incom-
ing two-photon state with photon energies k; and ko to an out-
going two-photon state with photon energies p; and p,, may be
written as [36] follows:

(0laout (p2)aout (p1)al, (k2)al, (k1)]0)
- / dp (pr [0 ) (0" laous (p2)al, (ks )al, (k1)[0)

= ty, (P laout (p2)al, (k2)al, (k1)0)

where we have inserted a complete single-photon basis above,
and made use of the one-photon S-matrix from Section III.
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Substituting (9), we obtain

(prpg [kiks ) = ty, (p1 lain (p2)[F1ky ) — iVk(py |e(p2) ki ky ).

In order to calculate (p; |c(pa)|k1k, ), we obtain a differential
equations for its time-domain counterpart (p; |c(¢)|k1 k5 ) using

“:

& o ek ) = i (10— i) o] le(t) R k5 )

dt
— ik (p| |ain (t)|kiky ) —ig(p |o-(t)[k1ky ) (12)
where (p] |o_(t)|k1ky ) satisfies
d .
$<pf|a,(t)|k:1k;) = —iQ(p} |o-(t)[k1ky )
+ig(p( o (t)e(t)|kiky ) (13)

as can be obtained using (5). We must now solve for the matrix
element (p} |0, (t)c(t)|k1 ks ) in (13), which may be rewritten
using the identity o, = 20 0_ — 1 as follows:

(py o= (D)e(t) ki ky ) = 2(py |o (£)]0){0lo— (t)e(t) ki Ky )
— (pf le(t) k1 k).

Examining (14), we note that the weak-excitation approxima-
tion (o, — —1) certainly does not hold. The first term on the
right-hand side of (14), which would be completely absent in
the weak-excitation limit, is in fact responsible for two-photon
resonances in the S-matrix. To proceed, we generate an equation
for the matrix element (0o (t)c(t)|k1 k5 )

(14)

%<o|o—,(t)c(t)\k1k;> = ifo+ Q2= i2) Ol (Weldlhuki)

iRl (Ban (O k) — g0 @k ) (15)
where (0|c? (t)|k1 k; ) satisfies
i) Ol (®) ki k)

/R (Ole(B)am (6) k1 kS ) — 2ig(0lo ()e(B)]ki k) ). (16)

In deriving (16) we have used the identity [c(t), ai, (t)] = O (see
[37, Appendix A] for a similar proof). We now have a closed
set of ordinary differential equations for the various matrix el-
ements involved. Equations (15) and (16) may then be solved
for (0]o_(t)c(t)|k1ky ). Using this solution, we solve (12) and
(13), and obtain the two-photon S-matrix:

(p1py |k k2+> =ty tp, [0(k1 — p1)d (k2 — p2)

d .
Z 0 () ik ) = —2i (w

+ (k1 —p2)d(ka — p1)] + BS(E, — E;)  (17)
where
1\/Eg a a
B = Tsl(h)‘sl(?z)

L2 (80 + 64] + (B — 2w + ir) [s)") + 51

2

(Bi — 221 )(Bi — A2 -)

is the fluorescent term—the source of photon correlation ef-
fects, and E; = k; + ko, E, = p; + py are the total energy
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of the incident and outgoing photons, respectively. The afore-
mentioned S-matrix is identical to Sy, %, %, in [15, eq. (6)],
which was obtained using the field-theoretic LSZ method. The
present derivation is more elementary. Also, in the present
derivation, the S-matrix’s composition in terms of one-photon
excitation amplitudes and the role of the two-photon poles,

O43w—idE O—wtik .
Aoy = +3“; >+ \/( “j;ll )2 + 2g2, is transparent.

Starting from the S-matrix for the one-mode model in (17), we
obtain the scattering amplitudes in the two-mode model between
planewave states corresponding to right- and left-propagating
photons following the procedure in [11]:

rRr(P1p2|Slkika)rR = Ti, t, [0 (k1 — p1)d (k2 — p2)

80k — pa)3(hs —p1)] + § BO(E; — E,)
Lo {pip2|Slkika) Rr = Tk, Ty [0(K1 + p1)0 (k2 + p2)

+6(ky + p2)d(ka +p1)] + iBé(EZ- —E,)
rRL(D1P2|S|k1k2) RR = Th, Ty [0 (K1 — p1)d (K2 + p2)

+5(k1 — p2)d(ka + p1)] + iBé(Ei - E,).

We consider an incident two-photon planewave state
|k1k2) R, comprised of two right-going photons with individual
energies k; and ks, as described by

1 .
‘k1k2>RR :/d.’lﬁld.’ligskl,kz (xl,xg)ﬁa%(xl)a}z(xg)m)

where Sy, k, (T1,29) = 7\/51% el gibary  gikiae gikaon] g

a symmetrized two-photon planewave. The resulting outgoing
state |¢), calculated in Appendix B, consists of three two-photon
states

|¢) = |P)rr + |P)rr + |O)RL

describing two right-moving, two-left moving, and a right and
left moving photons, respectively, given by

|é)rR = /dl'lde{tk]tszkhkg (x1,22) +H($1,9€2)}X

1

ﬁa}}(a@l)a%(xg)m) (18)

|¢>LL = / dxidxs {Fkl Thy Skl s (7.%1 ,7mQ)+H(7I1 ,:EQ)} X

%aum)a}(mw

(19)
1 _ . _ .
A R1 :/d:cldccg {QWBZE"‘T/? [tkl Ty eZIA’I—!—t;€2 Ty efZLA’I“]

+ V2H (w1, —w)}ak (z1)al (22)[0)

(20)
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where
ig’k F(ky, ky)elFize
4vV2 M+ =) (B — A — has)
ei(E, =21 ¢ )|x]/2
(B —2hy) ]

H(I’l,l'g) =

ez‘(E,v —2h1, - )|z]/2

B =20

Above, we have defined the two-photon center-of-mass =, =
L2 and spatial separation = x; — x5 coordinates; we also
define A; = %, A, = B2 and
F(kl ) k?)

(c)
Vrg 29 [Skl
T (Ei — )‘2,+) (E; — )»2,7)

2

+ 55;)} + (B — 2w +ik) [sgj) + 52‘2)}

@1

Photon statistics of the transmitted and reflected two-
photon states is studied through the second-order coherence
function ¢?) (1) = G (7)/|GM(0)]?, where G (1) =pp
(Glal (v + Dar W|dyrr. GO (1) =rp (Blal (y)ah(y +
T)ap(y + 7)ap(y)|¢)rr, and F = R, L. Here, we calculate
g'?) using the expression g% (7) = G (1)/G?) (1 — o),
which is a consequence of lim, .., ¢*)(7) = 1. ¢®)(7) is
accessible experimentally through two-photon coincidence
counting. With the help of g(*) (1), we now discuss how the JC
system can function as a two-photon switch.

V. TWO-PHOTON SWITCH

Based on the analytic results presented earlier, we provide
a discussion of two scenarios where the system can behave
as a two-photon switch, for energy degenerate photons. Our
discussion of the strong-coupling regime mirrors that of [15].
As a point of departure, here, we also discuss a photon-switch in
the weak-coupling regime, thus providing a unified discussion
of both regimes.

A. Strong-Coupling Regime

The two-photon switch in the strong-coupling regime is a
consequence of the anharmonicity of the JC ladder [28]. As
discussed in Section III, one incident photon tuned to the
single-excitation eigenstate of the JC system, k = )\ﬁf’i, is
fully reflected. However, the energy of two such incident pho-
tons I; = 2k = 2)»%?1, does not coincide with a two-excitation
eigenstate of the JC system, as illustrated by red arrows in
Fig. 1(b). Consequently, the two photons are prevented from
simultaneously entering the cavity. Since reflection in the side-
coupled cavity considered here arises entirely from cavity field
decay, subpoissonian statistics g(*) (0) < 1 is observed for the
two reflected photons, as shown in Fig. 3(a). Additionally,
g'?) (1) of the two reflected photons exhibits strong antibunch-
ing and subpoissonian statistics for all time intervals 7, as shown
in Fig. 3(b). Here, a sufficiently large coupling rate g is needed
to ensure that the two-photon energy does not overlap with the
two-excitation energy eigenstates, which are broadened due to
waveguide coupling. We note that the photon switch behavior
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Fig.3. Strong coupling regime (¢ = v/5x). (a) Reflected g(2) (0) versus E /2
in red curve; Transmitted ¢(?) (0) versus /2 in green curve. (b) Reflected two-
photon ¢(?) (7) for E/2 = A.go:)t in red curve; transmitted two-photon g(2) (1)
for E/2 = () is green curve. Inset: Single-photon reflection spectrum |ry, 2.

in reflection described above in the side-coupled cavity is iden-
tical to the photon-blockade reported in transmission through a
direct-coupled cavity [28], [42].

In addition to the photon switching behavior in reflection for
E; /2= )»g?i, the ¢{?) (0) spectrum also exhibits other interest-
ing features. In reflection, g(?) (0) peaks at E; /2 = Q, exhibit-
ing superpoissonian statistics [see Fig. 1(a)]. This behavior is
attributed to the vanishing single-photon reflection at k& = €2,
since ¢(*) (1) is normalized with respect to G(!) (0), which van-
ishes when single-photon reflection vanishes. We note that in
the direct-coupled cavity system, the superpoissonian statistics
shown here in two-photon reflection at F;/2 = ) occurs in

transmission instead [42], [45], and is named “photon-induced
tunneling” [42]. In transmission, g{?) (0) peaks at E; /2 = )L(l(_))i,
displaying superpoissonian statistics [see Fig. 1(a)], which
is attributed to the vanishing single-photon transmission at
ki = )\fi. Finally, in transmission, g(*)(0) a1 for all time
intervals 7 at E; /2 = (). At this frequency, the atom excitation
scales as 1/g, and is, therefore, weakly excited under strong
coupling, resulting in poissonian statistics for the transmitted
light [see Fig. 1(a)].

B. Weak-Coupling Regime

A two-photon switch in the weak-coupling regime is also
possible in this system, without requiring a nonlinear cav-
ity [46]. Here, the photon switch is created due to the intrinsic
nonlinearity of the atom [47], [48]. As discussed in Section III,
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T

Fig.4.  Weak coupling regime (g = %). (a) Reflected g(2) (0) versus /2 in
red curve; Transmitted g(2) (0) versus E/2 in green curve. (b) Reflected two-
photon ¢(2) (7) for /2 = )»(102 in red curve; transmitted two-photon g(2) (7)
for /2 = (2 is green curve. Inset: Single-photon transmission.

one incident photon tuned to k = €2, is completely transmitted.
However, when two such photons, each with an energy
E;/2 = Q, are incident, subpoissonian statistics ¢(>)(0) < 1
is observed for the two transmitted photons, as shown in
Fig. 4(a). g'?) (1) of the two transmitted photons is antibunched,
and displays subpoissonian statistics for all time intervals
7, as shown in Fig. 4(b). Thus, the presence of the atom
in the cavity results in complete single-photon transmission
(dipole-induced transparency), but the inability of the atom to
absorb more than one photon at a time leads to antibunching
and subpoissonian statistics in two-photon transmission. We
note that a similar atom-induced photon switch occurs when
the atom is directly coupled to a waveguide [11]. There, a
single photon is completely reflected, whereas antibunching is
observed in two-photon reflection g(>)(0) = 0,

Furthermore, the two-photon reflection at E; /2 = ) displays
superpoissonian statistics as a result of the vanishing single-
photon reflection at k& = 2. Finally, as is the case of strong
coupling, superpoissonian statistics is observed in two-photon
transmission at E; /2 = Agoj)[

VI. FINAL REMARK AND CONCLUSION

As a final remark, we note that in practice, in addition to
coupling to the cavity which is in turn coupled to the waveguide,
the atom also couples to nonguided modes, leading to loss.
This loss may be accounted for by making the replacement
Q — Q —iy/2 where ~ is the coupling rate into nonguided
modes [49]. For the case of the D2 transition of a Caesium
atom placed in a Fabry—Perot cavity, this loss can be on the
order of the cavity linewidth [28]. In contrast, for the case of a
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self-assembled InAs quantum dot in a photonic crystal cavity,
the atom loss is roughly two orders of magnitude smaller than
the cavity linewidth [42], and, therefore, does not lead to a
qualitative difference in the transport properties with respect
to the nonlossy case. Here, we, therefore, ignore the effects of
atomic loss.

In conclusion, we have solved for the one- and two-photon
S-matrices in a waveguide side-coupled to a cavity containing a
two-level atom. Our solution is based on input—output formalism
[35], in the Fock space [36], and is fully quantum-mechanical
and deterministic. We have discussed the features of one-photon
transport, and the photon-switch effect in both the weak- and
strong-coupling regime, as seen in the transport of a two-photon
planewave state. Using the S-matrices presented in this paper,
the response to one and two incident waveguide photons with
arbitrary spectra and pulse shapes may be straightforwardly
obtained.

APPENDIX A

DERIVATION OF INPUT-OUTPUT RELATIONS
FOR WAVEGUIDE PHOTON OPERATORS

Following the approach of [36], we integrate (3) from time
ty — —oo to obtain

t
— e—ik(t—to)ak (t()) —iv dtlc(t/)e—ik(t—t’).
to

a(t) (22)

We define x = 2mV2, the waveguide-cavity coupling rate. Ad-
ditionally, we define the operator ®(¢) = \/% [ dk ai(t), the

input-field operator a;, (t) = \/% [ dk e *(t=t0) g, (£), and
sum (A) over k, leading to

@@z%m—wﬁwy

We also define an output field operator ao,(t) =
\/% [ dk e *(t=t)q, (t,), integrate (3) from time ¢; — oo, and
sum over k, leading to

¢@=%Mﬂﬁ¢%@.

Equating (23) and (24) we obtain

(23)

(24)

Aout (t> = Qjp (t) - 1\/%0(1‘/')
Plugging (24) into into (4), we obtain

K

== (w — if> c(t) — iVkap (t) — igo_(t).

We have, thus, obtained the input—output formalism [see (6) and
(7)] for this system.
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APPENDIX B
TwO-PHOTON PLANEWAVE TRANSPORT

Consider an incident two-photon planewave state with right-
moving photons:

|k‘1 s k2>RR = /d!EldIQS’kl ks (£U1 5 .’Eg)%a% (xl)ajq (1‘2)|0>
(25)
where Sk, 1, (x1,23) = f% [eik1o1gikerz 4 eikizz gik2o1] We
decompose the state in (25) into even and odd subspaces by
noting that

1

|-7317$2>RR = 72 (551)@12(372)@
L[l @) + al (21)] —= [l (22) + € (22)] [0)

V2

0l (20)a} (22)10) + —=af (21 )af (2)[0)

2\/5

(22)]0) +Wa o(T

~§\~
)

T 22

+2\7a(( )

1| Yee +
= Z|T1,%2)ce
2 1,42

1al (22)]0)
I R
25(:1’1'2 oo 2\/53317:52 eo

+ —=|71,T e
\[ 1 2/0

It follows that

1 1
|k1, ko) rR = §|k17k2>ee + §|k17k2>ee

1 1
+7k,k 80+4k7k oe
2\/§|1 2) 2\/§|1 2)

where |k1, ko)ee = [ dxidze Sy, i, (xl,xg)ﬂai(xl)af(xg)w}

and for c.g. |k1,]€2 co = fdatldeSkhh (3717.’1?2)&1 (1]1)
a} (z2)]0). We can now apply the scattering operator:

1
See|k17k2>ee + §Soo|k1»k2>oo

1
+ 7S<zo|klak2>eo +

2V2

1

Slk1,ka)rr = 3
1
T\/ﬁsoe|k17k2>oe

(26)

where S|k, ko) rr is the out-state (scattered state). In the fol-
lowing, we work through each one of the terms in (26).

A. eo and oe Subspaces

In the eo subspace the scattering operator is S., = S.S, =
S.I,, where I, is the identity operator in the odd subspace. We
may then rewrite the third term in (26)

SeIO|k1ak2>eu -

1
2v/2
[ ik:la:leikg;l:Q + eikla:g eikga:l]

1
m/ N oo
x Scal (z1)al (22)[0).
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Inserting a one-photon resolution of the identity twice, we
rewrite as follows:

[eiklwl eikgwg + eik'laz:g eik‘garl]

= i/alx dx !
22 Y5 oo
x/%/wmmmmmxmmmn

noting that . (p|S.|k). = t;d(k — p) we have
b
2V2

2\/>/dl‘1da?2
ab(x2)]0).

Similarly, in the oe subspace we have:

SeI|k1 ) k2>eo

[tkl 167,1@272 + tk:g ezk.mz ezkz.m.]

x al(z1)

Sei|klak2>oe =

1
2v/2
[ Y ezklzl ezkzzz + tkl 62]€112 6zkzzl]

1
- Tﬁ/d“d“f t
x al(z1)al (22)0)

B. oo Subspace

In the oo subspace the scattering operator is S,, = S,S, =
I,I, where I, is the identity operator in the odd subspace.
Applying the scattering operator we have

1 1
7Soso k 7k oo — & k 7k 00
5 k1, k2) 5 k1, k2)

C. ee Subspace
In the ee subspace we have

1
7S(’€k 7k ee
5 Seelkr, k2)

1

0 P1
= 5 / dp: / dps |p1;p2>ee ce <p17p2|see|klak2>ee
-0 -0

where we have inserted a two-photon resolution of the identity.
We use the result in (17)

1
28, [k Fa e
5 celki,s k2)

1
=2/dp1/dpz{tkltk2

X [5(141 —p1)6(ky — p2) + (k1 — p2)d (k2 —pl)l

+ 505

P1 Pz

F(ky,ka)o(ky + ko — —pQ)} X |p1,p2)ee

27)

where |p1,p2)ee = g fdxldxgeiE"l‘“ cos A,z|x1, T9) e, and
F(ky,ky) was defined in (2). The first term in (27)—the
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uncorrelated transport term—is equal to %tk, L, |k1, k2)ee. The
second term is equal to

V2
EF(kuk‘?)/dfﬂ1d112|3317332>ee

0

/ dE,e't*§(E; — E,) dA, cos[A, x} s, ) gla)

1 PQ
—00

Integrating over I, and exploiting the invariance of the inte-
grand under the inversion A, — —A,:

2 -
= \[F(/ﬁ,kz)/d$1d9€262E’“|$1,$2>ee

81
/ dAoe’:A"”’s[(ﬁ)s
V24K

= vF(kl,k‘z) /dxldxgeiE"z"

(a)
P2

or

xy, x2>ee

o A, e/Bo
/700 (Ao + Ei/2 = 21,-) (Ao + Ei /2 — A1)
1
. (Ao = Ei/24 21 -) (Ag — Ei /2 + A1 1)

Integrating over A, using the residue theorem:

n
k‘l,k'g /dl‘ldee?E it
\f
ei(E,/Z—)n,,)\x\
Mg =) (Bi =20 ,-) (B — A — A1 4)

ei(E1/27)\.1_+)\a:\
— M) (B =20 4 ) (B — A — M)

+

(A1,—
X |371 ) -r2>ee-
Finally, we combine the uncorrelated and correlated terms
and get

1

1
See |k1 5 k?)ee = §tk1 tkz |k1 5 k2>ee

ig*k iET,
+ =——=F(k,k /dm dxqe' it
22 (K1, ka) 14T

ol (Bi/2=A1 el
M+ = A=) (B =20 ) (B — M- — A1 y)

ei(E[/Z—)\.l_+ )z

+
(M= —A4) (Bi =204 ) (B — A4

— 1)
‘$17x2>ee-

We then add together the results of Appendixes B-A, B-B,

W (@) +a] (—x)

T _
and B-C, and use the definition a] 7

% to express the out-state in terms of left and right

moving photons, as presented in (18)—(20).

and a! =

(1]
[2]

[3]

[4]

[5

=

[6]

[7]

[8]

[9

—

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]
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